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PHUONG PHAP BIEN POI PAI SO GIAI PHUONG TRINH
BAC CAO TRONG TRUONG GALOA MO RONG

Pham Khic Hoan'*, Tran Thai Hal, Vii Son Ha?

1Khoa Vé tuyén dién tir, Pai hoc K3 thudt Lé Quy Pén

2Vién Khoa hoc va Céng nghé quadn suw

Tém tit

Bai bao dé xuét phuong phap tryc tiép giai phuong trinh bac 3, bac 4 trong truong hitu han
dua trén bién doi dai s phuong trinh da cho vé phuong trinh chinh tic bac 2. Két qua nhan
dugc 6 thé téng quat hoa dé giai phuong trinh trong truong hitu han kich thude bat ky
ddng thoi cho phép giam do phirc tap va do tré xir Iy dang ké so voi cac phuong phap

truyén thong, nho d6 c6 thé img dung trong cac hé thong thong tin téc do cao.

Tir khéa: Truwong Galoa; phép nhén truwong hitu han; md héa sira 16i; co' sé da thike; co sé chudn héa.

1. Piit van dé

Truong hiru han dugc ung dung rong rai trong k¥ thuat va khoa hoc may tinh nhu
mi hoa chong nhiéu, mat ma hoc [1]. Mot s6 truong hop yéu cau giai phuong trinh
trong truong hiru han, vi du can giai phuwong trinh khoa khi giai ma ma BCH, Reed-
Solomon, Goppa hodc khi giai ma hé mat dya trén ma héa nhu hé mat Mc-Eliece.
Berlekamp 13 mét trong nhiing tac gia c6 dong gbp dang ké trong viéc nghién ctru van
dé phan tich thira sb trong truong hitu han, trén co s& d6 c6 thé tim nghiém cta da thirc
bac cao thong qua cic nhan tir cua n6 [2].

Giai phuong trinh bac cao trong truong hitu han 1a mdt bai toan c¢d dién ludn nhan
dugc sy quan tAm ciia cong dong nghién ctru va cho dén nay vin con kha nhiéu thach
thirc. Mot sb phuong phap gian tiép dé giai phwong trinh trong truong hitu han bao
gém: thuc hién céc thuat toan 1ap nhu thu tuc Chien, thuc hién thong qua bién dbi
Fourier trén truong Galoa... [2, 3]. Tuy nhién, cic phuong phap nay thuong cé do tré
tinh toan kha 16n do tinh chét 1ap cta ching. Thu tuc Chien thuc chét can phai lan luot
kiém tra tit ca cac phan tir ctia truong vi vay c6 do tré xir 1y 16n khi da thiic ¢6 bac cao
va truong cé kich thude 16n.

Céac phuong phap truc tiép giai phuong trinh bac cao trong truong hiru han da
dugc nghién ctru tir kha sém nhung déu c6 do phirc tap cao khi truong cé kich thude
16n. Trong [4] Berlekamp trinh bay mét phuong phap tim nghiém cho phuong trinh bac

2 dya trén khong gian con tuyén tinh cia GF(2") va tinh chét ctia ham vét, chi ra diéu
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kién dé phuong trinh bac 3 c6 3 nghiém phén biét trong GF(2"), tuy nhién chua xay
dung duoc cong thirc tim nghiém. Chen 12 tac gia ddu tién x4y dung cic cong thirc tinh
nghiém cho phuong trinh bac 2, tuy nhién cac cong thirc nhan dugc kha phuc tap, dic
biét khi n 16n [5]. Céc tac gia trong [6] di sdu nghién ctru ciu trac cua truong hitu han
dura trén viéc phan chia thanh cac 16p ké cyclotomic va st dung thuat toan lip dé tim
udc chung 16n nhat cua cic da thirc. Tuy nhién, thudt toan trén c6 ciu trac lap c6 do
phtrc tap cao va co do tré 16n. Yiu trinh bay mot phuong phap lai cai tién dwa vao viée
tinh toén trudc nghiém cua phwong trinh bac 2, bac 3 chinh tic véi cac tham sb cho
truede va luu trlr trong bang tra [7], tuy nhién kich thude bang tra con kha 16n khi n 16n.
Gan day Trifonov va cong sy dé xuit phuong phap tim nghiém cia da thtc trén trudong
hitu han dwa vao viéc bién d6i vé da thirc affine va tim nghiém cua da thic affine [8].
Tuy nhién, phuong phap nay phu hop véi tinh toan trén phan mém va bac cia da thirc
affine kha 16n nén ¢ nhiéu kho khan khi thue hién trén phén cing.

