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Abstract: In this paper, we investigate the existence and uniqueness of periodic solution 

to a class of nondensely defined differential equations with infinite delay of the form 

 



   


  
 0

( ) ( ) ( , ) ,  0
t

du
A B t u t g t u t

dt
u

 
where : ( )A A X X   is a nondensely defined linear operator on a Banach space 

X  which satisfies the Hille - Yosida condition, ( ( ))
0

B t
t

 is a family of bounded linear 

operator, g  is   - Lipschitz function and  is appropriately phase space. 

Keywords: Hille - Yosida condition, Periodic, Nondensely defined, Evolutionary 

process, Banach function space. 

1. Introduction 

It is well known that a standard approach in deriving  -periodic solutions is to 

define the Poincaré operator given by ( ) ( )P u   which maps an initial function (or 

value)  -units along the unique solution ( )u   determined by the initial function (or 

value)  . For this one, conditions are given such that some fixed point theorem can be 

applied to get a fixed point for the Poincaré operator, which gives rise to a periodic 

solution. For differential equations without delay or with finite delay in general Banach 

spaces, the existence of periodic solutions can be obtained by requiring that the resolvent 

of A(.) be compact, so that the abstract version of the Ascoli theorem can be used to show 

that the Poincaré operator is compact. Hence, the images of the Poincaré operator on 

bounded sets are precompact, which makes it possible to derive the periodic solutions 

from bounded solutions. However, this technique of showing the compactness of the 

Poincaré operator does not apply to differential equations with infinite delay in general 

Banach spaces. This means that other methods are needed to study the periodic solutions 

for differential equations with infinite delay in general Banach spaces such as Granas's 

degree theory, limiting equation technique or Kuratowski's measure of non-compactness 

is used to show that the Poincaré operator is condensing under some conditions, so that 

by Sadovskii's theorem, fixed points exist when a condensing operator maps a convex, 

closed, and bounded set into itself.   
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Recently, for the linear equation ( ) ( ), 0u A t u f t t    the authors used a Cesàro 

sum to prove the existence of a periodic solution through the existence of bounded 

solution whose sup-norm can be controlled by the sup-norm of the input function f . 

Then, we use the fixed point argument to prove the existence of periodic solutions for the 

corresponding semi-linear problem. Especially, in [5], Huy and Dang considered the 

existence and uniqueness of periodic solutions to partial functional differential equations 

(PFDE) with infinite delay of the form 

( ) ( , ),     tu A t u g t u t
 

where for each , ( )t A t   is a densely defined operator on a Banach space X  

such that the family ( ( ))
0

A t
t

 generates an evolution family ( ( , ))
0

U t s
t s 

 on X , and 

g : Xv   is continuous and  -Lipschitz with 

     : : , ,  and lim ,   


    0 0 0s
v

s
C X e s

 

t
u

 is the history function defined by for      ( ) ( ) ( ,0] .u u tt However, 

as indicated in [1], we sometimes need to deal with non-densely defined operators. For 

example, when we look at a one-dimensional heat equation with Dirichlet conditions on 

[0 ],π  and consider 

2

2
=

x  in 
[0 ]C ,π ,

, in order to measure the solutions in the 

sup-norm, then the domain  
2 0; , : 0 0 0; , .u C u u C

 
More precisely, in this paper we consider a nondensely defined nonautonomous 

partial differential equation with infinite delay 

0

( ) ( ) ( , ),   0t

du
A B t u t g t u t

dt

u
 

(0.1) 

 where : ( )A A X X  is a nondensely defined linear operator on a Banach 

space X  which satisfies the Hille - Yosida condition: 

1H
: there exist 0 1M

 and 0ω  such that 0ω ,+ ρ A
 and   

0
0

0

for  and  
n

n

M
R ξ,A , n ξ >ω ,

ξ ω
 

(0.2) 

where 
ρ A

 is the resolvent set of A  and 

-1
R ξ,A = ξ A

; the function 

 :g X
is bounded continuous; for every 

0t ,B t
 is a bounded linear 

operator on X . 
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It is worth noting that when operator A  is not densely defined, the linear part 

