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Abstract: In this paper, we study the nonclassical properties such as
Hillery’s higher-order squeezing effect, higher-order sub-Poissonian
statistic, and higher-order antibunching of the squeezing-enhanced coherent
state. The results show that the squeezing-enhanced coherent state is stronger
squeezing at higher-order, comparing the values of squeezing effect at
higher-order to choose the suitable value to enhanced accurate measurements
in quantum information, quantum optic, and show characteristic of higher-
order sub-Poissonian statistic and higher-order antibunching. All results
indicate that higher-order nonclassical properties of the squeezing-enhanced
coherent state have stronger than the normal order.

Keyword: Higher order, antibunching, Hillery’s squeezing effect, sub-
Poissonian statistic.

1. INTRODUCTION

Currently, technology is more and more developing, we need higher exactly transfer
information, including speed, security, and data process. In quantum information and
quantum entanglement, based on the effect of the nonclassical state, scientists have
investigated the states which limit errors in processing formation, giant data, and
security. Investigating the nonclassical properties of nonclassical state play a crucial in
developing science and technology. In 1963, a coherent state was introduced by Glauber
[1] and Sudarshan [2], after that squeezing coherent state was introduced [3]. In 2012,
the squeezing-enhanced coherent state was introduced [4], in which the state shows that
the degree of squeezing increases not only with squeezing parameter A, but also with
squeezing parameter r. This state also indicates sub-Poissonian statistic normal order
[4]. Comparing with the usual squeezing coherent state, all results indicate that this state
indeed has stronger squeezing and shows some new statistical properties [4]. According
to Ref. [4], the squeezing-enhanced state was introduced as

W) =VAnrla), (1)

where V(A,7) = exp [—i;’l(Qze2 — e‘rPZ)] is an enhanced squeezing operator, and the

PN a+at A a—at ~ - f - . At s
operators ( = a\/; , P = a\/;i, where @ is bosonic annihilation operator and at is

bosonic creation operator. When parameter r = 0, the enhanced squeezing operator
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—i(at?+a?)] . . .
becomes V(4,0) = exp [M} is the normally squeezing operator [4]. The |a ) is

a coherent state which was defined as

@) = exp(—31al?) Tizo = [n) )

where a is a complex number, and |n) is a Fock state. Recently, we have proposed a
simple experimental scheme to implement the squeezing operation of a special case of
Q and P operators in the form as

V(A1) =exp [— % (a% coshr + (1 + 2ata) sinhr + a*? cosh r], (3)
where A and r are two real parameters. Studying the low-order non-classical properties of
the squeezing-enhanced coherent state was shown in detail [4]. In this paper, we focus on
studying the higher-order nonclassical properties that have not yet been performed. We
study Hillery’s higher-order squeezing effect, higher-order sub-Poissonian statistic, and
higher-order antibunching of the squeezing-enhanced coherent state.

2. HILLERYS HIGHER-ORDER SQUEEZING EFFECT OF THE SQUEEZING-
ENHANCED COHERENT STATE

Hillery's higher-order criterion was introduced by Hillery [5] and this squeezing effect
was studied by many scientists later [6], [7], [8]. A state is called Hillery's higher-order
squeezing effect if this state satisfies the inequality as

(AQ@)? < 2 (F), (4)
where (F;) can also be normally ordered and its explicit form reads [7]

with [® =1(1—-1)..(I— v+ 1). To be convenient, we give Hillery’s higher-order
squeezing coefficient as

4G (A0,()%)  2{(aftal) + R[e 2 (a%h)] — 2(R[e~ M (ah)])?

= =
F i At Al
< l> é:lm((ahl T4l ‘L')
in which the condition of Hillery’s higher-order squeezing effect of any state is
squeezing if coefficient S; lies into a range from —1 < §; < 0 and a state is ideally
squeezing state if S; = —1. We study Hillery’s first order and Hillery’s higher-order
squeezing effect of the squeezing-enhanced coherent state at the orders [ = 1, 2, 3, 4.