Trong mot sd trudng hop nhu can giai ma sira 16i cho cac bo nhé dung lugng 16m,
stra 18i trong thong tin quang, hé thong thong tin do tré cuc thap véi dac diém sé 16i khong
qué 16n (khong qua 4), viéc giai ma can giai phuong trinh bac khong 16n trén truong hiru
han c6 kich thudc 16n dat ra yéu ciu cao vé thong luong va do tré xir 1y [9-11]. Trén co s&
ké thira cac két qua nghién ctru c¢6 lién quan, bai bao nay di sau nghién ciru phuong
phap truc tiép giai phuong trinh bac cao trong truong hitu han dya trén bién doi dai s6
phuong trinh bac cao vé phuong trinh chinh tic bac 2 va nhd cac phép thé nguoc cho
phép tim nghiém cua phuong trinh bac 3, bac 4 ban dau. Pong thoi trén co s phan chia
truong hitu han thanh cac 16p cyclotomic, bai bao dé xuét cai tién dé tim nghiém cia
phuong trinh bac 2 chinh tic cho phép rat gon khong gian luu trir dang ké. Phuong phap
dugc dé xuat co tinh hé thdng va tao tién dé cho viéc thyc thi thiét bi giai quyét nhiém
vu nay mot cach hiéu qua. Cac két qua nhan dugc cé thé mo rong cho cac truong voi
kich thudc bat ky va ca truong phi nhi phan.

Phén con lai ctia bai bao duge t6 chtrc nhu sau: Muc 2 khai quat nhimg van dé co
ban vé trudng hiru han. Myc 3 phén tich cc trudng hop giai phwong trinh ¢6 bac khac
nhau. Cudi ciing 13 mot s két luan.

2. Mt s6 van dé co ban vé trwong hiru han
2.1. Khdi niém, tinh chét ciia truong hivu han

Vi sd nguyén td p da cho, dinh nghia trudng hitu han bac p, ky hiéu 1a GF(p)

