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Abstract: This paper presents a new result on delay-dependent exponential stability for
nonlinear linear systems with interval time-varying delay. By constructing a set of improved
Lyapunov-Krasovskii functionals combined with Wirtinger-based integral inequality, a new
delay-dependent condition is established in terms of linear matrix inequality (LMI) which
guarantees that the system is exponential stability.
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1. Introduction

In the scope of functional differential equations, stability problem has been the
subject of investigable research attention. Among the well-known Lyapunov stability
method, the Lyapunov functional is a powerful tool for stability analysis of time-delay
systems [2], [3], [7], [10]. Based on the Lyapunov function, delay-dependent stability
criteria for these systems are established in terms of linear matrix inequalities (LMIs). On
the other hand, the exponential stability problem for differential systems has received the
attention of many mathematicians in recent times. However, to the best our knowledge, the
problem of exponential stability differential systems with state delays has not been fully
investigated to date, especially for nonlinear systems with time-varying. The stability
criteria have mainly been given for linear systems with constant delay, linear system with
time-varying delay [4], [8], [12], [11]. There are very few results about exponential
stability for nonlinear systems with time-varying delay. In this research, we have
considered the exponential stability problem for a class of nonlinear system with time-
varying delays. Based on an improved Lyapunov-Krasovskii functional combined with
Wirtinger-based integral inequality, the sufficient condition for the exponential stability for
nonlinear systems has been derived in term of LMIs.

Notations: The following notations will be used throughout this paper. R denotes the

set of all nonnegative real numbers; R" denotes the »—dimensional Euclidean space with the

T

norm ||.|| and scalar product (x,y)=x"y of two vectors X,v; Apyqx(4A) (4,,,,(A4), resp.)

denotes the maximal (the minimal, resp.) number of the real part of eigenvalues of 4 ; AT
denotes the transpose of the matrix A4 and [ denotes the identity matrix, 0>0(0>0,

resp.) means that Q is semi-positive definite (positive definite, resp.) i.e. xTQxZ 0 for all
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xeR" (resp. xTQx,>O for all x#0); A>B means A—-B>0; Cl([—r,O],Rn) denotes
the set of R"- valued continuous functions on [-7,0] with the nor
| @ |lz=max{sup_r<;<0 | (1) [l.sup—z<s<0 | 2(1) [[}-

The segment of the trajectory x(z) is denoted by x; = {x(¢+5):s €[—,0]} with its

norm || x; [[=sup sz 07/ Xt +5) |-

2. Preliminaries and problem statement

Consider the following system with mixed time varying delays
x(1)=  Ax(t)+Bx(t—h(t))+ Hg(t,x(t),x(t—h(t))), t=0, (1)
X(t) = (P(t), te [_Ta 0]7
where x(¢) € R" is the system state; A, B,H e R’ are real known system matrices with

appropriate dimensions; The time varying delays /A(z),d(z) are continuous functions

satisfying 0 < hl <h(t) <L h2 and fz(t) < where hl’}ﬁ are lower and upper bounds of the
time varying delays h(7). (1) € C([—IQ,O],R” ) is the compatible initial function specifying
the intial state system. The nonlinear functions g: R xR"” x R" — R" satisfies

oL 0g() <L O ET Ext) + 025 (¢ = (o)) FT Fx(e = h(t) )
where E,F are symmetric positive definite matrices and a,b are any real numbers.
Definition 1. System (1) is said to be a— exponentially stable for o >0 if there exist
N >0 such that, for any compatible initial conditions ¢(t) the solution x(t,) satisfies

|xt, @) KN | @l ¥, Vi=0.

We introduce the following technical well-known propositions and lemma, which will
be used in the proof of our results.

Proposition 1. (Matrix Cauchy inequality [5]) For any M,N € R"™" M —MmT>0
and x,y € R then 2xT Ny <xTMx+yINTmIng.

Proposition 2. (/13]) any symmetric positive definite matrix M, scalar v>0 and
vector function @:[0,v]— R™ such that the integrals concerned are well defined, then

T
1%
( joa)(s)ds)
Proposition 3. (Schur complement Lemma [5]) For given matrices X,Y,Z with

M ( s co(s)ds) <vifw! (s)Maxs)ds.

appropriate dimensions satisfying X = X T, y=vT>o.

T
Then Xz <0
Z -Y
ifand only if X+2z1y~1z<o0.
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Proposition 4. (Wirtinger-based integral inequality [15]) For a give nxn matrix
W>0 and a function w:[a,b]—> R" whose derivative we PC([a,b],R"), the following

inequality holds jng (WW(s)ds > % ffT wé 3)
—a
where W =diag W, 30} and & = col{w(b)—w(a),w(b)+w(a) —ﬁ 1Bu(s)ds}

3. Main results

In this section, we propose new conditions ensuring the regularity, impulse free and
exponential stability of system (1) as presented in the following theorem.
Firstly, given > (0. We denote:

O ()=x(1), Dy(O)=x(t—h(®)), Dy(O)=x(t=h)., D)= x(t—hy), b=y,

. —h 1 -
D5(1)=5(0), (1) =( - ,,Q(f)x(s)ds), ‘D7<f>:<mft_zi}f)x@>dsl

Ty h(z)
T
D) =gtx(0xa-h). Y=ol () oJ@) ofw ofw olw ofon ojo|.

