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Abstract: This paper is an extension of [2,4,6,7]. In this paper, one can solve some random
variational inequalities for semi H-monotone and weakly semi H-monotone mappings.
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1. Notations and definitions

*
Let (Q,Z) be a measurable space, X and Z real Banach space, Z the dual of Z . We

* * *
denote by <Z ,Z> the dual pairing between z € Z ,ze€ Z and 2X the set of the nonempty

subsets of X,cl(M) and wcl(M), the respective closure and weak closure of M < X . Let

S, = {x eX| ||x|| <rr> 0} , OS be the boundary of § . The notations "— " and "— " mean

the strong and weak convergence respectively, WK(D) is the set of weakly compact subsets

of Dc X. A mapping 7:Q — 2X is said to be measurable (weakly measurable) if for each
closed measurable (weakly closed) subset CckX, the set

T_l(C) = {a) eQ| T(a)) NC = ¢} €. A mapping & : € — X is called measurable (weakly
measurable) selector of a measurable (weakly measurable) mapping 7' if & is measurable and
f(a)) € T(a)),Va) eQ. A mapping F:X —> X* is said to be monotone if
<Fx—Fy,x—y> >0,Vx,ye X. A mapping K:X — Xis said to be J-monotone if
<J(x —y),Kx—Ky> >0,Vx,y € X . Where mapping J: X — X>X< is dual mapping, that is

2
(%) =[]

ol =[x

,Vx e X. A mapping B: X — Z is said to be weakly continuous if

>

{xn} c X ,x,; = x then Bx, — Bx, completely continuous if x; — xthen Bx,, — Bx,

hemicontinuous if the mapping: 7€ [O, l] L= <B (tx + (l - t) y) , Z> is continuous for all

x,y,z€ X. A mapping A:Qx X — Zis called a random mapping if for each fixed x € X,
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the mapping A(.,x) :QQ — Z is measurable. A random mapping A is said to be continuous
(weakly continuous, monotone,...) if for each @ (), the mapping A(a),.) : X — Zhas

respective property. We use also A(a))x for A(a),x). We denote by M(Q,X ) the set of

measurable mappings & : €2 — X such that sup {||§ (a))” |we Q} < 400,

Definition 1.1. (def. 2.1 in [6]). Let X, Z be Banach spaces, Z i the dual space of Z ,
H:X—> Z*a mapping satisfying H(O) =0,Hx#0,Vx#0. A mapping A: X — Z is said
to be H-monotone if <H(x—y),Ax —Ay> >0,Vx,y e X.

Theorem 1.1. (theorem 2.3 in [6]) Let X,Z be finite dimensional Banach spaces,
H:X—> Z>|< a mapping satisfying H(O)zO,H(x)?&O,Vx?&O,A:X—)Z a continuous
random mapping. Assume, moreover, there exists r =constant >0 such that for each
we Q,(Hx,A(a)) x> >0,Vx€0Sy. Then there exists &€ M(Q, S,,) such that
A(a))f(a)) =0,VoeQ.

2. Semi H-monotone mappings

*
Let X, Z be real Banach spaces. Consider the mappings H: X > 7 ,4:QxX —> Z.

Let {X n},{Zn} be inereasing sequences of finite dimensional subspaces of X and Z

% % %
respectively, dimX,,=dimZ,,, and B,: X > X,,,0,:Z2>72,,0,:Z —Z, linear

projectors such that Byx - x, Oyz—>z.Set A =Q A|x ,H =0 H|x .
n n n n N n

Definition 2.2. (def. 3.1 in [6]). Let X, Z be Banach spaces, Z “the dual space of 2,
H:X—> Z* a mapping satisfying H(O) = O,H(x) #0,Vx#0. A mapping A: X > Z is
said to be semi H-monotone if there exists a mapping S : X x X — Z such that

(i) Ax=S(x,x), Vxe X,

(ii) for each fixed y €Y, the mapping S(., y) is H-monotone and hemicontinuous,

(iii) for each fixed x € X , the mapping S(x, .) is completely continuous.