(hogc Fp) 1a tip Zp ctia cac s0 nguyén {0,1,..., p—1} ciing vi phép todn mod p.
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Céc tinh chat co ban cta truong hitu han:
- Truong hitu han Fq gdm q= p" phan tir (ky hiéu 1a GF(p")) bao gdm va chi
gdm cac nghiém ctia phwong trinh:
x*—x=0 1)
- Nhom nhan ciia trudng hitu han 1a nhém cyclic, phan tir sinh ciia nhém nhén 1a
phan tir nguyén thuy cta truong o. Tat cd cac phan tu ctia truong bao gom phan tr 0 va
{a,az,...,a”m,apn } =1.
- V&i phan tir ¢ € GF(p") vét cua phan tir ¢ dugc dinh nghia:
Tr(c)=c+cP+c” +..+c” (2)
Tinh chat:
+Tr(c)eF,;
+ Tr(c,+c,)=Tr(c)+Tr(c,);
+ Tr(c?)=Tr"(c) =Tr(c);
+Néu ¢ e F thi Tr(c) =nc;
+ Tr() =nmod p véip =2, Tr(l) =1 khinlé va Tr(l) =0 khi n chan [12, 13].
2.2. Biéu dién cdc phan tir ciia truong hitu han
Truong hiru han GF(p") dugc sinh bai mot da thire bat kha quy m(x) bac n. Chiy
rang moi truong hitu han clng bac 1a dang cdu va trong thyuc té st dung hai dang biéu
dién thong dung 1a co sé da thirc va co s¢ chuan hoa.
* Co so da thurc
Pinh nghia: Xét truong hitu han GF(p") va cho a € GF(p") 1a phan tir nguyén
thity. Co s da thirc ciia GF(p") trén GF(p) 12 {Le,@?,....a""}. Mot phén tir bét ky cua
GF(p") 1a t6 hop tuyén tinh cta chung véi hé sé thudc GF(p).
Moi phan tir khac 0 cta truong GF(p") tao thanh mot nhom nhan cyclic. Nhém
nhan d6 ¢6 thé bicu dién béi sb thir tw thap phan N dugc goi 1a logarit bién dang [12]:
N =log,(a')+1=i+1=log(a') (3)
* Co 56 chudn héa
Dinh nghia: Cho s0 nguyén duong n bat ky, luoén ton tai mot co s¢ chuan hoa
(normal basic) cho trudng hitu han GF(p") trén GF(p). Néu y € GF(p") 1a phan tir sinh

trén GF(p), co s& chudn héa c6 dang {y,ypl,y/p2 y/pH}. Vi du véi truong GF(2%) véi
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da thirc sinh 7(X) =x*+x+1 ¢d 2 co sé chudn hoa sinh bdi phan tir nguyén thuy
7 = a'va phan tir phi nguyén thity » = o®.
2.3. Cac phép toan trong truong hiru han nhi phdn

Céc phép toan s6 hoc trén GF(2") thuong dugc thuc hién theo modulo cuia da thirc
bat kha quy nt(x) trén GF(2). Cac phép cong va trir sd hoc dugce thyuc hién theo modulo 2,
trong khi d6 phép toan nhan trén truong GF(2") ¢6 d6 phirc tap cao va ton nhiéu thoi gian.
Do phuc tap thuc thi con phu thude vao viéc lya chon da thirc bat kha quy va co s& dé
biéu dién cac phan tir trong truong hiru han. Véi co so chuan hoa phép binh phuong mot
phan tir 1a phép dich vong, nhung phép nhan kha phiic tap. Phép nhan hai phan tir ctia
truong v6i biéu dién da thirc ¢6 thé thuc hién nhu phép nhan hai da thirc va két qua nhan
dugc 1ay theo modulo cta da thirc sinh 7(x) . Trong thyc té, thuong sir dung cac thiét b
nhan nhd bang logarit - antilogarit va ham Zech. Phép nhan cac phan tir biéu dién liy
thira thyc hién nhu phép nhén, phép chia lily thira v6i sé6 mil dugc ldy theo modulo
(2" —-1). Trong qua trinh tinh todn néu xen k& thuc hién phép cong va phép nhan can
chuyén tir biéu dién vecto vé biéu dién liiy thira va nguoc lai nho bang logarit va
antilogarit. bé danh gia chi tiét do phuc tap thuc thi cic bai toan trén truong hitu han
can tinh dén cac van dé biéu dién va thuc thi cac phép toan truong hitu han [14, 15].
3. Giai phwong trinh bac cao trong trweong GF(2")
3.1. Phwong trinh bdc 2

Muc nay trinh bay cac két qua di biét vé tim nghiém cuia phuong trinh béc 2 trong
truong hitu han 13 tién dé dé giai cac phuong trinh bac cao hon trong cac muc sau.
Ngoai ra, muc nay con xem xét van dé phan 16p truong hiru han thanh cac 16p ké
cyclotomic dé don gian hoa viéc tinh nghiém ciia phuong trinh bac 2.

