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BON CACH CHUNG MINH PINH Li PAPPUS

Tran Pic Anh
Khoa Todn Tin, Truong Pai hoc Su pham Ha Noi

Tém tat. Dinh Pappus 1a dinh 1i ¢ dién trong hinh hoc. Chiing t6i dua ra bén cich ching
minh dinh 1i Pappus. Mdi cach chiing minh van dung céc kién thiic rit khac nhau.

Tir khéa: Pinh li Pappus, Hinh hoc tuyén tinh, Hinh hoc xa anh, Hinh hoc afin, Hinh hoc
Euclid, dudng cong dai sb.

1. M4 dau

Dinh 1i Pappus 12 mét dinh 1i doc d4o trong hinh hoc. Dinh 1i ndy 13 mot phan kién thiic bat
budc thude chuong dau tién vé Hinh hoc afin, trong hoc phan Hinh hoc tuyén tinh 1 & 2, gdm 6 tin
chi, danh cho sinh vién Khoa Toén Tin, Trudng Pai hoc Su pham Ha Nai [1]. Pay 1a mot két qua
c6 dién, dep dé va c6 hinh thiic phét biéu don gian. Tuy nhién, thuc t& gidng day lai cho thiy dinh
1i nay chua dudc khai thac mot céach téi da d€ 1am 16i cho qua trinh hoc tap cla sinh vién. 1i do co
ban 12 do thiéu thdi gian, nén dinh li chi dudc dé cap mot cich so luge. Vi du gido trinh [2], trang
189-190, chi néu mot ching minh cho dinh li Pappus trong chuong dau tién vé Hinh hoc afin. D&
sinh vién c6 thé hi€u bai, cc tic gid néu ra mot phién ban ma c6 thé 4p dung cac phép bién hinh
nhu phép vi tu hodic phép tinh tién. Phuong phap chiing minh d6 c6 dudc nhd vao viéc chon dudng
thang v cuing, mot ki thudt ciia hinh hoc xa anh, va do d6, sinh vién sé phai dgi mot khoang thdi
gian rat lau sau niy méi hinh dung dudc tai sao d6 lai 1a mot chiing minh cho dinh li Pappus.

Rét may 1a chiing ta c6 thé tim thiy mot ching minh thuan tiy hinh hoc giai tich trong Gido
trinh [3], trang 31 va trang 310-311. Tuy vdy, khong phai sinh vién nao ciing ¢6 tai liéu nay, vi viy,
chiing t6i sé trinh bay lai chiing minh niy kém theo cac chi gidi chi tiét hon.

Ngoai ching minh nay, ching t6i dua ra thém ba chiing minh khéac, bao gdm: mot cach st
dung ti s6 kép mod phdng lai theo chiing minh dinh 1i Pascal [2], trang 326-327; mdt cich sif dung
thuan tiy dinh nghia xa anh va bién ddi véc-to; mot cach cudi st dung ki thuat kiéu dudng cong
dai sb.

Moi cach chiing minh sé dem lai nhiing géc nhin thi vi cho dinh li Pappus ma tai liéu hién
hanh chua 1am sdng t6 cho sinh vién. Bai viét niy nhim hai muc dich: Cung cip ching minh chi

Ngay nhén bai: 1/3/2022. Ngay stra bai 15/3/2022. Ngay nhan dang: 28/3/2022.
Tac gia lién hé: Tran Diic Anh. Dia chi e-mail: ducanh@hnue.edu.vn



Tran Puic Anh

tiét cho dinh 1f nham lam tai liéu tham khao cho sinh vién khoa Toan-Tin DPHSP Ha Ndi va lam
sang t6 cac khia canh ki thuat va pham vi kién thic cda tiing chiing minh.

2. Noi dung nghién ciru

Pau tién, chiing tdi néu phat biéu dinh 1i Pappus trong moi trudng xa anh.

Pinh li Pappus. Trong mdt phdng xa dnh thiuc P*(R) cho hai duong thing D va D' phdn biét.
Trén D ldy ba diém phdn biét A, B, C va trén D' ldy ba diém A’, B', C' sao cho sdu diém nay déu
khdc giao diém D ND'. Gid sit cdc dwong thing BC' cdt B'C tai A", CA’ cdt C' A tai B” va
AB' cdt A'B tai C". Khi dé, ba diém A", B",C" thing hang.

