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THE SEMILINEAR COUPLED SYSTEMS FOR THE EXTERNAL DAMPING
MODELS WITH VARIABLE COEFFICIENTS

Pham Trieu Duong
Faculty of Mathematics, Hanoi National University of Education

Abstract. We present in this article some results on the global solvability with
arbitrarily small data of the Cauchy problem for the following semilinear coupled
system with a variable coefficient

g + a(x)(=A)%u + ug = F(| D], vy),
vt + a(x)(—A)7v 4+ vp = G(|D|%u, uy),
u(0,2) = uo(x), us(0,2) = ur(x),

v(0,2) = vo(x), v:(0, ) = v1(2).

The nonlinearities are of the form (F,G) = (||D|*v|P,||D|*u|?), or (F,G) =
(|ve]P, |ut|?), and the parameter o satisfies o € (0,1). We will show that the
“critical exponents” p, g for the small data global solvability have a close relation to
the established exponents of the corresponding semilinear problems for the external
damping equations.

Keywords: external damping, coupled systems, global (in time) solvability, decay
estimates, small data solutions.

1. Introduction

In [1] Nishihara and Wakasugi studied the Cauchy problem of the weakly coupled
system of the damped wave equation

Uy — Au~+uy = |v|P, t > 0,2 € R™,
vtt—Av+vt lul?, t >0,z € R™, (1.1

(U,Ut,’l),’l)t>(0,l') = (u(]?ulvaavl)( )7 VS R™
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They have proved that global existence of small data solutions to (1.1) holds in any space
dimension n > 1, provided that
max{p,q} + 1

n
=< . 1.2
e P— 5 (1.2)

It can be checked directly that condition (1.2) is equivalent to

max{p, ¢}(min{p, ¢} + 1 — pr(n)) > pr(n), (1.3)

where pr(n) = 1 + 2/n is the Fujita critical exponent for the damped wave equation.

The aim of our current study is to obtain results analogous to that of [1] in the

case of fractional damping models using the decay estimates for linear external damping

2
nt 7. For the Cauchy problem
!

models. Let us denote pp = pg(o, o) :=

uy + a(—A)u+u, = ||D|*vfP, t > 0,2 € R",
v+ a(=A)70 + v = [[D]uft, ¢ > 0,2 € B, (1.4)
(U,U,t,U7Ut)(O,{E) = (UO,Ul,UO,Ul)(ZU), S Rn’

where 0 < a = const, | D| := (—A)z, we will show that the global existence of the small
data solution holds if

max{p, ¢}(min{p, ¢} + 1 —pp) > pr (1.5)

forall n > 2.
For the Cauchy problem with nonlinearities (F, G) = (|v4|?, |u|9)

g + a(x)(—A)7u 4+ up = v P, t > 0,2 € R™,
v+ a(2) (—A)70 + vy = e, ¢ > 0,2 € RY, (1.6)
(u7 Ut, v, Ut)(ov I’) = (Uo, Ui, Vo, Ul)(x)7 S ]Rn’

we will prove the global small data solvability in the class H* (for sufficiently large s)
under the following condition

p,q > Dps, (1.7)
where the exponent pg is linked to the global solvability of the following Cauchy problem

g + a(x)(—A)7u 4+ up = Jwe|?, w(0,2) = up(x), u(0, ) = uy(x). (1.8)

We recall that the general semi-linear structurally damping model is a family of following
problems containing the fractional Laplacians with parameters o and o

U + (—A)7u + (=A)uy = F(u,uy, | D|%u),
u(0, %) = ug(x), ue(0,x) = u(x), (1.9)
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(see [2, 3, 4, 5] for the studied damping models).
In general, without any restriction on the parameter o, we can define the fractional
Laplacian by the Fourier transform

F((=A)7£(£)) = €7 F(£)(€)

for all o > 0, where F(f) denotes the Fourier transform of the function f with respect to
the x variable.

For o € (0,1) we can use the integral representation of the fractional Laplacian:

(-8 u(e) = ena [ ulz) — uly) ;.

w o —ylrrze

for sufficiently smooth u, with a normalization positive constant ¢, , = %ﬁi;’)
depending on n and o.