Cho phuong trinh bac 2 trén truong hitu han:

ax’+ax+a,=0, a,#0 4)
Khong mat tinh tong quat, phuong trinh (4) ¢6 thé dua vé dang:
x>+ Ax+B=0 (5)

trong d6, A=a,/a,, B=a,/a,.
Néu AB=0 dé dang tim duoc nghiém ctia phuong trinh (5). Khi AB =0, nho
thay thé x = Ay c6 thé dua vé dang phuong trinh chinh tic:
y’+y+D=0 (6)
trong d6: D=B/A*=(a,/a,)/a’.
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Phuong trinh (6) c6 thé xem xét trén truong tiy ¥, & ddy xét trong truong GF(2").

Ménh dé 1 [4, 12, 13]. Phuong trinh (6) trén truong GF(2") c6 hai nghiém
y',y" € GF(2") khi va chi khi Tr(D) =0.

Trong [5] Chen x4y dung cong thuc tinh nghi¢m ap dung vodi co sd da thic, tuy
nhién khi n 16n viéc tinh nghiém c6 dg phtc tap cao. Dudi day khao sat voi truong hop
biéu dién trudng véi co sé chuin hoa. Trong cc timg dung thuc té co thé xay dung cac
mach dién dé thuc thi chuyén d6i co s& cho phu hop véi tmg dung cu thé.

Trong truong GF(2") tdn tai co s& chuan hoa {7/, 7/2,74,...,7/9}, trong d6 9= on-1

v6i phan tir sinh 7. Phén tir trong truong GF(2") ¢6 thé biéu dién ¢ dang co s¢ chuan hoa:

D=dyy+dy* +..+d,p’ (7)
Vét cia n6 c6 dang:
Tr(D)=d,+d, +...+d, (8)

Nhan xét rang véi phuong trinh (6) tong hai nghiém cta phuong trinh bang 1, vi
vay chi can tim modt nghiém Vy', nghiém tht hai dugc tinh theo cong thirc
y' =y +1=L(Y).

Khi Tr(D) =0, cacnghiém Y’, y” ciia phuong trinh (6) duoc tinh theo cong thirc [12]:

n-1 , n-1 :
Y=Yy .y =2y 9)
i—0 i—0
trong do: ¥, =1+, Y, €{0,1}.

Céc hé sb y, duoc xé4c dinh theo biéu thirc:

n-1
Yo=0; yi=d;; y, =d;+d,;...; yn—lzzdi (10)
i=L

Vi du 1. Tim nghiém cua phuong trinh trén truong GF(2*) vé6i da thac sinh
x* + X +1, trong d6 cac hé s6 dugc biéu dién theo logarit bién dang nhu biéu thirc (3):
X* +4x+12=0 (11)
Thay thé x=4y phuong trinh (11) bién ddi vé dang chinh tic (6) véi
D =12/4% =6. Biéu dién D=6 vdi co s& chuin hoa {7/,7/2,7/4,7/8}, trong 46 y =o'
nhan dugc D= (OlOl)y. Vi Tr(D)=d,+d,+d,+d, =0, phuong trinh (11) c6 2
nghi¢m dugc xac dinh theo cong thue (9) va (10):
Y'=(Ye Yas Yo, Y1) = (1100), =5;
y'=(Ys ¥ ¥, V1) =(0011), =2.
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Trong [7] Yiu d& xuit xdy dung bang tra tinh toan mot nghiém cua phuong trinh
chinh tic (6) cho mdi trudng hiru han voi tham s D thay d6i (tinh toan truéc nghiém
nay theo cong thirc duoc Chen dé xuat trong [5] voi cac tham s6 D co vét bang 0).
Dung lugng bd nhé nhu vay véi mdi truong da cho 1a 2".n.

Trén co sé phan chia truong hiru han thanh cac 16p ké cyclotomic dudi day dé
xuat mot giai phap hiéu qua hon 13 xay dyung bang tra két hop véi biéu dién orbit cac
phan tir ciia truong.