(6)

2.1. The first-order squeezing effect

We examine the first-order squeezing effect at [ = 1, which is the low-order squeezing
effect. Substituting [ =1 into Eq. (5) and Eq. (6), we have Hillery’s first-order
squeezing coefficient of the squeezing-enhanced coherent state as
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2{(@a) + wle(@)] - 2l (@)}

S, = (7)

(F1)
For I = 1, we calculate values of (@a), R[e 2 (a?)], R[e~#(a)], (F,) as

@tay = [lalP(ul* + vI» + Ty + [v|?], 8)

(@) = (ua +va”), €))

(a%) = (na? + uv(ZIaI2 + 1) + v2a*?), (10)
(€Y}

<F1) = ( & d ) = Z (11| 11)' 1 <a'|'(1—1)a‘(1—1> — 1’ (11)

where T; = p*va*? + vua?.

Substituting Egs. from (8) to (11) into Eq. (7), we plot a graph of Hillery’s first-order
squeezing coefficient S; as in Figure 1.
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Figure 1. The squeezing coefficient S; is a function of r with different squeezing parameters 1 =
0.1 (the solid line), A = 0.3 (the dot-dashed line), and A = 0.5 (the dashed line)

We study the squeezing coefficient S; which is a function of r that has a range from 0 to
2, Figure 1 shows that the squeezing coefficient S; is more negative as we increase the
squeezing parameters A = 0.1, 0.3, and 0.5. Therefore, the degree of squeezing is
stronger as squeezing parameter A increases, which is the same as the result [4].

2.2. The second-order squeezing effect

We examine the second-order squeezing effect at [ = 2, which is the high-order
squeezing effect. Substituting [ = 2 into Eq. (5) and Eq. (6), we have Hillery’s second-
order squeezing coefficient of the squeezing-enhanced coherent state as

+2A2 —4ily as] - =2ilY (52
5, =A@l + e <(F2>>] 2(Ble@))y

For I = 2, we calculate values of (at2a2), R[e~*¥(a*)], R[e~21¥(a?)], (F,) as
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(@?a?) = (Jal*(ul* + lal*) + T, + lwv[*(1 + 8lal? + 4|al*)

+ulPT 2lal? + D+vI*T, (5 + 2|al?) + [vI*(2 + 4]al?)), (13)
(@%) = (Wa? + w(lal? + 1) + via™?), (14)
(@ = (Wra* +vta™ + 3p2v2(1 + 4lal?® + 2|al|?)
+2(Wva? + wia*?)(2|al? + 3)), (15)
(F) = 4[lal*(Jul® + v[®) + Ty + v[* + 1], (16)

where T, = p*?v2a* + p?v*2a*.

Substituting Eqgs. from (13) to (16) into Eq. (12), we plot a graph of Hillery’s second-

order squeezing coefficient S, in Figure 2.
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Figure 2. The squeezing coefficient S, is a function of r with different squeezing parameters A =
0.1 (the solid line), A = 0.2 (the dot-dashed line), and 4 = 0.3 (the dashed line)

We study the squeezing coefficient S, which is a function of r that has a range from 0 to
3, Figure 2 shows that the squeezing coefficient S, is more negative as we increase the
squeezing parameters A = 0.1, 0.2,and 0.3. Therefore, the degree of squeezing is
stronger as squeezing parameter A increases, which is the same as the result of the first-
order squeezing effect.

2.3. The third-order squeezing effect

We examine the third-order squeezing effect at [ = 3, which is also the high-order
squeezing effect. Substituting [ = 3 into Eq. (5) and Eq. (6), we have Hillery’s third-
order squeezing coefficient of the squeezing-enhanced coherent state as

~t3 A3 —6ilp A6\] _ —3ilY 1 A3\]\2
5, = 2{(at3a®) + Rle <21F3)3 2(%R[e (@*)) }. an

For I = 3, we calculate values of (at3a%), R[e~¢1¥(a°)], R[e 31 (a®)], (F5) as

(@"a®) = (Jal®(ul® + vI®) + 3lul* Ty (lel* + |al?) + 3|ul* Ty (|l + 1)
+T5 + 9lul*vI*(lal® + 3lal* + |al?) + 9w I’Ty(lal* + 4lal® + 2)
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+3VIPTL(lal? + 4) + 9ulPIvI*(le]® + 6lal* + 7|al® + 1)
+3VI*T (lal* + 7|a|?> +9) + |[v|®(O]a|* + 18|a|? + 6)), (18)
(@3 = (3a® + 3p2v(lal?a + a) + 3w2(|al?a* + a*) +v3a*?), (19)