For the external damping model, where 6 = 0, using the diffusion phenomenon and
the Markov property of the semigroup generated by non-negative self-adjoint operators
(see [6]), we have recently obtained in [7, 8, 9] the following decay estimates for the
solution of the linear external damping problem. Let a(x) be a continuous function
satisfying

a; < a(z) < ag, forall z € R", (1.10)
with positive constants ay, as. Then the solution v(t, z) of the linear Cauchy problem for
external damping model

vy +a(x)(—A)v+v, =0, t >0,z € R", (L11)
v(0,2) = vo(z), v:(0,2) = vi(x), x € R™, '
and its derivatives satisfy the following (L' N L?) — L? estimates
[o@, )z S (1 +1) "4 Jvollinze + (14 8) 74 |vr | ian -, (1.12)
no 1 _n_1
[0t e S (L 48)" 202 Jvoll prrge + (14 1) 40 2 |ur[| g2, (1.13)
loe(t, e S (L +8)7 30 ol e + (14872 Hvr[lpaare, (1.14)
n_k _n_k
ot e < (1407530 gl e + (1075 3 oyl peer (L1S)
ik Kk
et Mg S (U737 772 fluo | s + (L 8) 7302 ol e (116)

In the case when a = const > 0 we have also the following additional L? — L? estimates
[o(t, )z S llvollzz + (1 +8)[Jor] e,
loe(t, llze < A +8) " lvollme + llonllre,
1 1
D[ v ez S (1872 [vollae + (14 8)72 o 2.

The above linear estimates are essential in the study of the global solvability of various
nonlinear Cauchy problems for damping models with arbitrarily small initial data.
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2. Main results

In this section we will state our main results. First we consider the case when the
nonlinearities have the form |u;|? and |v;|? with p, ¢ > 2. We introduce the exponent

psi=s+1—-o

n
f0r5>a+§.

Let us consider the Cauchy problem for the following system of the nonlinear
external damped model

g + a(x)(—A)7u+up = v P, t > 0,2 € R™,

v+ a(z)(—A)70 + v = w9, t > 0,2 € R™, (2.1

(u, ug, v,v)(0, ) = (ug, uy, vy, v1)(x), r € R,
with o satisfies 0 € (0,1) and n > 4o0. The coefficient a(z) is supposed to be a
continuous function satisfying condition (1.10). The data (ug, u;, v, v;) are assumed
to belong to the function space <(L1 N H*) x (L' N Hs")>2 with s > 0 + g Then,
for any p,q > pg, there exists a uniquely determined global (in time) small data energy
solution from (C’([O, 00), H*) N C*([0, 00), Hs_")>2. Next, let us consider the case
(F,G) = (||D|*v|?,||D|*u|?), where a € [0,0) and 0 < a = const. For pp = %27,

n+a
we put
1(p) 1= NP =P 22)
g
_(n+a)lpe —q)+
v(q) == S (2.3)

- the parameters that represent the possible loss of decay with respect to the corresponding
linear estimates for u and v. We use here the notation (k) := max{k, 0}.

In the following study, we note that p,q can be strictly smaller than pg, which
means that y(p) or (¢) can be positive. Then we have the following global solvability

result for problem (1.4). Let p,q > pgp — 1 and p,q € [2 such that the

"n+2(a— 0))
condition (1.5) holds for o € (0,1). Moreover, suppose that the data (ug, uy, vo, vy) are

chosen from the space A := ((L' N H?) x (L' N Lz))2. Then there exists € > 0 such that
for all n > 2 and for any small data (ug, uy, vo, v1) with

A = |[(ug, vo)||lprame + [[(ur, v1)||pinze < € 2.4)

there exists the (global) solution

(u(t, z), v(t,x)) € (C([0,00), H”) N C*([0,00), L))
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to the Cauchy problem (1.4) with @« € [0,0). Moreover, the following estimates are
satisfied

Jult, Yz S (L+8) i@ A, 2.5)
ot Iz S (L +1) 740704, (2.6)
Jult, e S (1+8) "G 2+70 4, @.7)
lolt, Mo S (1 4+1) 37 2904, 2.8)
lus(t, Mz S (L+18) 30 @4, 2.9)
loe(t,)lze S (L4 8) 1700 4, (2.10)

in the case when p,q # pg. If p = pg or ¢ = qg then the corresponding loss of decay
(1 +t)7® or, respectively, (1 + )79, is replaced by log(e + t).