Ky hiéu y' 1a mot nghiém cua (6), nang l1én binh phuong dang thirc
y?+y +D=0 taco:

y*+y?+D*=0 (12)

Nhu vy, y'? 1a nghiém cta phuong trinh chinh tic (6) v6i tham s 1a D?.

Xét truong GF(2%) trong vi du 1, trong truong nay 3 16p ké cyclomic voi cac dai
dién 16p ké 1, 2, 6 c6 vét bang 0. Tham s6 D=1,2,6 c6 cac cip nghiém tuong tng
(6,11); (8, 10); (2,5). Do d6, biéu dién orbit cho truong GF(2%) dugc mé ta ¢ bang 1.

Bdng 1. Biéu dién orbit cic phan tir ciia trwong GF(2%) va cdc nghiém

14

D y' y
{1 1 6 11
2 8 10
{2,3,5,9} > o :
5 14 7
9 12 13
6 2 5
6,11
(611 11 3 9

Chu ¥ rang, khi D=2 phuong trinh c¢6 nghiém y'=8, y”"=10, khi D=2 céc
nghiém y’ =82 =15, y" =10? = 4,... Nhu vAy, ta chi can tinh toan cip nghiém voi 3 gia
tri dai dién cuia cac lop ké D=1,2,6. Cac nghiém véi cac tham s6 D khac trong mot
16p ké cyclotomic dugc xac dinh théng qua céac lily thira 2, 4, 8... cia nghiém tuong
ung voi dai dién cua 16p ké tuong ung.

Khi str dung biéu dién orbit theo cac 16p ké cyclotomic sd lwong phan tir can xét
giam tir 2" xudng con khoang n dai dién 16p ké. Do vdy, so sanh véi phuong phap luu

trir trong [7] dung lwong bd nhé giam tir 2".n xudng con khoang n?, nghia 1a dung
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lwong bd nhd can luu trir giam 2" /n lan. Bang 2 trinh bay biéu dién orbit voi tham s
D theo dai dién 16p ké va cac nghiém twong Gng trén cac trudng GF(2") véi cac da thirc
sinh X*+x+L x* +x+L X° +X* +1 x° +x+1L x" +x+1. Bing cach twong tu ¢ thé xay
dung cac orbit cho cac truong kich thudc 16n hon va luu trir trong cac bd nhd dung dé
tinh toan nghiém cta phuong trinh chinh tic bac 2.

Bdng 2. Biéu dién orbit theo tham sé D trén trircong GF(2") va cdc nghiém

nED oy |y Dy Yy n Doy Y
3| 2 3 7 1] 22 43 2 | 17 113
1 6 11 2 | 18 48 4 | 26 106

41 2 8 10 4 | 15 53 6 7 127
6 2 S 6| 8 2 7 10 | 27 111

2 4 30 10| 23 ST | 7| 12 | 45 95

5| 8 3 6 14| 31 47 16 | 37 107
16 22 26 28 | 37 55 24 | 72 80
30 | 43 115

56 | 81 103

Nhu vy, phuong phéap tim nghiém cta phwong trinh bac 2 gdm céac budc sau:
Budc 1: Bién d6i phuong trinh vé dang chinh tic (6).

Buée 2: Biéu dién tham s6 D theo co sé chudn hoa va tim nghiém cia phuong
trinh chinh tic theo cong thirc (9), (10).

Buwée 3: V6i tham sé D c6 vét bang 0, xay dung 16p ké cyclotomic cia no:
D,D? D*,..,D*".