TI(1,1)=PA+ AT PT +Q+2ozP+gazETE—e_zath1 —e_zathz,
I1(1,2) = PB,
T1(1,5) = AT (20 + 3y + W),
I1(1,8) = PH,

—2ah
T(2,2) = —(1— ,B)e 2Q 8 2w +ebFLF,
—2a
I1(2,3) = —2e "o

—2oh
1(2,4)=-2¢  2W,
112,5) = BY (52W, + W3 W, + ),

2 2ah
N4y =— Mz _, 207, —de

—2ah
T1(4,6)=6e ~ 2w,
_ 2 2 2
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T1(5.8) = (KXW, + haWy + i W) H,
2
166.6)=-12¢ "2,

—2a
I1(7,7)=-12e hZW,
I1(8,8)=—¢l.
Theorem 1. For given scalars #>0,0<h <hy and o> 0.

System (1) is o —exponentially if there exist symmetric positive definite matrices

P,O,Z,W.W; (i=1,2) and any number &> 0 satisfying the following LMI:

[TI(1,1) TI(1,2) 0 0 I1(1,5) 0 0 I1(1,8) |
* I12,2) T11(2,3) TI1(2,4) I1(2,5) TI1(2,6) TI1(2,7) 0
* * I1(3,3) 0 0 0 I1(3,7) 0
* * * I1(4,4) 0 [1(4,06) 0 0
* * * * [1(5,5) 0 0 I1(5,8)
* * * * * [1(6,6) 0 0
* * * * * * I1(7,7) 0
* e * * * * * I1(8,8)
I;roof. We construct the following Lyapunov-Krasovskii function (LKF) )
V(t,x)) =V +Vy +V3+Vy+Vs+Vg
where v =xL (0Px(),
V2=l T )0x(s)ds
I—=h » —
V= | t_;ge a(s t)xT(s)Zx(s)ds,
vy =h° n LT @y, () duds,
2 —1) . .
Vs=h, jg h2 jtt e a(u=1) ;T ()Wox(u)duds,
V.=h j_hl {2, 29U T W) duds
6~ M2l p i+ -
It is casy to sce that A || x(¢) H2S Vit,x) <4 |l x Hz,
where x; denotes the segment {x(7+5):5 €[7; O]},ﬂl = Apin(P) and
3 3 2
-a. h (hy +hy)
Ay = Iy (P) +e hl/Imax (Z)+ hy 2y (Q) +}%/1max(W1) +72/1max(W2) + hthITZ

Taking derivative of Vl in ¢ along the trajectory of the system, we have

<0. (4)

()

(6)

/ max (W)
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7 =25 (O0Pi0) = 2 (0)PLAx(0) + Bl — h(0) + Hig 1 (0),x(t - hit))] @)

=1 (0[PA+ AP+ 2aP(t) + 22T (0)PBx(t— (1) + 23T (1) PHg(t,x(0).2(t ~ (1)) ~ 207},

From (2), it is easy to see that

e@®x()T ET Ex(t)+b2x(t =) FT Fx(t = () —g! ()g() =0 (®)
where any & >0 From (7) and (8), we have

V< xd(O0PA+ ATPT 4 2aPYr(e) + 2T (OPBr( ~h(0) + 247 (1) PHg(1.2(0), (1)) ~20;, )

re(a x0T EVEx(0)+ b2x( = () FLEx(e=h(0) gL ()g().
Next, the time-derivative of Vk’k =2,3,...,8, are computed and estimated as follows

V‘2=xT(t)Qx(t>—<1—h(t>) 2T (= h)Qx( ~h(e) ~2ay; (19

<xT(t)QX(t)—(1—ﬂ)e 2l T h(t))Qx(t h(t) —2aVy;

11
V3= —2ah xL(— h)Zx(t = hy) —e e 2y (t—hz)Zx(t—hz)—2aV3; (an
V4 = WL om0 —hy jt_hleza(s")xT (s)W(s)ds —2a¥, (12)
N 2 (t)Wl)'c(t)—hle_zahl [ f_hlch ()W x(s)ds —2aV 4
V= Wi T (W) =y, P¥ST ()W ys(s5)ds 2V 3)
y
2.T . —2ahy ;T .
< Wyt (OWox(t)—hye ~ 2 fi_p X (OWyi(s)ds —2aVs;
y
Vo= hiT W) —hy j::;;'eza(s‘t)ﬂ (s)Wi(s)ds —2a¥ (14
)
< BT OWO-he 2T (Wi (s)ds -2V
p
Applying the Proposition 2, we have
[} hl;cT (SYW(s)ds < ~x(t) = x(t = )TV W [x(t) = x(t = )] (15)
and [ hsz (SIWyi(s)ds < —{x(0) = x(t = hy )TV W, [x(t)=x(t )] (16)
Besides, we have
Iy, :lx (IWi(s)ds =~y 5 [ h(f) 5T (W (s)dds —hy o, Z}t)x (s)W5(s)ds.

