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Abstract: In this paper, we study the first initial boundary value problem for a class of
quasilinear degenerate parabolic equations involving weighted p-Laplacian operators. The
existence and uniqueness of a weak solution with respect to initial values is ensured by an
application of the Faedo - Galerkin approximation and compact method. Moreover, the long-
time behavior of solutions to that problem is considered via the concept of global attractors
in various bi-spaces.
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1. Introduction

Let QcR” (n>2 )be a bounded open set with a sufficiently smooth boundary 6Q2 .
We are concerned with the following initial boundary value problem

%—div(a(x)qu |p—2 Vu)+f(u)=g(x)’x e, >0, (1.1)

u(x,t) =0, xe00,t>0,
u(x,O) = (r) xeQ,

where the functions a, f, g satisty
(H1) Let be a closed subset of Qsuch that |Z|=0. The function a:Q—R
satisfies the following conditions
) a(x)eLl”(Q), i) a(x) =0for xex,
iii) a(x)>0f01‘ xeQlZ, iv) | _ — dx < +oo for some a € (O,n(p—l)].
Pla(x)]e
(H2) /R —> R is a continuously differentiable function satisfying

1.2
elul? —cy < f(wu<eylul? +cy q=2, (1.2)
f'(u)2 ¢y, forallueR, (1.3)

where Co:Cy:Cyr €3 A1e positive constants.
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H3) g e r (Q2), where the positive number s is such that
(1.4)

* ®
Le[l,pa),pa .':L,and2£p<n+a.
s—1 n—-p+a

Recently, motivated by [7], where a semilinear degenerate elliptic problem was
studied, the diffusion coefficient a(x) is allowed to have at most a finite number of zeroes.
Then, the attention is paid to a semilinear degenerate parabolic problem in [15] where its
degeneracy is considered in the sense that the measurable, nonnegative diffusion coefficient
a(x)is allowed to be possibly vanished on a nonempty closed subset ~ with zero measure.
For the physical motivation, it might be related to media model which possibly are
somewhere "perfect” insulatorsorperfect” conductors. So this allows the coefficient a
vanish somewhere or to be unbounded (see [12]), or it might be related to the upper box-
counting dimension of the set K when a:= dist(x; K) with K a subset of Q (see [1]).

This paper is motivated by [4, 5, 13, 14, 21, 22] when we study the asymptotic
behavior of the weak solutions of the problem by analysing the existence and structure of its
global attractors. During the last decade, many mathematicians have been studing problems
associated with the p-Laplace operator which appears in a variety of physical fields (see [2,
3,4,5, 6,9, 10, 11, 13, 14, 21, 18, 20]). Recently, Yang, Sun and Zhong [2] proved the

existence of an ( LZ( Q), Wé’p (Q )qu( Q1)) - global attractor by using a new a priori

estimate method to testify the asymptotic compactness.

The problem (1.1) contains some important classes of parabolic equations, such as the
semilinear heat equation (when a(x) = constant >0, p= 2 ), semilinear degenerate parabolic
equations (when p= 2) which was investigated in [15], the p -Laplacian equation (when
ax)=1, p=2 see[21]), etc.

The paper is organized as follows. In Section 2, we prove the existence and

uniqueness of a global weak solution to problem (1.1. In Section 3, we study the existence of
global attractors in various bi-spaces for the semigroup.

o o n(p=2)
The problem is distinguished in two cases such as subcritical if a €| 0, p+ T

n(p-2)

,n(p-l)]

and supcriticalif « € { pt

This leads to the lack of a suitable compact embedding of D(I)’p (©Q,a) into L2 (Q)in the

.\ . . 1 .
supcritical case. Moreover, the solutions are at most in Do’p (Q,a) A7 (€Q2), so there is no

compact embedding results for these cases which we need to prove the asymptotical compact
for the semigroup. Therefore, the proof requires more involved techniques which makes it
slightly complicated. In order to overcome these difficulties, we exploit the aproach in [5, 21,
22] which has been used recently for some kind of partial differential equations.
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Notation: We use C to denote various constants whose values may change with each

appearance. We write Q(uZM).':{er:u(x)ZM} and Qu<M):= {er:

ux) <M }.By (.,.y, we represent the both duality product and inner product. p’, g'are

conjugate of p, g, respectively.
2. Existence and uniqueness of weak solutions

First of all, let us introduce the energy space D(l)’p (Q,a) defined as the closure of