Buéc 4: Xay dyng bang tra nghiém ciia phuong trinh chinh tic v6i dai dién cua
cac 16p ke.
3.2. Phwong trinh bdc 3

Trong muc nay dé xuit phuong phap bién d6i dai s6 dé bién ddi phuong trinh bac

3 vé phuong trinh chinh tic bac 2 va sir dung cac két qua noi trén dé tim nghiém cua
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phuong trinh bac 2 va bién dbi nguoc dé tim nghiém cua phwong trinh bac 3.
Xét phuong trinh trong truong GF(2")
X*+AX* +Bx+C =0 (13)
Néu B+A?’=0 dé dang bién ddi dé tim duoc 3 nghiém gidng nhau

x=A+3C+A®. Néu B+ A? 0 nho thay bién

X=yVB+A?+A (14)

c6 thé bién doi phuong trinh (13) vé dang chinh tic
y'+y+E=0 (15)

trong do,
E=(C+AB)/\/(B+AY) = (C+AB)/[(B+AZ)«/(B+AZ)} (16)

Néu E =0 phuong trinh (15) chi c6 nghiém bing 0 va 2 nghiém /1. Vi hé s cta
y? bang 0 nén tong cac nghiém (néu c6) bang 0, vi vay phuong trinh (15) hodc ¢ 3
nghiém, hodc c6 1 nghi€ém hodc v6 nghiém.
Ménh dé 2 [4, 12]. Phuong trinh (15) c6 nghiém duy nhat trén GF(2") khi va chi khi
Tr(L/E)=#Tr(@) a7
Tir d6 suy ra quan hé dudi day la diéu kién can (khong phai 1a diéu kién du) dé
phuong trinh (15) ¢6 3 nghiém
Tr@/E)=Tr () (18)
Tiép theo, ta bién d6i phuong trinh bac 3 chinh tic (15) vé phuong trinh bac 2 va
chi xét trudng hop c6 3 nghiém phan biét. Ta dua vao bién méi y=z+1/z, phuong

trinh (15) chuyén vé dang:

2 +EZ®+1=0 (19)
Ky hiéu z°® =u, u=%7 ta nhan duoc phuong trinh:
u’+Eu+1=0 (20)

Thay thé u = Ev, ta nhan dugc phuong trinh bac 2 chinh tic:

VV+v+D=0, D=1/E® (21)
Chu y rang trén GF(2") ta co: Tr(1/ E*) =[Tr(L/ EZ)]2 =Tr(/E).
Xét 2 truong hop nhu sau: Néu n 1é, Tr(l) =1, do d6 diéu kién (18) mau thun véi

diéu kién c6 nghiém ciia phuong trinh (21) nén phuong trinh (21) khong c6 nghiém trén
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GF(2") (c6 nghiém trén truong mo rong). Truong hop n chin co thé tim nghiém cia
phuong trinh (15) thong qua nghiém cta phuong trinh (21). Phuong phéap gidi phuong
trinh bac 3 gébm cac budc sau:

Buée 1: Bién d6i phuong trinh (13) vé dang chinh tic (15) sir dung phép thé (14).

Buée 2: Sir dung phép thé y=2z+1/z, bién d6i phuong trinh (15) vé phuong
trinh (19).

Burée 3: St dung phép thé z° =u bién ddi phuong trinh (19) vé dang (20).

Buée 4: Sir dung phép thé u=Ev, bién ddi phwong trinh (20) vé dang phuwong
trinh chinh tic (21).

Buéce 5: Tim nghiém cua phwong trinh chinh tac (21) theo biéu dién orbit, sir dung
cac phép the nguoc deé tim nghiém cta phuong trinh ban dau.

Vi du 2. Giai phuong trinh sau trén truong GF(2*) v6i da thac sinh
(x) = x* +x+1:

x*+7x*+10x+10=0 (22)

Thé x=yvB+ A’ +A=5y+7, ta nhan dugc phuong trinh chinh tic (15) véi
E=11. Boi vi Tr(1) =0=Tr(1/ E) =Tr(6), diéu kién (18) dugc dam béao, phuong trinh
(15) ¢6 3 nghiém. Tiép tuc thay thé y= 3Ju+1/3u =¥YEv+1/YEv, ta nhan duoc
phuong trinh (21) véi D = (1/ E)? =6° =11. Theo bang 1 xét 16p cyclotomic twong ung
phuong trinh nay c6 mét nghiém v =3. Tur do ta co:

u=Ev=13 z=%ue{510,15};

y=2+1/2€{14,6,8); VB+A’ =5

X' = y\B + A? €{310,12}; x=x+Aec{4,6,2}.