Theorem 2.2. Let D be nonempty, convex, closed subset of a separable reflexive Banach

%
space X,Z a separable reflexive Banach space, H : X — Z a weakly continuous mapping
satisfying H(O) =0,Hx=#0,Vx =0 and for each t > O,H(lx) =tHx, A:QxX = 7Z a semi

*
H-monotone random mapping. Supose, moreover, Qp,Hx = Hx,Vx e X, and for each finite

dimensional subspace E of X, in DE =DNE there exists £ € M(Q,S ) such that
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<H(§(a))—y),A(a))§(a))> <0,VveD,wel
Proof. Let Dy, = DN X,,. The sequence {Dn} is increasing. Let us define mappings
H,=0,H,4,=0,4,H: X —)Z*,An :Qx Dy, — Z,,.0bvionsly, O, A is a continuous
random mapping in D, . For each @ € Q), we have
<Hx, QnA(a)) x> = <QZHx,A(a)) x> = <Hx,A(a))x>,Vx €aS,.
The mapping (O ,A satisfies all conditions of Theorem 1.1. So there exists

Ee M(Q,S) such that QnA(a))f(a)) =0,V e Q. By the reflexivity of X the ball § is
weakly compact. Let us consider mappings B,,B:Q — WK(S) as follows:

B, () = wet (& ()} B(o) :IEIB,,, (@),

As in the proof from [[9], p, 135] it is clear that B is weakly measurable and B has a
measurable selector&:Q — S, f(a)) € B(a)) , Vo € Q). Consequently, for each me Q, the
sequence {fn (a))} has a subsequence denoted by {gk (a))} (for the simplicity of notations)
weakly converging to & (a)) Moreover, for each x € Sthatis x € M, for some m , and by
the sequence D, is increasing, obviously x e Dk,Vk > m . The semi H-monotonicity of the

mapping A provides us a mapping S:DxD—)Z,A(a))x=S(a),x,x),VxeD.

Since the mapping x > S (a), X, y) is H-monotone, we obtain
(7 (5 (@)=x).4(0) 5 (@) - (0.1, ())) >0 @b
But (£, (@) -x), 4(0) &, () =(H (& (0)~x). 0, A()¢; () =

1t follows from inequality (2.1) that
(1(2, () =x).5(00.8 ())) <0 22
By H(&(0)-x)—H(E(0)-x) and S(@.x¢ (0))>S(oxE(w) as
& (@) = &(@) from inequality (2.2) we get
(H(£(0)-x).5(0.x.4(w))) <0
The hemicontinuity of the mapping S (a) ¢ ()) and inequality (2.3) yield
s(@

<H<s<> > < <w,(>>>

)
Or <H(§(a) )>S ,VyeD,we(.

(2.3)
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Theorem 2.3. (H-monotone perturbation). Let D, X,Z,H, A be as in Theorem . Let

K:QxD—>Z be a H-monotone, completely continuous random mapping. Assume,
furthermore, QZHx = Hx,Vx € X,, and for each finite dimensional subspace E of X, in
D = DNE, there exists a ball S such that
<Hx, QA(a))x> >0 and <Hx, K(a))x> >0,VyeD,0eQ.
Then there exists & € M(Q, S ) such that
<H(§(a))—y),A(a))cf(a))+K(a))<§(a))> <0,VyeD,weQ.