2.1. Chitng minh thit nhat - Ching minh kiéu hinh hoc giai tich
Nhu da néu & phan mé dau, chiing minh nay dudc trinh bay lai theo Gido trinh [3], trang 31
va trang 310-311, v6i cic chi tiét dugc 1am rd hon.

Dau tién, ta phat biéu lai dinh 1i trong méi trudng khong gian afin R2.

DPinh li Pappus. Cho hai duong thing D va D' trong mdt phing R? cdt nhau tai diém O. Trén
D ldy ba diém A, B,C # O va trén D' ldy ba diém A', B',C" # O. Gid sit cdc duong thing
BC' cit B'C tai A", CA’ cit C'A tai B" va AB' cdit A'B tai C". Khi do, ba diém A", B",C"
thing hang.

Chiing minh. Ta chon mdt muc tiéu afin cho R? sao cho O la gbc toa d6 va D la truc
hoanh, D’ 1a truc tung. Khi do, toa dd cdc diém c6é dang A(c,0),B(3,0),C(v,0) va
A'(0,a), B'(0,8"),C"(0,7").

Phuong trinh dudng thang BC' 1a % + E/ = 1 va phuong trinh dudng thang B'C' la
Y
T+ ¥ _ 1. Dé don gian ki hiéu, ta dat lai
v oB
1 1 1
—=a, —=b, —=c
o B ¥
va
i:a', i:b’, i:c’.
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Boén cdch chitng minh dinh Ii Pappus

Ta biét riing ba diém A, B, C' € R? thing hang khi va chi khi

rA TB IC
ya yB yc|=0.

1 1 1
Do d6, ta can tinh dinh thic
b/_C/ c/_a/ a/_b/
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Dinh thiic & bén vé& phai c6 ba cot ¢6 tong bﬁng c6t 0 nén ba cot phu thudc tuyén tinh, do
d6 dinh thic bang 0. Ta két thiic chitng minh thi nhét. O

2.2. Chitng minh thit hai - Bang ti s6 kép xa anh

Trude khi vao ching minh, ngudi doc can biét cic y co ban sau: Phép chiéu xuyén tim tir
dudng thing xa 4nh nay sang dudng thang xa anh khac 1a mot ding céu xa anh. Mbi ding ciu xa
4nh ludn bao toan ti sd kép ctia bdn diém thang hang.

Chiing minh. Ta xét thém hai diém A’C N AB’ = {E} va AC' N B'C = {F}. Xét phép chiéu
xuyén tam B” tit dudng thang AB’ 1én B’C. Phép chiéu nay bién cic diém B’ — B', E — C va
A+ F.kihiéu [z,y, z,t] 1a ti s6 kép xa anh clia bdn diém thang hang 2, v, 2, t. Ta c6

[A,C" E,B'] = [A’A, A'C", A'E, A'B'] (i s6 kép clia chum duong thang qua A”)
=[A, B,C, 0] (O la giao diém ctia D va D’)
=[C'A,C'B,C'C,C’'O]

=[FA",C, B'.

Tu day ta suy ra diém A” 1a anh ctia C” qua phép chiéu xuyén tim B” ndi trén, hay néi
cach khac A”, B”, C" thang hang. O

2.3. Ching minh thit ba - Thuan tdy dinh nghia hinh hoc xa 4nh va bién
doi véc-to kiéu dai so tuyén tinh

Chitng minh. Theo dinh nghia clia khong gian xa anh, mdi diém xa 4nh trong P2(R) chinh 12 mot
dudng thang tuyén tinh trong R3 va ta c6 thé coi mdi diém dudgc dai dién bdi mot véc-td cd s6.
Gia st A = [a] (tic 1a a 1a véc-t6 dai dién cho di€ém A), B = [b],C = [c], A’ = [d],B' =
'],¢" = [c].

Trang bi cho R3 tich vo huéng dé ta c6 thé dinh nghia dugc tich c6 huéng dé tinh todn phap
véc-td cho cic khong gian véc-to hai chiéu.



Tran Puic Anh

Ta c6 giao diém
A" = BC' N B'C = span{b, '} N span{V/, c}
=span{(bA ) A (b Ac)}.
O day, span{b, '} 1a khong gian véc-tc sinh bdi hai véc-td b, ¢’. Nhu vy, ta tinh dudgc
A" =[bA) A Ac)).

Tuong ty
B" =[(cNd)A(d Na)

va

C" =[(aNV) A (a' AD)].