(@%) = (uba® +vea*® + 15(p%v*a*? + p*vZia?)(|al|* + 4|al? + 3)
+(Wvat + pvPa*)(6|al? + 15) + 5u3v3(4|a|® + 18|a|*+18|a|? + 3)), (20)

(F3) = 9[la|*(Jul* + |a]|®) + T, + [w[*(1 + 8la|® + 4]al*)

+HuPT2lal? + 1) + VI°T2(5 + 2]al?) + [vI*(2 + 4lal?)
+3[lal>(lul* + vI®) + Ty + [vI?] + 3], (21)
where T; = p3v3a*® + 3v*3ab.

Substituting Eqgs. from (18) to (21) into Eq. (17), we plot a graph of Hillery’s third-order
squeezing coefficient S5 in Figure 3.

Figure 3. The squeezing coefficient S5 is a function of r with different squeezing parameters A =
0.1 (the solid line), A = 0.2 (the dot-dashed line), and 4 = 0.3 (the dashed line)

We study the squeezing coefficient S; which is a function of r that has a range from 0 to
1.5, Figure 3 shows that the squeezing coefficient S5 is more negative as we increase the
squeezing parameters A = 0.1, 0.2, and 0.3. Therefore, the degree of squeezing is
stronger as squeezing parameter A increases, which is the same as the result of the first-
order and the second-order.

2.4. The fourth-order squeezing effect

Similarly we substitute [ = 4 into Eqgs (5), Eqs (6). We have Hillery’s fourth-order
squeezing coefficient of the squeezing-enhanced coherent state as

2((a™a*) + R[e 5% (a®)] — 2(R[e ™ (a*)])?
4 = .
(Fy4)
For I = 4, we calculate values of (at*a*), R[e~81¥(a®)], R[e~*W¥(a*)], (F,) as

(a™a*) = 2IuI°Ty2lal® + 3lal*) + 3|ul*To (1 + 4lal® + 2]al*)

(22)
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+2|ul?Ts2lal? + 3) + Ty + 41ul°vI*(4lal® + 16]al® + 9]al®)
+6|u|*|v|?T (4]a|® + 22|a|* + 22|a|? + 3) + 4|vu|?T,(4|a|* + 24|al? + 21)
+2|v|?T5(11 + 2]|al?) + 9|uv|*(1 + 24|a|? + 60|a|* + 32|a|® + 4|a|®)
+6|ul?|v|*T, (4|al® + 38|a|* + 86|al? + 39) + 3|v|*T, (41 + 20|a|? + 2|a|*)
+4|u|?|v|®(4|a|® + 48|a|® + 153|a|* + 132|a|? + 18) + 2|v|®T,(84 + 96|a|?
+27|al* + 2|a|®) + (Jul® + |vI®)|al® + |vI3(4 + 32]|al® + 38|al* + 12|al®), (23)
(@*y = (nta* +vta™ + 3p2v2(1 + 4|al? + 2|al?)
+2(udva? + wia?)(2|al? + 3)), (24)
(a8) = (uBa® +v8a*® + 2(p"va® + w’a*®) (14 + 4|a|?)
+(ubv2at + p2va**) (210 + 168|a|? + 28|al*)
+2(u5v3a? + 13va*?) (210 + 420|a|? + 210|a|* + 28|a|®)
+5u*v*(21 + 168|al? + 252|al* + 112]a|® + 14|a|®), (25)
(F) = 16(lal(Iul® + [vI®) + 3|ul* T (lal* + |a]?) + 3|ul*T,(lal* + 1)
+T5 +9ul*vI*(la® + 3lal|* + [al?) + 9|uv*T (la|* + 4|a|* +2)
+3VIPTL(lal? + 4) + 9ulPIvI*(le]® + 6lal* + 7|al® + 1)

