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GIAI SO PHUONG TRINH VI PHAN TRONG MAPLE

SOLVING NUMERICALLY DIFFERENTIAL EQUATIONS IN MAPLE

TOM TAT

Ap dung cac chuong trinh mdy tinh dé gidi cac bai todn tir lau da dugc chd y
va cho dén nay da xuat hién rat nhiéu chuong trinh danh riéng cho linh vuc todn
hoc nhu: Matlab, Mathematica, Maple. .. (6 mt thuc té la: cho du rat hién dai,
cac chuong trinh nay van bdc 16 nhiing han ché, vi du nhu: chuong trinh giai
bang phuang phap Euler, thé nhung ban than phuong phap nay ciing c6 nhiing
dang bién d6i khac: mét trong s6 chiing 1a phuong phap Euler hoan céi. Ban than
phuang phap Range-Kutta ciing ¢d cac cap khac nhau va chuong trinh Maple chi
chon mot cap duy nhat. Thém vao do cac két qua tinh todn khong dugc trinh bay
dudi dang bang, hodc bang dugc ra khong theo § mudn nguai st dung. ... Tir day
xudt hién mét y tudng rat tu nhién la: ta ¢6 thé tan dung ngay ngdn ng lap trinh
duoc tao ra trén ching d€ tao ra cac chuong trinh con riéng d€ bién tap lai cac
phuang phap todn hoc. Diéu nay rat quan trong, hitu ich cho giang vién va sinh
vién trong gidng day toan cao cap 6 cac trudng dai hoc. Trong khudn khé bai bao
nay, ching tdi sé lap cac chuong trinh con d€ gidi s6 phuong trinh vi phan thutng
ma cu thé chinh |4 gidi bai todn Cauchy d€ phuc vu viéc gidng day.
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ABSTRACT

Applying computer program to solve problems has long been noticed, and
so far, there have been many programs dedicated to the field of mathematics
such as: Matlab, Mathematica, Maple... There is a fact that: although very
modern, these programs still show limitations, for example: the program solves
by Euler's method, but the method itself also has other transformations such as
improved Euler method. The Runge-Kutta method itself has different levels, and
the Maple program selects only one. In addition, the calculation results are not
presented in the form of a table, or the table is not presented according to the
wishes of the user... From here, a very natural idea emerges: we can immediately
take advantage of the programming language created on them to create our
own subroutines to edit mathematical methods. This is very important, useful for
lecturers and students in teaching and studying advanced mathematics in
universities. In the framework of this article, we will set up subroutines to solve
ordinary differential equations, specifically solving the Cauchy problem for
teaching purposes.
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1. GIGI THIEU

Bai bao trinh bay cac phuong phap phuong phap Euler,
Euler cai tién, phuong phép Runge-Kutta 2 va Runge-Kutta
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4 gidi gan dung phuong trinh vi phan thudng, sau dé
ching t6i dua ra vi du va lap cac chuaong trinh con cho tung
phuang phap da néu bang ngén ngt Maple dé gidi cac bai
toan mét cach téng quat hon cho tiing phuong phép, két
qua thu dugc dudi dang bang. Phan cuédi cung sé c6 clra s6
giao dién vdi ngudi sir dung, dé ngudi st dung c6 thé dé
dang thao tac, nhap dit liéu va lua chon phuang phéap dé
giai bai toan Cauchy.

2.NOI DUNG

2.1. Phuong phap Euler

Dau tién ta sé giadi bai toan Cauchy cho phuong trinh
cdp moét bang phuang phap Euler. Gia st trén doan
[X0,Xg + a] can tim nghiém cla bai toan Cauchy

d
o Fxy),  y(e) =Y (1)

dx

Chia doan [x,, X, + a] thanh cac doan nhé béi cac diém
chia xg, X4, X, ..., X,. ThOng thudng Ax, = x,.; — X, =hla
hang s6 va dugc goi la budc nhay, cac diém x; dudc goi la
nut. Trong 1oi gidi s6 ta di tim gia tri xap xi y; cta nghiém
dung y(x;) tai cac nut dugc chon trong doan [x, X, + a].

Trong phucng phap Euler ta gia sur rang: vé phai F(x,y)
cla phuong trinh vi phan trén tung doan [x;,Xj41],
i=0,1,2,..,nlahangsé va bang F(x;, y;).