1/p

CBO(Q)in the norm | uf = (an(x)|Vu |p dx) .Let D_l’p (Q,a)be the

D(l)’p (Q,a)
dual space of D(l)’p (Q,a). We denote

0 +11 Q)

S =Qx(07), V=P (O,T;Dé’p (L ))qu(QT IR (O,T;D_Lp (Qa)

Definition 2.1. A function u is called a weak solution of (1.1) on (O,T ) if and only if
ou
uel, EEV , u|t:0=u0,a.e. in Q,
and JQT (di u(t)n+a(x)|Vu |p—2 Vu-Vu+f(u)n —gq) dxdt =0, for all test functions
t
2
neV and Uy el (Q).

It is known that (see [4]) that if u €V and % eV*, then u EC([O,T],'LZ(Q)).
t

This makes the initial condition in problem (1.1) meaningful. The following lemma is infered
from Holder's inequality.
Lemma 2.1. Under the assumption (H1), the following embeddings holds

(i) D(l)’p(Q,a)CWé”B(Q) continuously if 1< < pr ,

n+aoa

*
(ii) D(l)’p(Q,a) ccI'(Q) compactly if 1<r < pg, .
s
By Young's inequality, embedding D(l)’p (Qa)cc LS -1 (©2)and Lemma 2.1, we have

Lemma 2.2. Let Q' cQand u e D(I)’p (Q',a), we have

p

+Cle)p grPo 2., Ve>0.
DY (Y a) VENLS(QY)

“Q' gudx| <& up
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Lemma 2.3. [9] Let 1< p <+oo. There exist positive constants ¢, C D such that for

every £ eR”
-2 -2
cpNp(Em)<AEP™ =P n)(E-n)SCHN (),
where Np (&n)={<|+In |}p—2 |—n |2, a dot denotes the Euclidean product in R"".

Putting L qu = —div(a( x)|Vu |p -2 Vu).

As a consequence of Lemma 2.3 and using similar arguments as in [16, Chapter 2], we get

Lemma 2.4. The operator Lp gmaps D(l)’p (Q,a)into its dual D_I’p’(Q, a).
Moreover,

(i) L p.a ishemicontinuous, i.e., for all u,v,we Dé’p (Q,a), the mapping
A <Lp,a (u+Av),w) is continuous from R - R.

(ii) Lp,a is strongly monotone when p =2, i.e.,

(Lp’au—L avu—v) =0 u—vr'p ,forallu,veD(l)’p(Q,a).

Dé’p (Qa)

Lemma 2.5. Let {u,, } be a bounded sequence in 74 (O, T; D(l)’p (Q,a ))

Then {u,, } converges almost everywhere in Qr uptoa subsequence.

Proof.  First, we prove that, for a.e. +e/0,7/ there exists C(?z) > 0 such that

| ””([)Fp(l),ﬁ(g,a)g Cit).

Indeed, if there exists a set A /0,7/with positive measure such that

i un(l)l_'

12 —>oas n—oo, forall te A,
Do’p(Q,a)

T
then [0i uy, ()0 dt > [ AP uy, (t ) dt — .
Joi un Dé’p(Q,a) JA up

D(l)’p(Q,a )
This implies a contradiction. On the other hand, it follows from Lemma 2.1. that

*
{u,,(t)} is precompact in LV(Q) for some » € [1, py, ). Therefore, u,, (1) —u(t)a.e. in Q.

Theorem 2.1. Given Uy € L2( Q). We assume that (H1), (H2), and (H3) hold. Then
the problem (1.1) has a unique weak solution on the interval (0,T ) .