Applying the Proposition 2, we have
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o [0 h(’) T (s)WWic(s)ds (17)

[(x(t = h(0) = x(t =y )) T W (x(t = h(0) = x(t = 1)

h(t)
F3(x(t— h(t)) +x(t—hy )T W (x(t — h(t)) +x(t—hy))

+12( i h(’)x(s)ds)TW( i h(’)x(s)ds)

h(t)

—12(x(t — h(t)) + x(t — h2))TW2(

h(t)

i h(t) H)]

< —AxT (t = h()Wx(t = h(1))
~axT (1 = hy W(1—hy ) —4xT (¢ — (@YW x(t —hy)

+12xT (e = h(t))W( i h(’)x(s)ds)

h(t)
25T (= h2)W( h oL i h(’)x(s)ds)
~12 ( h o i Z(I)x(s)ds)TW( h o i }]Z(t)x(s)ds).

Similarly, we have

t— 18
—hy 5 t_:% t)xT (s)Wi(s)ds 1%

<- h(t) h [x(t = hy) = x(2 = () T W (x( = hy) = x(2 = h(2)))

+3Cx(t = )+ x(t = hON T W (et = b))+ x(2 = h(D)))

1 - -
—h(t) s J‘t—l’]}t)x h1 x(s)ds)

(s)ds) T W(h(t)—h Sr—nte)

+12(

I x(s)ds)]

T t=hy
L2 Iy = OD W Gl ey

< —4x T (1= h)Wx(t — ) = 4x T (6 = h(E)Wx (2 — h(2))

—ax L (e = b Wx(1 = h(2))

L™ s

T
+12x T -y )W(h(t)—_h Se—n(e)

T t—
+12x" (1 — h(t))W(h(t) T ft }}l}t)x(s)ds)

L (™M sy Twe

_12(mj't_h(t)x (S)dS)

r—
h(t) Iy Si—n(ey®
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On the other hand, using the following identities
—x(t)+ Ax(t)+ Bx(t —h(t))+ Hg(t,x(t),x(t — h(t))) = 0, we obtain

25(0) VW, + 130y + W N[ =(0) + An() + Bx(t —h(t)) + Hg (t,x(0).x(t —h(@))] =0. 1P

Therefore, from (9) to (21), it implies V(Z, xp)+2aV (t,x;) < YT (OITY(¢), V>0, (20)

'T1(1,1) TI(1,2) 0 0 I1(1,5) 0 0 I1(1,8) |

* I12,2) TI1(2,3) I1(2,4) I1(2,5) T11(2,6) II(2,7) 0

* % I1(3,3) 0 0 0 I1(3,7) 0

* * * [1(4,4) 0 [1(4,6) 0 0
where [1=]| % * * s I1(5,5) 0 0 I1(5,8)

* sk * * * [1(6,6) 0 0

* * * * * * [1(7,7) 0

* * * * * * * I1(8,8)

from inequality (4), we have IT<0. Consequently V(t,xt) +2aV(t,x;)<0,Vt =20, and then

Vi(t,x;) < V(O,qﬁ)e_zm <hHl¢e H% e2at , t>0. Taking (6) into account, we obtain

21
| x(2) ||S\/%|| ble e =N|gllr e, 120.

Remark 1. If S is unknown or h(t) is not differentiable, then the following result can
be obtained from Theorem 1 by setting Q =0, which will be introduced as Corollary 1.

Corollary 1. For given scalars 0<hy<h, and a>0. System (1) is a-
exponentially if there exist symmetric positive definite matrices P,Z,W,W; (i=1,2) and any
number & >0 satisfying the following LMI:

[T1(1,1) I1(1,2) 0 0 I1(1,5) 0 0 I1(1,8) ] (22)

* 1,2) T11(2,3) T1(2,4) TII(2,5) TII1(2,6) TI1(2,7) 0

* * I1(3,3) 0 0 0 I1(3,7) 0

* * * I1(4,4) 0 I1(4,6) 0 0

* * * * I1(5,5) 0 0 I1(5,8) | <O.

* * * * * I1(6,6) 0 0

* * * * * * I1(7,7) 0

* * * * * * * I1(8,8)

—2a —2a )
where T1(1,1)= PA+ AT P +20P+ca?ETE—c thl—e h2W2,

—2a
T1(2,2) = —Se I eb?FIF,

In other cases, I1(Z, j) are defined as in Theorem 1.

30



Hong Duc University Journal of Science, E.S, Vol.10, P (24 - 31), 2019

4. Conclusion

This paper has dealt with the problem of exponential stability analysis for a class of

nonlinear systems with interval time-varying delays. A constructive approach and new delay-
dependent condition in terms of linear matrix inequality have been proposed based on an
improved LKF. Our condition guarantees the exponential stability of the system with special
exponential delay rate.
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