P& lay tich phan cta phuong trinh (1) trén doan
[X;, Xi;+1], ta phai gidi cac phuong trinh cla phuong phap
Euler sau:

Yir1 = ¥i + hF(x;, 7). )

Y nghia hinh hoc cia phuong phap: trén doan [x;, X;41]
coi rang dao ham y’(x) cGa ham can tim la hang sé, tuc la
dudng tich phan la doan thang. Vi du, trén doan [x,,x;] hé
s6 goc clia duding thang bang F(x,, y,), tic 1a nghiém dugc
thé bang doan thang cla tiép tuyén cta dudng tich phan
tai diém (x,, yo).

Xi+1 = X T h,

Ta c6 thé 1ap chuong trinh con dé tinh toan theo so d6
trén nhu sau:

> Euler := proc( ode, ic, domain, N)
local h,i, t,y,F, L X;
t := lhs(domain);
y :=op(0,lhs(ic));
h := ( op(2,rhs(domain))-op(1,rhs(domain)) )/N;
solve(ode,diff(y(t),t)):
F := unapply(%,(t,y));
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X := evalf( [ op(lhs(ic)), rhs(ic) 1);
L:=X;
forifrom1toNdo
X:=X+[h, h*F(op(X)) ];
L:=LX;
end do;
return matrix(N+2,2,[[t,y],L])
end proc:

Cac tham s6 nhap vao cla chuang trinh con la: bién ode
chtia phuong trinh vi phan; bién ic chia diéu kién ban dau
dudi dang dang thic y(xo) = yo; bién domain - mién bién
déi clia bién doc lap dugc cho dudi dang x = Xg ... Xmax;
bién N 1a s6 lugng cac diém chia. Chuong trinh sé cho bang
gid tri (x,y).

2.2. Phuong phap Euler hoan cai

Phuong phap Euler (2) rat dan gidn, nhung diém yéu co
ban cla no la: sai s6 tang rat nhanh. Khi thay thé mot doan
clia dudng tich phan thuc bang doan thang cda tiép tuyén
clia ng, thi sau moét khodng véi do dai h ta sé tach ra hoi
chéch moét chit so vai dusng cong. Tiép theo, khi tinh gia tri
dao ham & diém mdi, ta da c6 mot sai s6 nao do gitia gia tri
thuc va két qua tinh toan. Thém vao do, lai c6 mét sai s6 niia
xudt hién khi ta thay doan cong bang mét doan thang... Két
qua la: su chinh xac thu dugc la khéng cao. Khi gidm do dai
khoang, tinh chinh xac tang lén, nhung khéng nhiéu; c6 thé
coi rang: sai s6 ty lé thuan véi d6 dai khoang h va phuong
phap nay la phuong phap véi d6 chinh xac cap mot.

C6 nhiéu cach dé cai tién phuong phap Euler va mét
trong nhiing sc d6 cai tién dé giai bai toan (1) c6 dang:

Xpt1 = Xp +h
h
yn+§ =ynt EF(Xn' Yn) 3)

h
Yn+1 = Yn + hF (Xn + E'yn_,_%)
trong d6, hla budc nhdy. Ta goi phuong phap (3) la
phuong phdp Euler hodn cdi.

Sau day 1a chuong trinh con cu thé héa phucng phap
Euler hoan cai:

> ImprEuler := proc( ode, ic, domain, N )
local h, i, t,y, F, L, X, X1, X2;
t:=lhs(domain);
y:==op(0,lhs(ic));
h:=(op(2,rhs(domain))-op(1,rhs(domain)))/N;
solve(ode,diff(y(t),1)):
F:=unapply(%,(t,y));
X:=evalf([op(lhs(ic)), rhs(ic)]);
L:=X;
forifrom 1toNdo

X1:=X + [h, h*F(op(X))];
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X2:=X + [h, h*F(op(X1))];
X:=(X1 + X2)/2;
L:=L, X;
end do;
return matrix(N+2,2,[[t,y],L])
end proc:
O day, cac tham s6 nhap vao ciing gidng nhu chuong

trinh con Euler.
2.3. Phuong phap Runge-Kutta cip 2

Xét thém mot nhém céc phucng phap phé bién giai bai

toan Cauchy (1) déi v6i phuong trinh vi phan thuéng -
phuong phap Runge-Kutta.

Biéu dién nghiém can tim y = y(x) cla bai toan (1)

trong lan can cla tung diém x =x,, n=0,1,2,... bdng
chudi Taylor va tinh y(x,,1). Khi d6, néu dat x,,; —x, =
h, ta thu dugc ddng thuc sau:

) = y( )+hdy +h2d2y +h3d3y
Yn+1) = ¥i¥n dlyoy,  20dx?[ _ - 31dx3| _
h4 d4y n n
41 dx*
X=Xp

Tuy thudc vao s6 lugng cac s6 hang trong cong thtc

cudGi ma ta thu dugc sg dé tinh toan véi dé chinh xac khac
nhau. Luu y 1a néu trong céng thuc khai trién ta chi git cac
s6 hang t6i cap mot, thi ta thu dugc s d6 tinh toan cla
phuong phap Euler. Nhu vay, phuong phdp Euler chi la
truong hagp riéng clia phuong phap Runge-Kutta.