Sau day ta danh gia vé d¢ phuc tap khi giai phuwong trinh bac 3 theo phwong phap
de xuat. bé tinh gia tri cua E theo (16) can s dung 1 phép binh phuong, 2 phép nhan,
2 phép cong, mdt phép can bac 2, mdt phép nghich ddo. Sau khi xac dinh dugc nghiém
ctia (21) can tinh z = Ju=3¥Ev cin1 phép nhan va mt phép tinh can bac 3. Vi du véi
n chin, n=2m moi phan tir khac 0 cua truong déu 1 thing du bac 3 va c6 thé tinh
gian tiép can bac 3 thong qua phan tr nguyén thuy cua trudong, can bac 3 c6 dang:

2m

z=3Yu=a', véi gia tri i nao d6 1<i<k, k= , hai gi4 tri khac 1a &' va

o', Pétinh y=2z+1/z can 1 phép cong, 1 phép nghich dao va dé tim dugc nghiém
theo (14) can 1 phép nhan, 1 phép cong. Nhu vy, tong cong cac phép bién doi trung
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gian can 4 phép cong, 1 phép binh phuong, 3 phép nhan, 2 phép nghich dao, 1 phép tinh
can bac 2 va mét phép tinh can bac 3 trong trudong hiru han. PO phuc tap cua ting phép
toan nay phu thudc vao phuong phap thuc thi va co s¢ dugce bic¢u dien, nhung cé thé udc
luong phép cong va phép binh phuong, phép tinh can bac 2 c6 do phuc tap O(n), do
phtic tap ctia phép nhan va phép tinh cin bac 3 c6 dang O(n?), phép nghich dao c6 do
phire tap O(n®). Vé6i phuong phap truyén théng do phirc tap thuc thi caa tha tuc Chien
tim nghiém da thirc bac t trong GF(2") c6 dang O(2"t?). Do phiic tap vé thoi gian cua
thu tuc Chien 1a [8]:

T = (Taga + 7 )t(2" 1) (23)

Do phirc tap thoi gian thyc hién phuong phap dé xuét:

T =(4r,y +30,, + Tt 27, + Tor + Toutr) (24)

Trong cac bi€u thirc trén 7,45, Ty s Togs Tinys Toqrs e tHONE Ung 12 d6 tré cua cc

mut ' Csq 1 Cinv 1
phép toan cdng, nhan, binh phuong, nghich ddo, can bac 2, can bac 3. Bo tré clia cac
phép toan co ban phu thudc vao phuong phap thuc thi, tuy nhién chi phu thudc tuyén
tinh theo n. Nhu vay, do phirc tap thuc thi va do tré xir 1y ciia phwong phap truyén thong
tang ham mil theo n ¢On v&i phuong phap dé xuat do phuc tap thuc thi c6 dang ham bac
3 clia n, d¢ tré xir Iy tuyén tinh theo n.
3.3. Phwong trinh bdc 4

Muc nay trinh bay phuong phap bién d6i phuong trinh bac 4 vé dang khéng co
thanh phan bac 3 sau d6 sir dung bang tra dé tim nghiém hodc phan tich da thic bac 4
thanh tich cua hai da thic bac 2.