A+ B t
 does not generates a strongly continuous evolutionary process on the whole 

space X , so the results obtained in [5] are not guaranteed. To overcome such difficulties, 

we combine the methods and results in [7, 8] and appropriate choices of phase spaces to 

prove the existence and uniqueness of the periodic solution to (1.1) without using the 

uniform boundedness and smallness (in classical sense) of Lipschitz constants of the 

nonlinear terms. 

2. Preliminaries 

2.1. Notations  

In this paper 
+,  and  stand for the real line, its positive half line, and the 

complex plane. If X  denotes a (complex) Banach space, then 
X

 stands for the space 

of all bounded linear operators in .X The spectrum of a linear operator T  in a Banach 

space is denoted by 
ζ T

, and 
: \ρ T = ζ T

. We denote by 
,bC X

 the space of 

all bounded continuous functions from 
+

 to a Banach space X  and bC ,X
 the 

space of all bounded continuous functions from  to a Banach space X  which endowed 

with the supremum norm. 

2.2. Mild solutions of inhomogeneous differential equations 

Consider the following inhomogeneous differential equations 

0

( ) ( ) ( ) ( ) for 0

0

d
x t = A+ B t x t + f t , t

dt

x = x
 

(0.3) 

where : ( )A A X X  is a nondensely defined linear operator on a Banach 

space X  which satisfies the Hille - Yosida condition. It is well known that (see [2] and 

the references therein) the part 0A
 of A  in 0X

 generates a 0C
-semigroup 0 0

( )
t

T t
 on 

0X
 satisfying 0( )  0ωtT t Me , t .

 Moreover, for 0λ ρ A
 the resolvent 0R λ,A

 

is the restriction of 
R λ,A

 to 0X
. On 0X

 we introduce the norm 0 01
x = R λ ,A x ,

 

where 0λ ρ A
 is fixed. A different choice of 0λ ρ A

 leads to an equivalent norm. 

The completion 1X
 of 0X

 with respect to 1  is called the extrapolation space of 0X
 

with respect to A . The extrapolated semigroup 1 0
( )

t
T t

 consists of the unique 
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continuous extensions 1T t
 of the operators 0 ( )T t

, 0t , to 1X
. The semigroup 

1 0
( )

t
T t

 is strongly continuous and its generator 1A
 is the unique continuous 

extension of 0A
 to 0 1L X ,X

. Moreover, X  is continuously embedded in 1X
 and 

1R λ,A
 is the unique continuous extension of 

R λ,A
 to 1X

 for 
λ ρ A

. Finally, 

0A
 and A  are the parts of 1A

 in 0X
 and X , respectively. 

Lemma 2.1 
2

.  For 

1

loc ,f L X
 and 0t s , we have 

i) 
1 0( ) ( )

t

S

T t ζ f ζ dζ X

; 

ii) 
1( ) ( )

t

s

t,s T t ζ f ζ dζ

 is continuous; 

iii) 

1 ( ) ( ) ( )

t t

ω t ζ

s s

T t ζ f ζ dζ M e f ζ dζ

 for some constant 1M

. 

We now give the definition of a mild solution of (2.1)  as follows. 

Definition 2.2.  Let 0 0x X
. A function 0( , )x C X

 is called a mild solution 

to (2.1) if it satisfies the integral equation 

0 1( ) ( ) ( ) ( ) ( ) ( ) ( )

t

s

x t = T t s x s + T t B x + f d

 

(1.1) 

  for all 0t s  

Now, we consider the homogeneous linear equation  

 

0 0

( ) ( ) 0
 

(0)

dx
= A+ B t x t , t

dt

x = x X
 

  (1.2) 

 

and assume that 

2H
: ( )t B t x  is strongly measurable for every 0x X

, and there exists a 

function 

1

locL
such that 

( ) ( ).B
 

  3H
: The operator ( )B  is  -periodic. 