3. The proof of main results

Proof. (of Theorem 2).
Let us denote

A = ||(uo, vo)|| Lrams + || (w1, v1) || Lrams—o- (3.1)

2
We introduce the data space A := ((L2 NH*) x (L' N H“"*")> and the solution

2
space X (t) = (C([O, t], H%) N C'([0, t], HS*")> with the norm

I llxe = sup (W) + W (). (62)
where
W(w) = (folr) ™ fulr)lle + £:0) Dl )t (33)

9(r) e, ez + gomo (7)) NDITua(7 )l 22),

and similarly for v.
From the estimates of Proposition 1., we can choose

Folr) == (147) ", fo(7) i= (147) " H5 735, g(7) i= (147) "5, gy o(7) 1= (147) 16~ 55

We define the integral operator N : (u,v) € X (t) — N[u,v] € X(t) by

Nlu,v] = L + (Fv, Gu),
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where
L = Ey(t,x) *; (uo,vo)(x) + E1(t, x) %, (ug,v1)(x),

t

F(v) = / Ei(t — 7,3) %, |vy(7, @ ‘ dr,
o

G(u) = / Ey(t —71,x) |ut (1,2 } dr.
0

The local and global existence of small data solution to (2.1) will follow by the standard
contraction argument if we can show the estimates

INTu, vl x@) S A+ 1w, 0) 5 + 1w 0) 3.4
and the Lipschitz property
[NTu, v] = Nla, 0]l x@) S (3.5)
s v) = @9 (1l s )y + sy + )y + 1))

for the exponents p, g satisfying given conditions.
By the linear estimates (1.12)-(1.14) in Prop. 1., it follows immediately that

L] x) < A.

Next, we will estimate the L?-norm of Fv itself. To do that we apply the (L' N
L?) — L? estimates on the interval [0, ¢] to conclude

t n
|Ev(t, )|z < / (1 4+t —7) 40 |||vy(7, )|P|| Lrr2dT (3.6)
0
From the definition of L,-norms we get directly that

()P lnze S lon(m )lzs + [[oi( )2

To estimate the norm ||v¢(7, -)|| t», k = 1, 2, we apply the fractional Gagliardo-Nirenberg
inequality from Proposition 5.1. in the following form

S—0 0 s—o 2 1-6 s—0o 2
lw(r, Mea S PP~ wlr, = [fw(r, )" 3.7)

with w(7, ) = u(7, ), where for ¢ > 2 we need

1 1
bo,5-(q,2) = . ﬁ . (5 - 5) € [07 1);

thatis, 2 < g if < 1.

2(s—o)
8
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Since 8y s_»(p, 2) < 05— (2p, 2), we obtain on the interval (0, t) the estimate

t n
[ =t Pl <
0

n

t n _( n Ll 1
u,v)|[? L+t =) ie (14t G ) g (3.8)
X(t)
0
Similarly, we get the L? estimate for Gu.

Now we recall that, for max{a; 8} > 1, the inequality
t .
/ (1+t—7) (1 +7)Pdr S (1 +t)™mned (3.9)
0

holds.
If p, ¢ > pg, then in that case,

n n n
p(5+1+%(%—§))>@>1,

thus

t n (el 1 n
0

Therefore the L?-norm of Fv is bounded by C'(1 + t)fﬁ [(w, v)[|% ;- Similarly, the same
argument is applied for Gu

By this approach we have proved the L?-norm estimate in (3.4) for F'v and Gu.
Differentiating the equations for /N |u, v] with respect to ¢t we obtain

¢
O Nu,v] = Ly + / O (G1(t — 7, 2) *() [Fv, Gul)dr.
0

Using the above technique to estimate F'v we arrive at

n

(1+7) a0 O Fo(r, )|z < Cl(u, 0)|%, forall 7€ [0, (3.11)

under the same assumption for p, q.

Now we turn to estimate ||0;|D|*~7 N[u(t,-),v(t,-)]|| 2. We use the following

t

0| D|* " Nu,v] = |D[“51Lt(t,x)+/ | DI~ (B (t—7, @)% (|ve (7, )P, |we (7, ) |P) ) d.
0

9
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Taking account of the linear estimate (1.16) with & = s — o and using the (L' N L?) — L?
estimates on the interval (0,¢) we obtain

t n+2(s+0)
10| D"~ (Fv) |2 5/ L+t —7)" a0 ([oelr )P lleinze + [lve(r, )]
0

femo ) dT.
(3.12)

The integral with |||v(T,-)|?||z1nz2 Will be estimated by the Gagliardo-Nirenberg
inequality, as before, in the following manner

t _ n+2(sto)
/ (I+t—7)" Ao |[Jo(7, )Pl L1rpz dT
0

! _nt2(sto) (e (L1
,§||(u,v)||§((t)/0(1+t—7-) 1y 63)) gy

In order to apply inequality (3.9) with a := % and b := p(% +1+ %(% = %)) we

need the condition a < b, that is equivalent to the following condition for p:

p>1+"525) (3.13)