Moreover, the mapping uo = u(t ) Is continuous.
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Proof. 1) Existence. Let {e}{be a basis of Dy ()N L1(Q). We find the

n
approximating solution ,,(¢) in the form u, (1) = . U (e =
J=1

We get u,, from solving the following problem

duy, p-2 (2.2)
o ?ekdx +joax)|Vuy, | Viuy, - Vekdx +lo f(uy )ekdx = ng(x)ekdx,

lou, (O)e dx = fQqukdx. (2.3)

1
Since /' €C (R)and using the Peano theorem, this problem possesses a local

solution ”{ n k} ). By multiplying by 4, ;. ()in (2.2) and summing k =1 to n, we obtain

1d (2.4)

2 P
P I Y dx + dx = dx.
S Uy L2( ) laa(x)|Vuy, |F dx+ [0 f(uy, )uy lo guydx

We now establish some a priori estimates for %y . Using (1.2) and Lemma 2.2 yield

14 I n? U wepund, <e | Q] +&p uyp (e g—:p' 2-5)
~ Uy 1" Upl 1" Upl 2 i Upi 15/ 1
2d T I2Q) " p(l),p(g,a ) Q)T L péJP(Q,a ) 5(Q)

forall £>0,

It follows that
L g’ H2=2e ) uyp 12¢ <2, |Q+2C(gJp g"p, 3 (2.6)
a M) gl T Q) 0 "Ly

After an integration in t, this leads to

2 ) 2 ' 2.7
T )2 )+(2-28)I0“ U T Dé’p - )dt+2c1r unr%q (Qz )$u,,(0)rL2(Q) 21, | Q| 24ClIn gn a (2.7)

2
We deduce from the last inequality that {u”} is bounded in LOO( 0,T;L7(Q2)), {“n} is

11
bounded in 7 (0,T; Dop( Q,a)), {“n} is bounded in I ( QT ).

We see that the local solution ¥ can be extended to the interval /0.7] .

On the other hand, Lp,aun defines an element of D_Lp,( Q,a) | determined by
duality (Lpatin:) = J0a(x)| Vit 17> Vu, -V, for all we Dy (Q.a).

Taking (H1) into account and the boundedness of u,, in r (0, T, D(l)’p (Q,a)).

We deduce that Lj, 4ity, is bounded in J 74 (0, T; D_l’p (Q,a))since
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p-l 1
T T -2 T -1
‘IO {LpainV) dt‘ :‘JO la(x)|Vuy, |p Vuy, -Vvdxdi|< o [o(a(x) b | Vuy, |p )(“(V)p | Vv|)dxdt

S u p/ p .
"o Dlp(Q a )) LP(O,T;D(l)’p(Q,a )
for any ve 1P (0, T, D(l)’p (€Q,a)). In addition, from (1.2), we deduce

| f(u)]< C(|u|‘1_1 +1). (2.8)

Combining with the boundedness of {un} in Lq( Qr) it implies that {f{u,, )} is

bounded in L7 ( QT ). We can rewrite the first equation of (1.1) in v as

Up= g(x)_Lp,a”n — f(uy). (2.9)
Therefore, {u', }is bounded in V*. Due to Alaoglu weak-star compactness theorem
%
(see [18]) uy—=u"inV
' -1,p 2.10
Lpaiin = inL? (01D (Qa)), 10
(2.11)

[lup) =& inld (Qp),
forall 7>0.

Thanks to Lemma 2.5 and Lemma 1.3, p.12 in [16] and due to (x5 ) is continuous
and bounded.

We have Slug) =&y = f(u) in 19 (Qp).

We now show that 51 p,au It follows from Lemma 2.4 that

(2.12)

1
Moreover, we have

T T T .
10 4Lyttt - = [0 feya( )| Vit 1P didt = [ fey gty = 1 ay Juy =t ity )l @13)

1
:fgIQ(g”n — [ (up Juy )dxdt + I”n(())-' up(T )"

2(Q) E 12(Q)°

Therefore,

1
X, =18 ol gy - g huy vt + ] Uy (02 200 o mrd = L g = I L gy -

"0
Since Up(0)— U in L (£2) | and by the lower semi-continuity | T

TR )l T T

12 Q) we get
Q)
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Meanwhile, by the Lebesgue dominated theorem, we have

I8 oot gu—feuwwyavae =t 1§ leaf gun — 1ty uy et @19
Putting this together with (2 13) and (2. 14) we obtain
T (2.15)
i Xy < g fluju +~ .u(orLz(Q)— TR = (i
In view of (2.9), we deduce
1§ feaCu = fwmpdde 53 w2, )" Ty =10 (G

Taking (2.15) into account, we get the estimate
1648 ~Lp avu—v)di20,%v e IP(0.T:DyP (D).