Hong Duc University Journal of Science, E8, Vol.13, p.(145 - 158), 2023 

 

149 

F
ac. o

f G
rad

. S
tu

d
ies, M

ah
id

o
l U

n
iv

. M
. M

. (In
tern

atio
n

al H
o

sp
itality

 M
an

ag
em

en
t) / 1

4
9
 

Proposition 2.3 ([2]).  Let 1 3H H
  be satisfied. Then, there exists a unique 

-periodic strongly continuous evolutionary process 0
( , )B t s
t s

 that satisfies 

1. 0( , ) ( )B t s X
 for all 0t s ; 

1. 
( , )B t t I

, for every t ; 

2. 
( , ) ( , ) ( , )B B Bt s s r t r

,  for all t s r ; 

3. 
( , ) ( , ) B Bt s t s

 for all 0t s ; 

4. The function 
 ( , , ) ( , )Bt s x t s x

is continuous in 
t,s,x

; 

5. There are positive constants R,δ  such that 
( )( , ) , for all 0.t s

B t s Re t s 
 

6. Furthermore, 

 

0 1 0. ( , ) ( ) ( ) ( ( ) , ) , 0,
t

B B
s

t s x T t s x T t B s xd t s x X
 

 

(2.4) 

7. i.e., 0) ( ,0Bt t x
is the unique solution of (2.3). 

Remark 2.4.  The representation of mild solution of (2.1) as in (2.2) is not 

convenient to investigate the periodicity. To overcome this difficulty, we rewrite the mild 

solution in terms of periodic strongly continuous evolutionary process 0
( , )B t s
t s

 as 

follows. 

Theorem 2.5 ([2]).  Let 
1

locf L
 and 0 0x X

. Then there is a unique mild 

solution 0( ) ,x C X
 of Equation (2.1) which satisfies the integral equation 

( ) ( , ) ( ) lim ( , ) ( , ) ( )  for 0. 
t

B B
s

x t t s x s t R A f d t s
 

Moreover, 
0lim ( , ) ( , ) ( ) 

t

B

s

t R A f d X

 exists uniformly for t s  in 

compact sets in . 

2.3. Phase space for infinite delay evolution equations 

In this paper, we will use an axiomatic definition of the phase space  introduced 

by Hale and Kato in [3] and follow the terminology used in [4]. Thus, is a linear space 

of functions mapping 
;0

 into X  endowed with a norm .  
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We assume that  satisfies the following axioms: 

( )A : If 
: 0x ,ζ+a X,a>

 is continuous on 
;ζ ζ a

 and ζx
, then for 

every 
;t ζ ζ a

 the following conditions hold:  

1. tx
 is in . 

[1] 
( ) tx t H x

. 

[2] 
( )sup ( ) : ( )t ζB

x K t ζ x s ζ s t +M t ζ x
 

Here 0H  is a constant, 
: 0; 0;  ( )K,M , K

 is continuous and

( )M  is locally bounded, and ( ) ( )H,K ,M  are independent of ( )x . 

1( )A
: For the function ( )x  in ( )A , the function tt x

 is continuous from 

;ζ ζ a
 into . 

( )B : The space  is complete.  

We make the following assumption 

4H
: The exists positive constants ,κ  such that 

( ) sup ( )  t
t

x t x κ x t
 

(2.5) 

 Example 2.6. If  is a uniformly fading memory space, then (2.5) is fulfilled. 

We finish this section by recall some notions on Banach function spaces and its 

admissibility. We denote 
1

1,loc
0

: sup ( )

t

t
t

= f L f dM M

  
endowed with the norm 

1

0

: sup ( )  

t+

t
t

f = f d .
M

 

Clearly, M  is a Banach space and it is an admissible Banach function space in the 

sense of  [6, Definition 1.2] 

For a given Banach space X , we define the space M  of X -valued functions 

related to M  by 

: : ( )= f X f MM
 

endowed with the norm 
: ( )f = f

MM . Clearly, M  is a Banach space.  