To estimate the integrals with |||v;(7, -)|?|| .-~ We apply the composition result (see
Corollary 5.2. in Appendix) for p > s. Thus we can proceed further as follows:

t n_sto
/(1+t_7)_4"_ 20 |[|o(T, )|
0

Fro—odT

oo [[[0e(7, )| d

¢ n_sto
5/ (L+t—7) 40" 20 |7, -)]|
0

b dT (3.14)

t
_n _stao
S/O(Ht—f) 4020 || [oe(7, )| grs—o [l [0e(7 )]

¢ _n _sto p—1
S [a+t=n 5 ur)l P L
0

with s — o > 50 > 7.

f1e=o (IIIvt(T, ez =+ o (7, )l

Using again the linear estimates we get

t _n_sto
/0 L+t —7)730 20 [[Jo(r, )Pl oo dr S [I(u, 0) [

t n _sto no_y oy n sto\p—1
/ (tt-n B % 1) B () B ) %)
0
(3.15)

It is obvious that for p > 2 and s > 1 the integral in the right-hand side of (3.15) can be
estimated by application of inequality (3.9), therefore it implies

n

t n _ sto n _sta
/0 (L4 7)1 20 [|[|u (7, ) [Pl gremrdr S (1 48) 720 20 [|(w,0) [ -

10
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An analogous reasoning leads to the other estimates in (3.4) which are required in the
definition of X (¢)-norm.

The second inequality (3.5) is obtained by Holder’s and Kato - Ponce’s inequalities.
Namely, the L' N L?-norm of F(uv(7,z)) — F(0;(7,x)) for F(v;) = |v, [P is estimated
by using

|F(05) = F(00)] < v — 0| (Joe[P ™ + [3:P7).

Applying Holder’s inequality we obtain

1E (ve(7, ) = F(@e(r, Dz S lloer, ) = e(r ) o (loe(r, Nz + 12 )N,
1E (ve(r, ) = F(ou(r, D2 S Joelr, ) = 87, )z (loe(m, ) 1720 + 1267, ) 1720 ).
The LP and L? norms of the difference v, — ¥, are estimated again by the fractional

Gagliardo-Nirenberg inequality. Therefore, these norms can be bounded from above by
the norms of ||v; — ¥y|| 2 and ||v; — ¥4| .. that are included in the X (¢)- norm.

To obtain other Sobolev norms estimates for the difference (u,v) — (a,0) we will
use a version of Kato-Ponce inequality (see Proposition 5.2.) that is formulated in the
homogeneous Sobolev scale. That inequality is also known as the fractional Leibniz rule.
Let us denote v = s — 0. We can estimate

Ifoe(s, )P = 10e(s, )Pl o §/O [(vels, ) = e(s, ) f (Bve(s, ) + (1= 0)ve(s, )|, dO
(3.16)

with f(w) = w|w[P~2.
Now we apply the Kato-Ponce inequality from Proposition 5.2. with the following
constants p1, q1, P2, g2 > 0:

r=ps=q =2,p1 =2 =X,
to estimate the H-norm of the product fg, with f := f(0v,+ (1 —0)%,) and g := v, — ¥,
in the right-hand side of (3.16).
D (Fallz S N f 1l HIDP gllzz + D fllc2llgllze- (3.17)

With the assumption p — 1 > v = s — o the norm in H? = H7 of f(fv, + (1 — )%, can
be estimated if we apply a general composition result for homogeneous Sobolev spaces
(see Corollary 5.2.).

By this way we obtain the second inequality (3.5) for the operator N [u, v], since
p—1> v = s — o is equivalent to our condition p > s + 1 — o and both of the norms
lve(t, -)|| 2 and ||vy(2, -)|| 7+ are included in the norm ||(u, v)|| x(4)-

We can summarize now all conditions for the exponents p and ¢ that have been
derived from the above considerations as follows:

11
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* From the application of the Gagliardo - Nirenberg inequality: p, ¢ > 2.

no+2(s—o)

* From (3.13): p,g > 1+ (nt20)

* From the above application of composition result: p,¢g > s+ 1 —o .
It is clear that these conditions are reduced to the last one

p,q>s+1—o,

sinces+1—a>2ands—|—1—a>1+%§;)f0rs>a+%.

Thus we have verified the required sufficient condition p,q > s + 1 — o for the
existence of global (in time) small data solution to the Cauchy problem for system (2.1).