We choose v=u—06w, 6 >0, so

(&~ Lpalu=-w)wdi=0, Ywe P (0.1, D57 (Q.a))

Letting 6 >0, we get f(];(fl —Lp’au,w>dt =0, Vwe Lp(O,T;Dé’p(Q,a)),

Thus 51 Ly qu. We now prove u(0) = gy -

By taking the test functions @ € C (/0,T]; Do’p (Q,a) ~L1(Q)) such that o(T)=0,

wehave  —[ (i, )t +[§ (L gt @i+ [§ (f ()= g @)t = (1, (0).9(0)).

Let n — oo, we obtain

10 Cu, )t +[§ (L it )t +§ f (1)~ g.9)elt = G, 9 0)),

since u,,(0) — Uy On the other hand, from the " limiting equation", we have

1§ et + [ (L gt 936t + [0 {f (1)~ g, @)elt = (u(0),(0)).
Comparing (2.16) with (2.17), we get u(0) = -

(2.16)
(2.17)

ii) Uniqueness and continuous dependence on the initial data. Let us denote by u

and v two weak solutions of (1.1) with initial data UV eLZ( Q)), respectively. Then

wy, + Lp,a u 'Lp,a v+ flu) - f(v) =0,

w = u-v satisfies {w| 00~ 0,

w(0) = Uy = V-
Hence la. Wf' L, qu—L vu—v>+j(f(u)—f(v))(u v)dx=0. B
2at "2 TPt T EpaY O -
d
1.3)and L 24 — <2
using (1.3) and Lemma dt' WFLz(Q) 2 WPLZ(Q)
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2

2031 i
2 ¢ 2. This
Q)

An application of the Gronwall inequality leads to | up i2(Q)S Two)p

implies the uniqueness (if Uy = O) and the continuous dependence of the solution.

3. Global attractors

Theorem 2.1 allows wus to construct a continuous (nonlinear) semigroup
2 2 .
S(t): L7(Q) — L (Q) associated to problem (1.1) as follows S(t)uo.': u(t),where u(1) is
the unique weak solution of (1.1) with the initial data u,,.

*
The exponent p,, plays a crucial role in the classical Sobolev embedding, i.e., pZ >2

-2 -2
when ae(O,p+%), Pa e[il,2] when ae[p+%,n(p—l)]. The main
}/l_

objective of this section is to show the existence of global attractors of the semigroup S(z)

generated by problem (1.1) in various bi-spaces. We will combine the so-called uniformly
compact method and the method introduced in [5], [21], [22] to solve this problem. The
following Proposition is the existence of bounded absorbing set.

Proposition 3.1. The semigroup {S(t)}t>0has an (Lz(Q),D(I)’p(Q,a)qu(Q))-

bounded absorbing set BO’ i.e., there is a positive constant p, such that for any bounded

subset B in L2( Q), there is a positive constant T which depends only on

L2 —norm of Bsuch that[cya(x)|Vu |p dx+olu |q dx< p, for all t>T and where u
is the unique weak solution of (1.1) with the initial datum Ugy-

Proof. Multiplying the first equation in (1.1) by u and integrating by parts, we have

1d 2 p (3.1)
——i up Houpt 2 + dx = dx.
2at () Dl I f(u jude = Iyguds
Combining with (1.2) and using Lemma 2.2 yields
a. .2 _ P —— P
7 WLZ(Q) +H2-2¢& ) MFD(l)’p(Q,a) +2¢ ul_qu(Q)S 2¢q | Q2 +2Ce ) ngLS(Q)’
for & small enough. Due to ¢ > 2, we deduce from the last inequality that
d 2 2 (3.2)
— < 1 =
dl‘l WLz(Q) +C ul_'Lz(,Q)—C(f' &l LS(Q):CO)lgl)'
Applying the Gronwall inequality, we obtain
, 2 2 —Ct . __—Ct 3.3
(R o T U ) € O & 52y ol V(A= (3.3)
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We see that, from (3.3), {S(7)} >0 has an ( I? (Q), ? (€2 ))-bounded absorbing set, i.¢.,

) . _ . 2
for any bounded set B in (2 ) there exists ;= T,(B) such that; S(¢ )u0| LZ(Q)g Py 3.4
for all ¢ =T, ug
integrating over [t,t+1] with ¢ > T, we derive