Moreover, we consider the following subset of M  consisting of 1-periodic functions 

denoted by 



Hong Duc University Journal of Science, E8, Vol.13, p.(145 - 158), 2023 

 

151 

F
ac. o

f G
rad

. S
tu

d
ies, M

ah
id

o
l U

n
iv

. M
. M

. (In
tern

atio
n

al H
o

sp
itality

 M
an

ag
em

en
t) / 1

5
1
 

:  is -periodic= f | fM
 

We put 

0: : (0) . A X
 

and for ,  x X , bω C ,X
 we define the following subsets, 

0

0

( ) : : ,

( ) : : ,

( ) : ( , ) :  and .
b

A

b A C

B x z X x z

C X

¡ ¬¡ ¬

¡ ¬¡ ¬

¡ ¬¡ ¬
 

Then, we give the following definition. 

Definition 2.7.  Let θ M  be a positive function. A function 

: 0; B 0αF × X
 is said to belong to the class 

L,θ,α
, for some constants L,α  

if F  satisfies:   

a) 
   0F t, Lθ t

 for a.e 
t , 

b) 
   1 2 1 2, , ( )F t F t t      

, for all 
 1 2 0αχ , χ 

, a.e in 
t . 

3. Main results 

3.1. Periodic solution for the semilinear equation.   

Now we are in situation to investigate the periodicity of solutions to the following 

nondensely defined nonautonomous partial differential equation 

0

( ( )) ( ) ( , ),  0,
  

.


   


  

t

A

du
A B t u t g t u t

dt

u
 

(3.1) 

We give the definition of a mild solution to Equation (3.1) as follows. 

Definition 3.1.  A function : u X  is a mild solution of equation (3.1), if 

0  Au  
and ( )u  is continuous on 

 0;
 satisfying that 

 

 0 1

0

( ) ( ) (0) ( ) ( ) ( ) ( )   for  0.    
t

ζu t = T t + T t ζ B ζ u ζ +g ζ,u dζ t

 

(3.2) 

We assume that  

 5 :H g  belongs to the class 
 L,θ,α

 for 0h,α>  and 0 <θ M .  
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Assume that 
   1 5H H

 hold. Let 
. A
Then, for 

θ
M  small enough, 

Equation (3.1) has a unique mild solution 
 0αu

, given by 

0

0

( ) ( ,0) (0) lim ( , ) ( , ) ( , ) ,  for 0
 

.




     






  







t

B Bu t t t R A g u d t

u
 

(3.3) 

Moreover, the limit 

  0

0

lim ( , ) ( , ) , , 

t

B t R A F u d X


    



 

exists uniformly on compact sets on + and mild solution depends continuously on 

the initial data .  

Proof. Let 1 0t >
 and define the closed subset 

 
1

1 0 0
1

: ( ] :   (0)  and sup ( )
 

 
    

 
bt

t t

= w C ,t ,X w = , w X w t α,α
 

endowed with the norm 1 1

sup ( )
 t t t

w = w t .
,α

 Now, for 1


t
w ,α  we define 

0
. ( )( ) : ( ,0) (0) lim ( , ) ( , ) ( , )


    


  

t

B Bw t t w t R A g w d
 

Then, 
 1( ; ] bC t ,Xw

 and 

 1 1

0

1

( )( )  ( ,0) (0) lim ( , ) ( , ) ( , )

                 1    (0) ( ) .