Nhu viy, d€ chitng minh ba diém A”, B”  C” thang hang, ta can chiing minh ba véc-to dai
dién trén 12 phu thudc tuyén tinh. Do cdc diém A, B, C thang hang c6 sén theo gia thiét, nén ta c6
thé gia st ¢ = a + b cho tién tinh todn. Tuong tu, ¢’ = a’ +V'.

Ta ¢6 cdc tinh todn sau: Véc-to dai dién cia A” 12

(bAYANW Ne)=[bA(d +V)] A A(a+b)]
=(0bAd+bAV)ANW Aa+V AD)
=®BAd)ANB ANa)+ (A +anb)A b AD).

Véc-to dai dién cua B” 1a

(eAd)YN(d Na)=[(a+Db) Ad|A[(a +b)Aad]
=(aNd +bNd)A(d Na+V Aa)
=ObAd)ANB ANa)+ (bAd +aAb)A(d Aa).

Véc-to dai dién cua C” 1a
(@aANV)YA(d ANb)=—(bAd)N Y Aa).
Do d6, chitng minh ba diém A”, B”, C" thang hang tuong duong véi chitng minh ba véc-to
(bAd +aANV)ANB Ab), (bAd +anb)A(d Aa),(bAa") A (Y A a)phu thude tuyén tinh.
Ta can cdc tinh chit co ban ctia tich ¢6 huéng trong R3 nhu sau:
Tinh chdt ciia tich cé hudng
@aA(bAc)=(a-c)b— (a-b)c. Odiy, a-clatich vo huéng giita hai véc-td a va c.
() (@ Ab) A (a Ac) = la,b,cla, trong d6 [a, b, c] 1a tich hdn tap cla ba véc-td a, b, c.

(iii) (a AD) - ¢ = [a, b, c].



Bén cdch chitng minh dinh i Pappus

Cic tinh chit nay xem & sach [4], trang 198. Nhd d6, ta c6 céc tinh todn sau. Dbi v6i véc-to
tht nhét,

(bAd +aANV)YANB AL)=(ObAd)ANO AD)+ (aAV)A B AD) .1)
= —[b,d,b']-b—[V/,a,b] - V. (2.2)
Ta tinh todn véc-td thif hai:
(bAd +aANV)AN(d ANa)=(bAd)A(d ANa)+ (anb)A(d Aa) (2.3)
= —[d,b,a] - d —[a,V,d] " a. 2.4)
Dbi v6i véc-to thii ba,
bAdYANW Na)=[bAd) albl —[(bAd) V]a (2.5)

= [b,d’,a]-b' — [b,d,b] - a. (2.6)

Ngoai ra, néu ddo chd cc véc-to thi véc-to thi ba 6 biéu dién thit hai nhu sau

(bAdYNDB Na)=—b" Na)A(bAd) 2.7
=—[t'ANa)-d]- b+ [V ANa)-b]-d (2.8)
=—[,a,d]-b+ [V, a,b]-d. 2.9)

Gia st duong thang AB va A’ B’ cit nhau tai diém O. Khi do, ton tai cac sd thuc k, 1, k', I’
sao cho
ka+1b=FKd +1U'V

(véc-to nay dai dién cho diém O).

Ta co
I (22) — K- (2.6) = —[b,d, V] - (I'b— Ka) — [I'V + K'd',a,b] - ¥/ 2.10)
= [b,d’,V]- (K'a—1U'b) — [ka +1b,a,b] -V (2.11)
=0
va
K (24)=1-(29)=—[Kd +1'V,b,a]-a" —[a,V,d'|(K'a—1'D). (2.12)
—_—
=0

Do d6, cac véc-to (2.2), (2.4), (2.6) (trong d6 (2.6) va (2.9) cung la véc-td thi ba) phu thudc
tuyén tinh. Ta c6 diéu phai chiing minh.
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2.4. Chitng minh thi tw - Theo phuong phap dai sé kiéu duong cong
dai s6

Chitng minh. Ching minh nay dva vao Pinh 1i 3.1 theo sach ctia Robert Walker [5], trang 59 c6
ndi dung nhu sau:

Pinh Ii 3.1. (theo tai liéu [6]) Néu hai duong cong c6 bdc m va bédc n ¢é chung nhiéu hon mn
diém thi chiing c¢6 chung mét thanh phan.