€ B, where the constant P is independent of ug - Going back to (3.1) and

(3.5)

t+ _p o
up’ 0 +|lo f(u Judx — |0y gudx )ds < —=.
t LU 'D(l)’p(Q,a) o o )

for all 7> 1. Putting F(u)= I(L)t f(s)ds. Due to (1.2) and (1.3), it fulfills the bounds for

some positive constants Cy» Cs such that Cy | u |q 5 < F(u)< f(u)u + |u| (3.6)

¢y pO (3.7)

Therefore ¢ up? —cS|Q|SJQF(u)dx£fo(u)udx+T,

9(Q)

for all ¢ > Tl We deduce from (3.5) and (3.7) that

3.8
<,00(c3+1). (3.3)

)P ) Hlar (= jgguds]ds <

Lp
DyP(e

On the other hand, multiplying (1.1) by U, , we obtain
(3.9)

Joa(x)|Vu [P 2VuNudx + oy f (u udx oy gugds <~ u, | 2(9)

Therefore —(—|| I +[oF (u)dx — | gudx ) < — ||ut||
p

IP(Q a) 2(0)°

Combining with (3.8) and (3.9), by virtue of the uniform Gronwall inequality, we get

pole3+1) (3.10)

1
—[u|P o F(u)dy - o gudy < ———

Lp
DO (Qa

3

for all £ 2 T2 = T1 +1. Thanks to (3.7) and Lemma 2.2, we infer from (3.10) that

loa(x)|Vu |p dx +[olu |qu <l gHLS(Q)’l Q|,p0,p,c3,c4,05). (3.11)

Thus, taking p:C(||g||LS(Q),||Q||,p0,p,c3,c4,cs) and T:Tz.

We complete the proof.
Proposition 3.2. The semigroup {S(t )}t>0 is norm-to-weak continuous on S( BO ),

where BO is the ( L2( Q ),D(l)’p (Q,a )qu( Q)) - bounded absorbing set obtained in

Proposition 3.1.
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Proof.  Choosing Y -2 (), X :D(l)’p (QQa )qu( Q2), the conclusion follows
imme-diately from Theorem 3.2 in [22].

Theorem 3.1. (( L2(Q ),Lz( Q))- global attractor) Suppose that the hypotheses
(H1),(H2) and (H3) hold. Then the semigroup S(t) generated by problem (1.1) has an

(LZ(Q), L2(Q))- global altmctor%\z .
Proof. We distinguish two cases to deal with our problem since it is subcritical if

-2 -2
ae(O,p+%}, and supcritical if ae[p+%,n(p—l)].

(p=2)

n * n Lp 2
Case 1. Ifa (0, p+ ), then p,, e[—1,2] and DO’ (Qa)cc L7(Q).
n_

Using the so-called uniformly compact method, the existence of the bounded

abosorbing set in D(l)’p (Q,a) ~1d (Q) yields the existence of a global attractor in 2 (Q)

immediately.

n(p=2)

%k
Case 2. If xe[p+ ,n(p—1)], then p,, E[LI,Z] and s >2. We infer
n—

from Lemma 2.1 that there exists some 7 € /1, p:[ ) such that D(l)’p (Qa)ccI'(Q)S.

Obviously, BO is also a closed bounded absorbing set in D(l)’p (Q,a), we can consider our

problem only in BO and BO has a finite & -netin /' (Q).

Using the so-called uniformly compact method, we deduce that there exists a global

attractor in L (Q). From Corollary 5.7 in [22] and Proposition 3.1, we need only verify for
any &>0 and any bounded subset B — Lz(Q), there exists 7=7(e,B) and M =M(¢)
such that ¢>0 and any bounded subset Bc Lz(Q) , there exists 7 =T7T(g,B) and
M =M(¢&) such that

2
JQ(|u|22M)|u(t)| dx<Cg for u eBt<T

where the positive constant C is independent of £ and B. It follows from Lemma 5.2 in
[22] that for any fixed & >0, there exist 6 >0, 7 =T(B) and M =M (&) such that the

Lebesgue measure | €)(] S(t)uo >M)|<S for all U € B and t>T and

1S gz )2 2<e. (3.12)

We multiply the first equation in (1.1) by (u—M ), , one gets

ut(u—M)Jr—div(a(x)|Vu|p_2 Vu)(u—M ), + f(u)(u—M), =g(x)(u—M ),
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where (u—M ), denotes the positive part of (u—M ), that is,

Y u-M, if u=M,
o, if u<M.