 

    

 


 

   


t

B B

t t

w t t w t R A g w d

Re w R L e t
M

¡ ¬¡ ¬

¡ ¬¡ ¬¡ ¬¡ ¬
   

Thus, choosing 1t  and 
θ

M  small enough such that 1

s (up )( )
t t

w t 
 



, we 

obtain that 1
( )

t
.,w α
 On the other hand, let 1


t

v,w ,α
, then 

 

 

 

1

1

,1

0

1

1

( )( ) ( )( )  lim ( , ) ( , ) ( , ) ( , )

                                  1

1 .                                      


 




 



     



 


  

  

  



t

t

B

t

t

B

v t w t t R A g v g w d

Re v w t

Re t v w

M

M

¡ ¬¡ ¬

¡ ¬¡ ¬¡ ¬¡ ¬

¡ ¬¡ ¬¡ ¬¡ ¬
 

Hence, it follows that, 

 
1 1

1
1 1  

t ,α t ,α

δt
w Re κ t + θ v w .v

M
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Choosing 1t  and 
θ

M  small enough, we obtain that F  is a contraction. Thus, 

there is a unique 1
t

v ,α
 such that .v = v  Remark that for 

      1 1 00  0bt ,t , v t C ,t ,X 
 by construction. Particularly, 

 1 0v t X
. Then, 

proceeding inductively on 
 1n n+t ,t

, for 
*n  and repeating the same work, with taking 

0 t
n

w = v
, we obtain that there is a unique 

 0αv
 satisfying v = v . 

Now, we will prove that such solution v  is the unique mild solution of (3.1) in 
 0α . In 

fact, setting 

0

( ) : ( , ) ( , ) ( , )      
t

Bz t t R A g v d

 
We have in view of (2.4), that 

 0 1 1

0 0

( ) ( ) ( ) ( ) ( ) ( )   
t t

λ ζ λz t = λR λ,A T t ζ g ζ,v dζ+ T t ζ B ζ z ζ dζ.

 

(3.4) 

As 
 0αv

, then, by 
 5H

, 

 ( ) ( )ζg ζ,v L+κα θ ζ .
  

Since 
1 ( ) locθ L

, then 
1( ) ( )ζ locζ g ζ,v L

Putting 

     1

0

t

ζw t = T t ζ g ζ,v dζ. 
 

We have by Lemma (2.1),   

    

 

0 0

0

( ) ( ) ( )

                          + ( ) ( ) ( )
 

   


   



μ ν

t
t

v

z t z t μR μ,A vR v,A w t

M e z z d

 

(3.5) 

According to Lemma (2.1), ( )w t  is continuous into 0X
. Consequently, 

      0 0 0lim
μ,ν

μR μ,A vR v,A w t =




 

uniformly in compact intervals, for 0t  . 

    From (1.2), we deduce that for 0ε   and I   a compact interval, there is a 

constant N  depending on the length of I  such that 

         
0

t

μ ν μ νz t z t ε+N ζ z ζ z ζ dζ  
 



Periodic solution to nondensely defined differential equations with infinite delay 

154 

for 0t   in I  and μ,v w  large enough. 

An application of Gronwall’s inequality gives 

   
 

0

t

N d

μ vz t z t εe ,
 

 
 

for 0t   in I  and μ,v w  large enough. Thus, 
   lim λ

λ

z t = z t
  exists uniformly 

for 0t   in compact intervals. Since 
 1H

, it yields from the definition of λz
 that    

 sup ( ) : 0 in λz t λ>w,t > I < .
 

Applying the Lebesgue convergence theorem to (3.4), we obtain 

1 1

0 0

( ) ( ) ( ) ( ) ( ) ( )   0    
t t

ζz t = T t ζ B ζ z ζ dζ+ T t ζ g ζ,v dζ, t

 

(3.6) 

Hence, using (2.4) and (3.6), we have 

 

0

1 1
0 0

0 1 1
0 0

0 1

( ) ( ,0) (0) lim ( , ) ( , ) ( , )

( ,0) (0) ( )

( ,0) (0) ( ) ( ) ( ) ( ) ( , )

( ) (0) ( ) ( ) ( ,0) (0) ( ) ( ) ( , )

( ) (0)








     



       

         





 

 



 

 

   

    





 



 

 

t

B B

B

t t

B

t t

B

v t t t R A g v d

t z t

t T t B z d T t g v d

T t T t B z d T t g v d

T t T  
0

( ) ( ) ( ) ( , ) , 0,

      

       
t

t B v g v d t

 
 which means that v  is a mild solution of (3.1). 