+3|vI* Ty (lel* + 7|al? +9) + [vI*OOlal* + 18|a|? + 6)
+6[lal*(lul* + lal®) + T; + [uwv|*(1 + 8lal? + 4lal®) + |u|*T1(2]al® +
D+ VIPTi(5 + 2]al®) + vI*(2 + 4lal®)]

+16[lal?(pl? + vI?) + Ty + [vI?] + 16) (26)
where T, = p**v*a*® + ptv*4ald.
Substituting Egs. from (23) to (26) into Eq. (22), we plot a graph of Hillery’s fourth-

order squeezing coefficient S, in Figure 4.
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Figure 4. The squeezing coefficient S, is a function of r with different squeezing parameters A =
0.1 (the solid line), A = 0.15 (the dot-dashed line), and A = 0.2 (the dashed line)
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We study the squeezing coefficient S, which is a function of r that has a range from 0 to
2.5, Figure 4 shows that the squeezing coefficient S, is more negative as we increase the
squeezing parameters A = 0.1, 0.15, and 0.2. Therefore, the degree of squeezing effect
Is also stronger as squeezing parameter A increases, which is the same as the result of
the first-order, the second-order, and the third-order.

Figure 5. The difference between the squeezing coefficient S, (the solid line) and the squeezing
coefficient S, (the dashed line) at squeezing parameter A = 0.3

In Figure 5, we observe the graph of the second-order squeezing coefficient S, and the
graph of the fourth-order squeezing coefficient S, at A = 0.3 with r from 0 to 2, which
show that the degree of squeezing of the second-order squeezing effect is stronger than
the degree of squeezing of the fourth-order squeezing effect. This means that at even
order, the low-order squeezing effect show to be stronger than the high-order squeezing
effect.
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Figure 6. The difference between the squeezing coefficient S; (the solid line) and the squeezing
coefficient S (the dashed line) at squeezing parameter A = 0.2

In Figure 6, we observe the graph of the first-order squeezing coefficient S; and the
graph of the third-order squeezing coefficient S5 at A = 0.2 with r from 0 to 1.5, which
show that the degree of squeezing of the third-order squeezing effect is stronger than the
degree of squeezing of the first-order squeezing effect. This means that at odd order, the
high-order squeezing effect show to be stronger than the low-order squeezing effect.

In conclusion, we conclude that the degree of Hillery’s squeezing effect shows to be
stronger as we increase squeezing parameter A. For even order, the degree of squeezing
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is weaker at high order, and the degree of squeezing is stronger at high order for odd
order.

3. HIGHER-ORDER SUB-POISSONIAN STATISTIC AND HIGHER-ORDER
ANTIBUNCHING OF THE SQUEEZING-ENHANCED COHERENT STATE

Concept of higher-order sub-Poissonian statistic is recommended in [9]. Using formula
Ay = (AR - 1) ....(A — 1+ 1)) = (at'al) with (A) =(ata), coefficient P;is
defined as [8]
(al'al)
S G @

with [ is a positive number. For all values of [ > 2, P, = 0, this is the Poisson statistic.
For [ = 2, P, > 0 show that the first-order super-Poissionian statistic and P, < 0 show
that the first-order sub-Poissonian statistic. For [ > 2, P, > 0 show that higher-order
super-Poissionian statistic and P; < 0 show that higher-order sub-Poissonian statistic.
Because sub-Poissonian statistic and antibunching are relevant to the mathematical
side, which is function depends on a parameter such as [, a, r, A and from the concept of
sub-Poissonian statistic and antibunching, if the state shows sub-Poissonian statistic
which will show antibunching. Now, we will study higher-order sub-Poissonian statistic
and antibunching of squeezing-enhanced coherent state at the orders [ = 2, 3, and 4.