If M is a large enough positive constant, it follows from (1.2) that f(u)> ¢ | u |q_1
forallu>M .

Therefore, f(u)(u—M ), > E‘|u |q—1 (u—M), > Z’(u—M)?_, (3.13)
Hence,

1d

L (“‘M)+Ti2(}2) +oyuzn jalx) | Vu P dx+ [ysng ) £ (w)(u=M ) dx = [opsn ) g(u—M ), dx.

Since 19(Q) = I2(Q).(¢ = 2), we deduce from Lemma 2.2, (3.12) and (3.13) that

d 2
Zi (u—M), 1 +C'|"(u—M)+|"q 1 <(Cs.

2(Q) 12(Q)
. ‘ 2 (3.14)
It follows from Lemma 3.2 in [4] that | (u—M ), p~, 7 <
Wi (4] L )+| LZ(Q)
for M,T large enoughand ¢ >7T. Replacing (u—M ), by (u+M)_,
we obtain also similar assertion| (u+M )_T 22 1 <Ceg, (3.15)
1#(Q)

u+M, if u<-M,

where (u+M)_ =
0, if u>-M.

It follows from (3.14) anh (3.15) that Joyp7 (11| ~M J*dx < Ce.

Therefore,
Joqupam v 1 dx= loupan )ul-M+M S < loupam )(1ul-M P+ Aoqupam )M gater
for M large enough and C is independent of & and B.

As a consequence, the semigroup S(¢) has an ( 2 (Q), 2 (Q2))- global attractor 'A2 .

We now show that the existence of an ( 12 (Q), 11(0) )) - global attractor.

Theorem 3.2. (( 2 (Q),11(02))- global attractor) Assume that the hypotheses
(Hl), (H2) and (H3) are satisfied. Then the semigroup S(t) associated to (1.1) has an
(L2 (Q),L1(Q2)) - global attractor Aq.

Proof. Thanks to Corollary 5.7 in [22], Proposition 3.1 and Theorem 3.1, it is sufficient
to prove that for any & >0 and any bounded subset B — 2 (Q), there exist two positive

constants 7 =T(¢,B) and M =M (&) such that fQ(|u|22M)|” |q< Ceg, for all U, €B

and 1 > T, where the constant C is independent of & and B.
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Obviously, we also deduce from Lemma 5.2 in [22] that for any fixed & >0, there exist
6>0,T=T(B) and M =M(¢&) such that the Lebesgue measure | €] S(t)uo =M)|£o

for all u € B and t>T and IQ(lS(t)uO|ZM)|g P<e. (3.16)
We now multiply the first equation in (1.1) by (u —M )_f_]_l , for M large enough, one
gets u(u=M I =div(a() | Vu P2 V) u-3)0 4 fupu-s i = goo-n g 17
Since f(u)22'|u|q with u > M. Thus,
-y e u-m 7 :?NHH4MA +\ﬂ1m-Mﬁ4 G:18)
~ | § o » g-1 § =
Z%Mﬂlflhlﬂu(1%4+%hﬁr2m—Mﬁ2%M¢+ﬁ4M—MJ/1)1+2Mq (w-M.
We also have
= Wkil _1)-S_ (3.19)

g-1)
glu—M )4~ 1<2M sTy-pm), sTic)glf

Putting (3.18), (3.19) together with (3.17) and integrating over €2(u > M ), we obtain

1d P g2, . ¢, q-2; q s
——IQ(u>M)(u M)Edx+ (g=lagusy yao)| Vul? (u-M ) dHEM Jousm )(u=M)pdr <Clogsp e[ dr
gd

d q C q—2 q
— - — <
ammnm%m@zwﬁwﬂMj@wmﬁwwrwhw)um
By the Gronwall inequality, the following estimate follows from taking A large
enough and using (3.16), we have IQ( uzM )(u—M )—(de <& (3.20)

where C is independent of & and M. Repeating the same steps above, just taking
(u+M )_ instead of (u -M ) L we also obtain

Jorus—m lu+M)dax <. (3.21)

In both cases, we imply from (3.20) and (3.21) that .[Q(IM|Z M )(l u|-M )qu <&, (3.22)

for M large enough. Therefore,
lul! dx= W—M+Mvmsyj

J. Qu>2M ) Q22 ) Q(ul>2M )

ul|—M )dx+21 Midx<Ceg,
(lu|-M)

Q(u2M )
for M large enough. As a consequence, the semigroup S(7) also has an ( 12 Q) 11(Q))-
global attractor A .