Now, let u  and v  be two mild solutions of  
 3.1

 in 
 0α , such that 0 1u =

 and 

0 2v = .
 Then, for 0 t T  ,we have 

      0 1 2 1
0

( ) ( )  ( ) (0) (0) ( ) ( )( ( ) ( )) , ,                
t

u t v t T t T t B u v g u g u d¡ ¬¡¬ ¡ ¬¡ ¬

   0 1 2 1 1
0 0

( ) (0)  (0) ( ) ( )( ( ) ( )) ( ) ( , ) ( , )                    
t t

T t T t B u v d T t g u g u d

  ( )

0 1 2 1
0 0

( ) (0) (0) ( ) ( ) (     ) ( ) ( ) 

          

       
t t

tT t T t B u v d M e u v d¡ ¬¡ ¬

 

1 ( )

1 2
0

( ) ( )
 max , ( . )


 

 

 
     

  
    

 


T
t

t
T t BMe

Me u v d

 

(3.7) 

 Now, from (3.7) we obtain 
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1 2

1 ( )

0

max 1,

( ) ( )
max , ( ) ,  for 0 .





 

 

 
   

 
   

 

  
    

 


T

t t

T
w t

Me
u v

T t B
Me u v d t T

 

Using the Gronwall’s inequality, we have 

   1 2 1 2, ., max 1, ,  for 0 ,


   
 

     
 

T
CT

t t

Me
u v e t T

 

for some 0C > , which implies the uniqueness of v  and the continuity of the map 

 tu ., 
 uniformly for 

 0t ,T
. Proceeding inductively, we get the uniqueness of 

v  and the continuity of the map 
 tu ., 

 uniformly for [ , ).t 0    

 6H
: The Banach space 0 'X = Y

 for a separable Banach space Y , and Y  which 

is a subspace of ''Y  is invariant under the operator 
( ,0)

B , the dual of 
( ,0)B  .  

Theorem 3.3 ([7]). Assume that 
   1 3H H

 and 
 6H

 hold and .f P  If 

Equation (2.1) has a bounded mild solution ( )u  on +  such that 

 0,


C X

b

u C f
M

 
(3.8) 

for some constant 0C  , then it has a η periodic mild solution ( )u  satisfying 

 
  

0,
1 



  
C X

b

u R C e f
M

 

(3.9) 

where 
 η

 is the floor part of  . 

Further, if the evolution family 
 

0
( , )B t s
t s

   satisfies 

0lim ( ,0) 0  for  such that ( ,0)  is bounded on ,


 B B
t

t x x X t
 

(3.10) 

then the  -periodic mild solution is unique. 

 7H
: The function 

 g .,
 is  -periodic, for each  .  

Theorem 3.4. Assume that 
   1 7H H

 hold. If for every f P , there exists a 

bounded mild solution u  of (2.1)  such that 

 0,


C X

b

u C f
M

 

and the evolution family 
 

0
( , )B t s
t s

   satisfies 
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0lim ( ,0) 0  for all  such that ( ,0)  is bounded on .    


 B B

t
t X t

 

Then, if 
θ

M  is sufficiently small, Equation (3.1) has a unique    periodic 

solution in 
 0α . 

Proof. Firstly, we define closed subset 

  : 0 :  is periodic η

α α= w w η ,
 

endowed with the norm 
sup ( )


C
b t

w = w t
. 