3.1. The first-order sub-Poissonian statistic and the first-order antibunching

We examine the first-order sub-Poissonian statistic and the first-order antibunching at
[ = 2. Substituting [ = 2 into Eq. (27), we have coefficient P, of the squeezing-
enhanced coherent state as

(a™?a?)
2 = @an? ~ 1 (28)
For [ = 2, we calculate values of (afa), (at?a?) as
@tay =llal*(ul*+vI®» + T + vI?], (29)
(at2a?) = (la|*(Jul* + |a|*) + T, + |wv[*(1 + 8lal? + 4|al*)
+uPT2lal? + 1) + [v[PTy (5 + 2|al?) + [v[*(2 + 4]al?). (30)

Substituting Eq. (29) and Eg. (30) into Eq. (28), we have coefficient P, as
P, = {(lal*(ul* + lal*) + T2 + lw|?(1 + 8la|® + 4|al*)
HulPT2lal? + 1) + [vI*Ty (5 + 2]al?) + [vI*(2 + 4]al?))
X [lal?(ul? + vI®) + Ty + vI!] 7%} - 1. (31)
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Figure 7. The sub-Poissonian statistic P, is a function of r with different squeezing parameters
A = 0.1 (the solid line), 2 = 0.3 (the dot-dashed line), and A = 0.6 (the dashed line)

We plot a graph of the first-order sub-Poissonian statistic P, in Figure 7. It is showed
that the first-order sub-Poissonian statistic of the squeezing-enhanced coherent state
shows to be weaker as we increase the squeezing parameters A = 0.1, 0.3, and 0.6. This
means that the graph is larger than zero as squeezing parameter A increases. Therefore,
the degree of the first-order antibunching is also weaker as we increase squeezing
parameter A because sub- Poissonian statistic and antibunching are relevant to the
mathematical side, which is the same as the result [4].

3.2. The second-order sub-Poissonian statistic and the second-order antibunching

We examine the second-order sub-Poissonian statistic and the second-order
antibunching at [ = 3. Substituting [ = 3 into Eq. (27), we have coefficient P; of the
squeezing-enhanced coherent state as

~ (at3a3) ~
((ata))?
For | = 3, we calculate value of (a™3a3) as
(a™a®) = (Jal®(Iul® + v[®) + 3|ul* T (|lal* + [a|®) + 3|ul*T,(|al? + 1)
+ T3 +9ul*vI*(lal® + 3lal|* + |al?) + 9|uv*T (la]|* + 4]a|® +2)
+3[VIPTy(lal? + 4) + 9l vI*(lal® + 6lal* + 7]al® + 1)
+3v*T (lal* + 7|al? +9) + |[v|®(9]a|* + 18|a|? + 6)). (33)

Substituting Eg. (33) and Eq. (29) into Eqg. (32), we have coefficient P; of the
squeezing-enhanced coherent state as

Py = [(le|®(Ipl® + [v]®) + 3|ul* Ty (le|* + |a|?) + 3|ul*To(la|* + 1)
+T5 + 9ul*vI*(la|® + 3lal|* + |al?) + 9|uv[*T (la|* + 4]|a|® +2)
+3vIPTo(lal® + 4) + 9lulPvI*(lal® + 6lal* + 7]al* + 1)
+3v*T (la|* + 7|al? +9) + |vI[®(9]a|* + 18|a|? + 6)]
X [lel?(Jul® + [vI?) + Ty + [v[*] > - 1. (34)

P, 1. (32)
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Figure 8. The sub-Poissonian statistic P5 is a function of r with different squeezing parameters
A = 0.1 (the solid line), A = 0.2 (the dot-dashed line), and A = 0.3 (the dashed line)

We plot a graph of the second-order sub-Poissonian statistic of P; in Figure 8. It is
showed that the second-order sub-Poissonian statistic of the squeezing-enhanced
coherent state shows to be weaker as we increase the squeezing parameters A = 0.1,
0.2 and 0.3. This means that the graph is larger than zero as squeezing parameter A
increases. Therefore, the degree of the second-order antibunching is also weaker as we
increase squeezing parameter A. Likewise, the results of the second-order are the same
as the first-order, but the second-order is expressed clearly more than the first-order.