Proof. Let us use the notations Dn,QZH .OpA4,0,K :QAx Dy, — Z,, as in the proof
of Theorem 2.2. The mapping 0, 4,0,K are continuous in D,. So they satisfy all
conditions in Theorem 1.1. Consequently there exists ¢&e M(Q, S ) such that
QnA(a))§(a)) =0, QHK(a))ﬁ(a)) =0. Let us use the mappings B;,,B in the proof of
Theorem 2.2. It is clear that B is weakly measurable and B possesses a measurable selector

&. Hence the sequence {fn (a))} weakly converging to {f(a))} The semi H-monotonicity

of K yie1d< (fk 0] ) S W, X, §k ) (a))é‘k (a))>£
whence <H( (a) ) ,)5((0)+K((o)§(a})> <0 (2.4)
or < ( a)) y), +K( )f(a))>SO,VyeD,a)eQ

3. Weakly semi H-monotone mappings

*

Definition 3.3. (def. 4.1 in [6]). Let X,Z,Z be as in Definition 1.1. A mapping
A: X — Zis said to be weakly semi H-monotone if there exists a mapping R: X xX —>Z
SR: X\times X\rightarrow Z$ such that

(i) Ax=R(x,x),VxeX,
(ii) for each fixed v € X, the mapping R (., y) is H-monotone and hemicontinuous.

(iii) for each fixed x € X , the mapping R (x, ) is weakly continuous.

Obvionsly the semi H-monotonicity implies the weak semi H-monotonicity and in
finitely dimensional space in which those concepts coinside.

Theorem 3.4. Let D,X,Z be as in Theorem 2.2, H:X—)Z>x< be a completely
continuous mapping

H(O)zO,HxiO,Vx;tO and for each t>0,H(tx)=tHx,A:Q><D—)Z a weakly

semi H-monotone random mapping.
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Suppose, furthermore, QZHx = Hx,Vx € X,, and for each finite dimensional subspaces
E of X, in DE =DNE there exists a ball S such that <Hx,A(a)) x> >0,Vxe0S. Then
there exists & M(Q,S) such that <H(§(a))—y),A(a))§(a))> <0,VyeD,weQ..

Proof. Let us use the notations Dy, 4, H,, in the proof Theorem 2.2. The mapping
0O, A is continuous in D), . Moreover <H nXs QnA(a)) x> = <Hx, A(a)) x> >0.VxedD.

Hence the random mapping O, A4 satisfies all conditions of Theorem 1.1. So there

exists £ € M(Q,S) such that Q;;A(a)) &n (a)) =0.
o0
By using the mapping @ > B(a)) = N Bn (a)) as in the proof of Theorem 2.2, it is
n=l1

clear that B has a measurable selector &£,& (a)) eb (a)),Va)eQ. Consequently for each
we ), the sequence {fn (a))} provides us a subsequence, say {fn (a))} weakly
converging to {f(a))} and for each xe D, we see x € Dk,Vk > m for some m . By the H-

monotonicity of the mapping R (a), v y) , where R (a), x,x) =A (a)) X, we obtain
(H (5 (@)=x). 4(0), (@)~ R (03,8 (o))} 2 0,
which implies (1(¢, (0)-x). R(@,x,£, ()} <0, (3.5)
Bt H(E (0)-x)>H(E(0)-x), R(0.%,¢ (0)) = R(@.x.¢(@)  as
ék (a)) - & (a)) . Therefore from inequality (3.5) it follows that
<H(§(a)) —x),R(a), X, é‘(a)))> <0,
The hemicontinuity of R (a),., (a))) and inequality (3.6) yield

(H(£(@)-).4(0)¢(@)<0,VyeD.0cQ (3.6)

It is not difficult to prove.
Theorem 3.5. Let D, X,Z,H,A be as in Theorem 3.4, K:QxD —>7Z be a H-

monotone, weakly continuous random mapping. Assume, moreover, QZHx = Hx,Vxe X,
and for each finite dimensional subspace E of X, in DE =DNE, there exists a ball §
such that <Hx, A(a)) x> > 0,<Hx,K(a)) x> >0,Vxe€0dS. Then there exists &€ M(Q, S)
such that

<H(§(a))—y),A(a))g(a))+K(a))§(a))> <0,VyeD,0eQ.
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4. Conclusion

The theorems 3.4 and 3.5 solve some random variational inequalities for semi

H-monotone and weakly semi H-monotone mappings. These are good results in

solving random variational inequalities for semi H-monotone and weakly semi H-

monotone mappings.
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