Xét phuong trinh bac 4 trén truong GF(2")

X'+ AC+Bx?+Cx+D=0 (25)
Nho phép thé x = y_1 +JCTA, A=0, c6 thé dua vé phuong trinh
3y +ay’+ay+a, =0 (26)
trong do:
a,=D+BC/A+(C/A)* a,=B+JAC; a, =A a, =1 (27)
Khi a,, a, #0 thay thé y = Zm ta nhan dugc phuong trinh
2 +2°+Ez+E, =0 (28)

trong d6: E, =a,\ja,/a’; E,=a,/a’.
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Phuong trinh (28) c6 2 tham sé va c6 thé xdy dung bang cac nghiém theo cac
tham s6 nay. Tuong ty nhu phuong trinh bac 2 ciing c6 thé sir dung biéu dién orbit dua
trén cac 10p cyclotomic dé giam dung luong ciia bang nay.

Ngoai ra, c6 thé giam b6t yéu cau luu trir nghiém phuong trinh bac 4 dang (28)
nho phan tich thanh tich cta hai da thirc bac 2 nhu sau:

' +2°+Ez+E,=(2>+Az+B)(Z°+Az+C)) (29)
Dung phuong phap ddng nhét thire nhan duoc:

A +B,+C =1 A(B+C)=E; BC =E, (30)
Sau khi bién d6i nhan dugc biéu thic:

A+ A+E =0 (31)

B +(1+A’)B,+E, =0 (32)

B +pB+D =0 (33)

trong do:
D =E,/(1+A’)? =B /1+A) (34)

Phuong phép giai phuong trinh bac 4 gdm cac budc sau:

Buée 1: St dung phép thé x=y*+C/A, A=0, bién déi phuong trinh (25) vé
dang (26).

Bude 2: St dung phép thé y =z,[a, /a, bién dbi phuong trinh (26) vé dang (27).

Budc 3: Tim nghiém A cua phuong trinh bac 3 dang chinh tac (31) (str dung
phuong phap trong muc 3.2).

Buéc 4: Tim nghiém cta phuong trinh (33) sir dung quan hé (34) dé tinh B, va
tinh C, =1+ A>+B,.

Buéc 5. Giai phuong trinh z°+Az+B, =0, 2+ Az+C, =0 va s dung cic
phép thé y = zm PX=Yy 7+ JC/A @ tim nghiém cuia phuong trinh ban dau.
4. Két luan

Bai bao dé xuat cai tién cong thirc tinh nghiém cta phuong trinh chinh tic bac 2
nham gidm dung luong luu trit cac bang tra nho bi€u dién orbit theo cac 16p ké
cyclotomic khoang 2"/n lan. Pdng thoi bai bao dé& xuit phuwong phap truc tiép giai

phuong trinh bac 3, bac 4 trong truong hitu han nho bién d6i vé phuong trinh chinh tic
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béc 2. Phuong phép giai phuong trinh trong trudng hiru han sir dung thu tuc tim kiém

Chien bang cach thir tat ca cac phan tir ciia truong c6 do phirc tap ham mi theo n.

Phuong phép truc tiép giai phuong trinh di dé xuit c6 thé tinh duoc cac nghiém véi mot

vai phép toan dé bién ddi nguoc c6 do phirc tap thuc thi thdp hon, vi du véi phuong

trinh bac 3 ¢6 dang ham bac 3 theo n, do tré xur 1y tuyén tinh theo n. Vi vay, phuong

phap tryc tiép tim nghiém ciia phuwong trinh trong trudng hitu han cho phép xay dung

cac thiét b thuc thi c6 tde do xir 1y cao, do tré rat thép, cho phép tng dung trong cac h¢

thdng thong tin tdc d6 cao, cac mach stra 15i trong thiét ké chip, bd nhé, xay dung cac

hé mat ma dua trén ma hoa.
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AN ALGERAIC TRANSFORMATION METHOD TO SOLVING
EQUATIONS IN THE EXTENDED GALOIS FIELD

Abstract: This article proposes a method to solve cubic and quartic equations over finite
fields using its algebraic transformations on quadratic equations. The obtained results can be
generalized to solve equations over finite fields of any size and at the same time allow to reduce
the complexity and processing delay significantly compared to traditional methods, so that it
can be applied in high-speed communication systems.
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