3.3. The third-order sub-Poissonian statistic and the third-order antibunching

For the third-order, we study at [ = 4. Substituting [ =4 into Eq. (27), we have
coefficient P, of the squeezing-enhanced coherent state

B (at*a*)
((atay*
For | = 4, we calculate value of (a™*a*) as

(at*a*) = [(2|ul°Ti2lal® + 3|al*) + 3|ul*T, (1 + 4|a|* + 2|a|*)
+2|ul*Ts2lal® + 3) + T, + 4|ul®v]*(4]al® + 16]al® + 9]al*)
+6|ul*v|*T (4]a|® + 22|a|* + 22|a|? + 3) + 4|vul|*T,(4|al|* + 24|a|? + 21)

+2|v|?T3(11 + 2|al?) + 9|uv|*(1 + 24|a|? + 60|a|* + 32|a|® + 4|a|®)
+6|u?|v|*T, (4]a|® + 38]|al* + 86|a|? + 39) + 3|v|*T,(41 + 20|a|? + 2]al|*)
+4|ul?|v|®(4|a|® + 48|a|® + 153|a|* + 132|a|? + 18) + 2|v|°T, (84 + 96]|a|?
+27|a|* + 2]|a|®) + (Jul® + [vI®)|a|® + [vI®(4 + 32|al? + 38|al* + 12|a|®)]. (36)

Substituting Eq. (36) and Eg. (29) into Eg. (35), we have coefficient P, of the
squeezing-enhanced coherent state

P, = [2lul°T,(2]al® + 3lal*) + 3|ul|* T, (1 + 4]a|® + 2|a|*)
+2|ul*T;2|a|? + 3) + T, + 4lul®vI?(4]al® + 16]a|® + 9]al*)

P, 1. (35)
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+6|ul*|vI*T,(4|a|® + 22|a|* + 22|a|? + 3) + 4|vul|*T,(4]a|* + 24|a|? + 21)
+2|v|?T;(11 + 2|al?) + 9|uv|*(1 + 24|a|? + 60|a|* + 32|a|® + 4|a|®)
+6|ul?|v|* T (4|a|® + 38|a|* + 86|a|? + 39) + 3|v|*T,(41 + 20|a|? + 2|a|*)
+4|u|?|v|®(4|a|® + 48|a|® + 153|a|* + 132|a|? + 18) + 2|v|®T,(84 + 96|a|?
+27|al* + 2]a|®) + (Ju|® + [vI®)|al® + |vI3(4 + 32]|al® + 38|al* + 12|a|®)]
X [lal?(ul® + vI*) + Ty + v[*]™* = 1. (37)

Figure 9. The sub-Poissonian statistic P, is a function of r with different squeezing parameters
A = 0.1 (the solid line), 2 = 0.2 (the dot-dashed line), and A = 0.3 (the dashed line)

We plot a graph of the third-order sub-Poissonian statistic of P, in Figure 9. It is showed
that the third-order sub-Poissonian statistic of the squeezing-enhanced coherent state
shows to be weaker as we increase the squeezing parameters A = 0.1, 0.2, and 0.3. This
means that the graph is larger than zero as squeezing parameter A increases. Therefore,
the degree of the third-order antibunching is also weaker as we increase squeezing
parameter A. We observe that the results of the third-order are the same as the first-order
and the second-order. However, the third-order shows to be clear more than the first-
order and the second-order via the value of P; which is larger than the values of P, and
P;. From the results of the first-order, the second-order, and the third-order were shown
in alternate Figure 7, 8, and 9 of sub-Poissonian statistic and antibunching of the
squeezing-enhanced coherent state, we conclude that these effects are relevant together,
which means that sub-Poissonian statistic and antibunching show to be weaker as
squeezing parameter A increases at higher order.

4. CONCLUSION

In this paper, we study the higher-order non-classical properties of the squeezing-
enhanced coherent state, including Hillery’s higher-order squeezing effect, higher-order
sub-Poissonian statistic, and higher-order antibunching of the squeezing-enhanced
coherent state. We observe that Hillery’s higher-order squeezing effect shows to be
stronger as squeezing parameter A increases, but even order shows that the high-order
squeezing effect shows to be weaker than the low-order squeezing effect. However, the
high-order squeezing effect show to be stronger than the low-order squeezing effect for
odd order. Besides, we realize that higher-order sub-Poissonian statistic is weaker as we
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increase values [ and A. Because sub-Poissonian statistic and antibunching are relevant
to the mathematical side, which also shows that two effects are also the same as a graph,
and this shows that antibunching is also weaker as we increase values [ and A.
Therefore, we conclude that the squeezing-enhanced coherent state shows the higher-
order non-classical properties.
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