Then, for 
η

αw
, let ( )u  be defined by  

0
( ) ( ,0) (0) lim ( , ) ( , ) ( , )   


    


  

t

B Bu t t u t R A g w d
 

(3.11) 

for 0(0)u X
. Note that for 

η

αw
, since w  is η periodic, use 

 4H
 we have 

that 
 t Aw 

 and 

( , )( ) .
bt C Xw w   ¡ ¬¡ ¬¡ ¬¡ ¬

 

If we put 
( ): ( )tf t = g t,w

, then 

 
1 1

0 0

( ) sup ( ) sup ( 0) ( ) ( 0)  
 

    
t+ t+

s s s
t t

t t

g s,w g s,w ds g s, g s,w g s, ds

 

   
1

0

sup ( )  .


 
t+

s
t

L+κα θ s ds L+κα θ
M

    

It follows that .f P  Moreover, f  is η periodic by hypothesis 7( )H
 and the 

fact that w  is η periodic. Now, an application of Theorem 3.3 guarantees that there 

exists a unique η periodic solution u  for (3.11) satisfying  

 
    

0,
1 .     

C X
b

u R C e L κ
M     

Now, for 
η

αw
 we define 

( )  for all  0 
( )( )

( ),  for all  0 






u t , t
Ψ w t =

u t t
 

where u  is the unique η periodic solution for (3.11)  and ( )u  is the unique η

periodic extension of ( )u  on 

. Since u  is the η periodic extension of u  on 


, 

   
0 0

( , ) ,
( ) ( [ ] 1) .

b b
C X C X

w u R C e L  


     
M

¡ ¬¡ ¬¡ ¬¡ ¬¡ ¬¡ ¬
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Therefore, if 
θ

M  is small enough, then Ψ  acts from 
η

α  into itself.   

Now, by (3.11) we have the following representation of Ψ  

0

( ,0) (0) lim ( , ) ( , ) ( , )  for 0,
( )( )

( )  o

 

f r 0




    



 

  





t

B Bt u t R A g w d t
w t

u t t
 

where, as above, the function ( )u t  is the η periodic extension to interval 
 0,

 

of the periodic function 

0

( ) ( ,0) (0) lim ( , ) ( , ) ( ,  for 0.) 


    


  
t

B Bu t t u t R A g w d t

 

Furthermore, for 1 2

η

αw ,w 
. Then, 

   1 2 1 2u =Ψ w Ψ w =u u 
 is the unique 

η periodic solution to the equation 

 1 2

0

1 2(

(( ) ( ,0) (0) lim ( , ) ( , ) , ( , ) ,  for 0

( ) ( ) ) ( ),  fo

)

r 0

 


     







   

   


t

B Bu t t u t R A g w g w d t

u t u t u t u t t
 

Since 
  0u t ,t 

, is η periodic, and for 0t   the function 
 u t

 is an η periodic 

extension of u  to interval 
 0,

, we have that 

 
1 2 ( , )

0

( ) ( ) sup ( ) s ( )  up
bC X

t t

w w u t u t
 

  ¡ ¬¡ ¬¡ ¬¡¬ ¡ ¬¡ ¬
 

1

1 2
0

 ( [ ] 1) su )p , ( , )(

    




   
t

tt

R C e g w g w d
 

1 2] .( [ 1) 

     R C e w w
M

¡ ¬¡ ¬¡ ¬¡ ¬
 

Hence, since 1w
 and 2w

 are η periodic functions, from 
 4H

 we obtain  

1 2 1 2 ( , )  for all 0.
bC Xw w w w t     ¡ ¬¡ ¬¡ ¬¡ ¬

 
Then, 

 1 2 1 2( ) ( )
( ) ( ) [ ] 1  δη

C ,X C ,X
b b

Ψ w Ψ w R C+ + e κ θ w w .
M

 

Thus, if 
θ

M  is small enough, then 
: η η

α αΨ 
 is a contraction and an 

application of the Banach fixed point theorem yields that there exists a unique bounded 

periodic function u  in 
η

α  such that 
 ˆ ˆΨ u =u

. Consequently, from the definition of Ψ , 

it follows that û  is the solution of  (3.1). This gives the result.  
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