It is possible to show that the regularity of the attractor increases. First, we will give a

priori estimate for 1, endowed with 2 - norm.
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Lemma 3.1. Assume that the hypotheses (Hl), (HZ) and (H3) hold. Then for any

bounded subset B in L2( Q), there exists a positive constant T =T(B) such that
| 2 d |
. ut(s)r'Lz(Q)Spl,forall uoeB, and s > T, where ”t(s)_E(S(U”o)lt:s and Py is

a positive constant independent of B.

Proof. By differentiating the first equation in (1.1) in time and denoting v =u, , we get

vy —div(a(x)|VulP"2 V)~ p~2)div(a(x)| Vul P~ (Vusv )+ =0, G2
Multiplying the above equality by v, integrating over QO and using (1.3), we have

1d (3.24)

2 P2 o 2 p—4 2 2
n +oa(x )| Vu Wl dx+(p-2)loa(x)|Vu VuVv) dx<c,pvp ", 0
@ T la(x)|Vul™ "V [" de+(p=2)lqa(x)|Vul” ~ (Vu.Vv) M

Q)
d 3.25
—i VI_'22 < 2C3|—' VI-'22 > ( )
dt L[~(Q) 1[#(Q)
On the other hand, integrating (3.9) from ¢ to ¢ +1 and combining (3.10), we get

2 (3.26)
o, dx<C.
CH 20

as t large enough. Combining (3.25) with (3.26) and using the uniform Gronwall

Hence

inequality, we have | u, Tiz (Q)“'_i P, as t large enough, and O, is a some positive
constant. The proof is complete.

For (L’'(Q),Dy"(Q,a) L' (Q))- global attractor, we need the following lemma
([5, Theorem 2.7])

Lemma 3.2. Let X be a Banach space and Z be a metric space. Let {S(t)}., be a
semigroup on X such that: (i) {S(?)}., hasan (X,Z)-bounded absorbing set B, ;

(ii) { S(t )}tZO is (X,Z ) - asymptotically compact;

(iii ){ S(t )}ZZO is norm-to-weak continuous on S(B, ).
Then {S(t)}., hasan (X, Z )- global attractor.

Theorem 3.3. Assume that the hypotheses (Hl),(HZ) and (H3) are satisfied.

Then the semigroup {S(?)}., associated to (1.1) has an (L*(Q),D,”(Qa) L' (Q))-
global attractor A.
Proof. By Lemma 3.2 and Propositions 3.1-3.2, we only need to show that the

semigroup { S(t)}s, is (L2 (Q), D)7 (Q,a) " LI (Q))- asymptotically compact.

This means that we take B a bounded subset of L*(Q), we will show that for any
{u,, /B and t, — +oo, {u (1, )} is precompact in D,”(Qa)L(Q), where
u,(t )=S0t )u,,.
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By Theorem 3.2, it is sufficient to verify that {u (t, )}~ is precompact in
D,”(Q,a). To do this, we will prove that {u,(t, )} is a Cauchy sequence in D,”(Q,a ).
Thanks to Theorems 3.1-3.2, one can assume that {u, (¢, )} is a Cauchy sequence in L’ (Q)
andin L'(Q). Since L,

O uy(ty )—up (ty

is strongly monotone when p > 2. We have

<{Lp.atn(ty)=Lp qtipm(ty ) up(ty ) =ty (1))

a

2
D&P (Qa)

= <_%un(tn)_f(”n(tn))+%uM(tm)+f(”m(tm))’”n(tn)_um(tm»

d

d
SIQ|E”n(tn)_E“m(fm)||”n(tn)_“m(tm)|dx

+ QU (un (13 ) = S gy (tyyg D N (13 ) — st (1 ) | dx

d d
-t E”n(tn)_zum(tm)r T up(ty ) —um(ty 0

12(Q) 12(Q)
H S it )= f (R 1 T e ) =t (T g 72

Because f(u, (1)) is bounded in L7 (Q), in addition, from Lemma 3.1, we deduce
that {u, (¢, )} is the Cauchy sequence in D,” (Q,a ).