Ta hiéu dudng cong trong mit phang xa anh P2(R) 1a d6i tugng dudc dai dién bdi da thiic
thuan nht trén P?(R) va khi hai dudng cong c6 chung mot thanh phan thi ta hiéu 12 hai da thiic c6
chung nhan tit khong tam thuong.

Ta xét hai dudng bac ba xic dinh bdi cic dudng thang AB’, BC',CA’, ki hiéu 1a F,
va A'B,B'C,C"A, ki hiéu bsi G. Khi d6, F va G la hai duong bac ba c6 chung 9 diém:
A B,C, A, B C' A", B",C".

Goi O la giao diém ctia D va D'. Do F va G déu khong di qua O nén ta tim dugc céc sb
thuc a, b # 0 sao cho aF + bG la dudng bac ba di qua di€ém O.

Khi d6, dudng cong bac ba aF + bG nay c6 chung bén diém véi dudng bac mot D va D',
Nén theo dinh i 3.1 [5], trang 59 néu & trén, aF + bG c6 chung thanh phan véi D va D’.

Do D va D’ déu 1a bic mot nén ching bat kha quy, do d6, aF + bG nhan D va D’ 1a thanh
phan ctia aF + bG.

Nhung do aF + bG la dudng bac ba, nén diéu nay dén téi da thic aF + bG c6 thém mot
thanh phan bac mot nita ngoai D va D’ va thanh phan nay bat budc phai chiia ba diém A”, B”, C".
Tir d6 suy ra ba diém A”, B”, C" thang hang. O

2.5. Binh luin thém

MBbi chiing minh s& dong gép cac géc nhin khac nhau vé bai todn va sit dung mot mang kién
thic khac nhau, cho phép ngudi hoc thiy dugc kién thiic dugce van dung sinh dong ra sao trong
thuc tién. Tir thuc tién day hoc, chiing tdi thy riang viéc dua ra cac chiing minh khac nhau sé gép
phan 1am cho viéc hoc ctlia sinh vién trd nén tét hon vi ho thiy dudc stic manh cta cic kién thic
dudc hoc & nha trudng, chit khong don gian 1a nhiing kién thic chi dung d€ di thi.

Chitng minh thi nhit chi doi héi céc kién thiic don gian vé hinh hoc gidi tich, viét phuong
trinh dudng thang chin, diéu kién cic diém thiang hang theo kiéu dinh thitc. Chitng minh nay phi
hop cho sinh vién nim 1-2 gidp 6n luyén cic kién thiic co ban vé phuong trinh, hé phuong trinh.

Chiing minh thi hai doi hdi ngudi hoc phai nim dugc khai niém ti s6 kép, phép chiéu xuyén
tam 12 bién ddi xa dnh. Chiing minh nay 1a mot ing dung t6t vé ti s6 kép, mot bat bién ctia hinh
hoc xa anh.

Chiing minh thit ba doi hdi ngudi hoc phdi nim dugc cic ki thuat vé tich véc-to. Pay 1a
mang kién thiic khong phai sinh vién nao ciing nim dudc vi n6 nam & lung chiing cac mon hoc:
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Dai sb tuyén tinh thi khong day t6i, vi khdi luong kién thic da qua nhiéu, ma Hinh hoc tuyén tinh
lai chua chu trong méng tinh to4n nay. Do d6, chiing minh thi ba ding d€ minh hoa cho ngudi hoc
thiy dudc siic manh ctia ki thut tinh toan véc-td. Phit hgp cho sinh vién chét lugng cao hoic sinh
vién ndm 3 trd 1én.

Chiing minh thi tu doi hdi ngudi hoc phai c6 kién thiic nhap mon vé dudng cong dai s6,
tuy khong kho, nhung doi hdi ngusi hoc phai ty hoc thém ngoai, phu hgp véi nhitng sinh vién c6
nhu ciu 1am nghién citu khoa hoc sinh vién.

3. Kétluan

Bai bdo dua ra bén chiing minh cho dinh li Pappus tif cac cich tiép cin khac nhau: Hinh
hoc gii tich, ti s6 kép xa anh, dai s tuyén tinh va tinh todn véc-to va cudi cung 1a phuong phap
dai sb ki€u duong cong dai s6. Mdi cach chiing minh cung cip mot géc nhin cling cdc wu va nhudc
diém khac nhau, tit d6 tdc gia mong mudn bai bao s& 12 mdt tu liéu hoc tap tét cho sinh vién va
hoc vién cao hoc.
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Pappus’s theorem is a classical result in geometry. We present four proofs for Pappus’s
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