2.4. Phuong phap Runge-Kutta cip 4

Xét thém mot s¢ d6 tinh toan phd bién nia: phuong

phap Runge-Kutte cdp bon. N6 6 cong thic tinh xap xi la:

kl = F(Xn' YH)r
k= F( o0 +hk)
2 = Xn Z'Yn 2 1)
h h
k3=F(Xn +E,yn +§k2), (4)

k4 = F(Xn + h, Yn + hk3):
h
Yn+1 = Yn T E(kl + 2k, + 2k3 + ky).

Chuong trinh con clia phuong phdp Runge-Kutta bac 4

nhu sau:

> RungeKutta4 := proc (ode, ic, domain, N)

local h,i, t,y, F, L, X, X1, X2, X3, X4, X5, X6, X7, X8;
t :=Ihs(domain); y := op(0, lhs(ic));

h := (op(2, rhs(domain))-op(1, rhs(domain)))/N;
solve(ode, diff(y(t), 1));

F :=unapply(%, t, y);

X := evalf([op(lhs(ic)), rhs(ic)]);

L:=X;

forito N do X1 :=[h, h*F(op(X))];
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X2 :=X+(1/2)*X1;

X3 :=[h, h*F(op(X2))];
X4 .= X+(1/2)*X3;

X5 :=[h, h*F(op(X4))];
X6 := X+X5;

X7 :=[h, h*F(op(X5))];

X8 = [X[1]+h, X[2]+(1/6)*X1[2]+(1/3)*X3[2]+(1/3)*
X5[2]+ (1/6)*X7[21];
X = evalf(X8);
L:=L,X
end do;
return matrix(N+2, 2, [[t, y], L])
end proc;
P& minh hoa, ta s& dung chuong trinh clia phuong
phap Range-Kutta cap 4 dé giai xap xi bai toan sau:
Bai toan: tim nghiém xap xi ca phuong trinh vi phan
cap 1
dy y
& =X+ COS(W) )
trén doan [0,5; 1,5] véi s6 diém chia la 10.
> RungeKutta4(ode1, ic1, domain, 10);
X y
0,5 0,6
0,6000000000 0,7440558629
0,7000000000 0,8951701530

0,8000000000 1,053018965
0,9000000000 1,217252340

y(0,5) = 0,6

1,000000000
1,100000000
1,200000000
1,300000000
1,400000000
1,500000000

1,387498091
1,563366427
1,744455260
1,930356052
2,120660046
2,314964675

Cudi cung, ta c6 thé st dung goi lénh Maplets dé ghép
tat cd 4 phucng phap trén vao moét clra s6 dé gidi nhu sau:

restart;

Digits :=9;

with(Maplets[Elements]):

with(DEtools):

with(linalg):

with(Maplets[Tools]):

Euler := proc (ode, x0, xn, y0, N)

global h,i, t,y,F, L, X kqg;

h := (xn-x0)/N;

solve(ode, diff(y(x), x));

F := unapply(%, x, y);

L:=1[xyl;

X := evalf([x0, y0l);

L := stackmatrix(L, X);

t:=array(1..N);

forito N do X := X+[h, h*F(X[1], X[2])];

L := stackmatrix(L, X);
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tfi] := X end do;

kq := linalg[stackmatrix](L);
Maplets[Tools][Set](('vp')(value) = Matrix([[x, y], [x0, y0],
seq(tfil,i=1.N))

end proc:

ImprEuler := proc (ode, x0, xn, y0, N)
global h, i, t,y, F, L, X, X1, X2, X3, X4, kq;
h := (xn-x0)/N;

solve(ode, diff(y(x), x));

F :=unapply(%, x, y);

L=1[xyl;

X = evalf([x0, y0l);

L := stackmatrix(L, X);

t:=array(1..N);

foritoN do

X1 :=X+[(1/2)*h, (1/2)*h*F(op(X))];
X:=X+[h, h*F(op(X1))];

L := stackmatrix(L, X);

tli] =X

end do;

kq := linalg[stackmatrix](L);
Maplets[Tools][Set](('vp')(value) = Matrix([[x, y], [x0, y0],
seq(tlil,i=1.N))

end proc:

RungeKutta2 := proc( ode, ic, domain, N )

t:=lhs(domain);

y :=op(0, lhs(ic));

h == (op(2, rhs(domain))-op(1, rhs(domain)))/N;

solve(ode, diff(y(t), t)):

F := unapply(%, t, y);

X := evalf([op(lhs(ic)), rhs(ic)]);
L:=X;

forifrom 1toNdo
F:=F(op(X));

X1 := X+[h, h*F];

X2 := X+[h, h*F(op(X1))];

X:= (X1+X2)*(1/2);

L := stackmatrix(L, X);

tlil:=X;

end do;

kq := linalg[stackmatrix](L);
Maplets[Tools][Set](('vp')(value) = Matrix([[x, y], [x0, yO],
seq(tfil,i=1.N));

end proc:

RungeKutta4 := proc (ode, x0, xn, y0, N)
global h,i, t,y, F, L, X, X1, X2, X3, X4, X5, X6, X7, X8, kq;
h := (xn-x0)/N;
solve(ode, diff(y(x), x));

F := unapply(%, x, y);
L=1[xyl;

X = evalf([x0, y0l);

L := stackmatrix(L, X);
t:=array(1..N);
foritoN do

X1 :=T[h, h*F(op(X))];
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X2 := X+(1/2)*X1;

X3 :=[h, h*F(op(X2))];
X4 = X+(1/2)*X3;

X5 :=[h, h*F(op(X4))];
X6 := X+X5;

X7 :=[h, h*F(op(X5))];

X8 :=[X[1]+h,
X[2]+(1/6)*X1[21+(1/3)*X3[2]+(1/3)*X5[2]+(1/6)*X7[2]];
X := evalf(X8);

L := stackmatrix(L, X);

tli] ;=X end do;

kq := linalg[stackmatrix](L);
Maplets[Tools][Set](('vp')(value) = Matrix([[x, y], [x0, yO],
seq(tfil, i=1..N)))

end proc:

maplet := Maplet(Window([BoxColumn(border = true,
background = "#9999FF", ["Phuong trinh giai s0"]),
BoxColumn(border = true, background = "#9999FF",
[Label("Phuong trinh ODE", 'font' = Font("courier", 14)),
TextField['ode'l(width = 30,
"diff(y(x),x)=x+cos(y/sqrt(7.))")], [Label("Gia tri ban dau
x0", 'font' = Font("courier", 14)), TextField['x0'](width =
30, "0.5")], [Label("Gia tri cuoi xn", 'font' = Font("courier",
14)), TextField['xn'l(width = 30, "1.5")], [Label("Gia tri cua
ham so tai thoi diem ban dau y(0)", 'font' =
Font("courier", 14)), TextField['y0'l(width = 10, "0.6"),
Label("So diem chia N", 'font' = Font("courier", 14)),
TextField['N'](width = 10, "10")]), BoxColumn(border =
true, background = "#9999FF", [Label("Ket qua", 'font' =
Font("courier", 14))], IMathMLViewer[vp](height = 200)]),
[Button("Euler", Evaluate(‘function' = 'Euler(ode, x0, xn,
y0, N)")), Button("Euler Hoan cai ", Evaluate('function' =
'ImprEuler(ode, x0, xn, y0, N)"), Button("RungeKutta4",
Evaluate(‘function' = 'RungeKutta4(ode, x0, xn, y0, N)")),
Button("Exit", Shutdown())1])):
Maplets[Displayl(maplet):

stackmatrix(kq);

Maplet X
GIAI S6 PHUONG TRINH VI PHAN CAP 1

FPhuong trinh ODE diff(v(x).x)=x+cos(v/sart(7.))

Gis tri ban dau x0 0.5

Gia tri cubi xn 1.5

56 difm chia m[10

Gia tri cia ham sé tai thed didm ban ddu y(0) 0.6

Kt quad

Euler hoén cai RungeKutta2 RungeKutta4 Exit
3. KET LUAN

Nhu vay ta da lap dugc téng cong 4 chuong trinh con,
cu thé héa cac phuong phép gidi s6: phuang phap Euler,
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phuong phap Euler hoan cai (ImprEuler) va phuong phap
Runge-Kutta cap hai va cap 4. Sau dé ta lan lugt ap dung
céc chuang trinh con trén dé gidi s6 cu thé hai bai toan. Két
qua thu dugc dudi dang bang va cé thé dung truc tiép vao
viéc trinh chiéu phuc vu bai gidng cho sinh vién.

Véi nhiing két qua thu dugc ta c6 thé md rong cho
nhing phuong phap khac nhu phuong phép sai phan hitu
han, hodc phuong phap bén dé giai bai toan bién.
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