4. Conclusion

In this paper, we study an initial boundary value problem for a class of quasilinear
degenerate parabolic equations involving weighted p-Laplacian operators by using the
compactness method and weak convergence techniques in Orlicz spaces. The long-time
behavior of solutions to the problem is considered via the concepts of global attractors in
various bi-spaces.

References

[1]  Aizenman, M. (1978), A4 sufficient condition for the avoidance of sets by measure
preserving flows in R", Duke Math. J., 45, 809-813.

[2]  Andrei, 1. (2008), Existence theorems for some classes of boundary value problems
involving p(x )-Laplacian, Nonlinear. Anal. Model. Control, 13, 145-158.

[3] Anh, C.T. and Ke, T.D. (2009), Existence and continuity of global attractor for a
semilinear degenerate parabolic equation, Electron. J. Differ. Equ. 61, 1-13.

[4] Anh, C.T. and Ke, T.D. (2009), Long-time behavior for quasilinear parabolic
equations involving weighted p -Laplacian operators, Nonlinear Anal 71, 4415-4422.

[5] Anh, C.T., Binh, N.D. and Thuy, P.T. (2010), Attractors for Quasilinear Parabolic
Equations involving Weighted p-Laplacian Operators, Vietnam Journal of

Mathematics, 1-20.

131



Hong Duc University Journal of Science, E.S, Vol.10, P (118 - 132), 2019

[6]
[7]
[8]

[9]

[10]
[11]

[12]

[13]
[14]
[15]
[16]

[17]

[18]
[19]
[20]
[21]

[22]

132

Babin, A.V. and Vishik, M.1. (1992), Attractor of Evolution Equations, North-Holland,
Amsterdam.

Caldiroli, P. and Musina, R. (2000), On a variational degenerate elliptic problem,
NoDEA Nonlinear Differential Equations Appl., 7, 187-199.

Chepyzhov, V.V. and Vishik, M.1. (2002), Attractors for Equations of Mathematical
Physics, Amer. Math. Soc. Collog. Publ., Vol. 49, Amer. Math. Soc., Providence, RI.

Chipot, M., Savitska, T. (2014), Nonlocal p -Laplace equations depending on the J74

norm of the gradient, Advances in Differential Equations, Volume 19, Number 11-12,
997-1020.

Cholewa, J.W and Dlotko, T. (2000), Global Attractor in Abstract Parabolic Problems.
Chueshov, 1.D. (2002), Introduction to the Theory of Infinite - dimensional Dissipative
System.

Dautray, R. and Lions, J.L. (1985), Mathematical analysis and numerical methods for
science and technology: physical origins and classical methods, Springer-Verlag,
Berlin, Vol. 1.

Geredeli, P.G., Khanmamedov, A.: Long-time dynamics of the parabolic p -Laplacian

equation Commun. Pure Appl. Anal. 12, 735-754(2013)
Geredeli, P.G. (2015), On the existence of regular global attractor for p-Laplacian

evolution equation, Appl. Math. Optim. 71, 517-532.

Li, H., Ma, S., Zhong, C. (2014), Long time behavior for class of degenerate parabolic
equations, Discrete and continuous dynamical systems, Volume 34, Number 7.

Lions, J.L. (1969), Quelques Méthodes de Résolution des Problémes aux Limites Non
Linéaires.

Ma, Q.F., Wang, S.H. and Zhong, C.K. (2002), Necessary and sufficient conditions for
the existence of global attractor for semigroups and applications, Indiana University
Math. J. 51 (6), 1541-1559.

Robinson, J.C.(2001), Infinite-Dimensional Dynamical Systems, Cambridge
University Press.

Temam, R. (1995), Navier-Stokes Equations and Nonlinear Functional Analysis, 2nd
edition.

Temam, R. (1997), Infinite Dimensional Dynamical Systems in Mechanics and
Physics, 2nd edition.

Yang, M., Sun, C. and Zhong, C. (2007), Global attractors for p-Laplacian equation,
J. Math. Anal. Appl. 327 ,1130-1142.

Zhong, C. K., Yang, M. H. and Sun, C. Y. (2006), The existence of global attractors
for the norm-to-weak continuous semigoup and application to the nonlinear reaction-
diffusion equations, J. Differential Equations 15 , 367-399.