Theorem 2. has been proved completely. [

Proof. (of Theorem 2.) We introduce for all ¢ > 0 the function space
2
x(t) = (e(0,0, 57y nc' (0,4, 7))

with the norm

1(u, v) || x0 = sup ((1 F ) TOW () + (14 t)—%q)W(v)), (3.18)

0<r<t
where
W () = (fo(r) " ulr, ez + fo (1) DI ulr, )|z + () Hlwe(r, ) llz2), (3.19)

and similarly for v.
From the linear estimates in Proposition 1. we can choose

folr) = (147)74, f(r):=0+7)% V2 g(r):=(1+7)"%"L

In the case p = pg (or ¢ = pg) then we will replace (1 + 7)~7(®) (respectively,
(1+7)77@) by (log(e +1))~*.

In the following we denote by Ey(t,z) and E;(t; z) the fundamental solutions to
the linear equation, corresponding to the two initial data, namely the solution for the linear
problem (1.11) with the Cauchy data (ug, u) is given by

u= Ey(t,x) *; up(z) + E1(t, ) %, us(x).
We define the integral operator N : (u,v) € X (t) — N[u,v] € X(t) by:
Nlu,v] = L + (Fv, Gu),

12
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where

L = Ey(t, ) *; (ug,vo)(x) + Er(t, ) %4 (u1,v1)(x),

t
F(v) = /E1<t—7'£ll 2 ||D|*v(r, )| dr,
0
G(u) = /El(t—Ta: ||D|°‘ u(T, ’ dr.
0

The local and global existence of small data solutions to (1.4) will follow by the standard
contraction argument if we can show that the estimates

INTw, lllxy S A+ 1w, 0) ) + 11w 0) [ (3.20)
and the Lipschitz property

) = ()| (100 [y + 1162 ) gy + 1)y + 119 )

are valid for the exponents p, ¢ satisfying the given conditions.
First, we will prove the inequality (3.20).
By the linear estimates (1.12)-(1.14) in Prop. 1., it immediately follows that

1Ll x@ S A

Now we will estimate the L2 and H° norms of Fv and Gu.

We use the L' N L? — L? estimates if 7 € [0,¢/2] and the L? — L? estimates if
€ [t/2,t]. Then

, t/2 n ,
DI Fulla 5 [ (14 £ = 1) 7E 2| IDfeugr ar
0

p
» LNL2

t
e [ Te e
t/2

where j, k=0, 1and (j, k) # (1,1). We will estimate ||D|*v(7,-)|[" in L' N L? and in L*.

Obviously ||||D[*v(r
lprep,. = (1Dl

Wliese S N1PF0E L + ID170]]7, an

We apply the fractional Gagliardo-Nirenberg inequality with the interpolation
exponents 6, ,(p,2) and 6, ,(2p, 2) from the interval [0, 1) (see [3, 5, 10] and Appendix

13
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for the formulation, proof and notations). This gives the condition 2 < p <
n
—— . Accordingl
n+2(a—o) gy
—p(nta)+n

H‘|D|a 14+7)" 2 Py ||(u U)Hg((T),

N e S €
because of 6, »(p, 2) < 04.,(2p, 2), meanwhile

n ao(2p2)
(14 rp a2 ) @ ()

plnta)njz )
=(1+7) 20 ) (u, )%

ot )Ml =

Combining the last estimates we conclude

—p(n+a)+n

t/2 (
DI Fula S (14675 4w, [ (14 1T gy
0

p(nta)—n/2 t .
) ) / (14t — 7)=C/260) 4090 g
12

and similarly for Gu

—q(nt+o)+n

t/2
||8J|D|kUGU||L2 (1+t)" 4 —(k‘/2+j I (u, U)HX(t / (1 —i—T)T‘H”(p)dT
0

alnta)-n/2 t ki
F BT o)l [ (e ey
t/2

We will proceed with the integrals over (0, ¢/2) first.
2 —p(n+a)+n
If p,qg > n%——'— 7 = pe, then v(p) = v(q) = 0, and the terms (1 +7)~ 20
n+a

—gq(ntao)+n .
(14+7) 2 are integrable.

Moreover, we have

p(nta)—n/2 t 4
N ]|(u,v)\|§((t)/t/2(1+t—7—)1—(3k/2+3)d7-

_p(nta)=n/2 p i 1= (3k/245) —(k/2+5) p
= (1+1) 20 ||(U,U)||X(t)/ (1+7) dr < (1+1t) 3 [ (u, )%,
0

Now consider the more interesting case, when min{p,q} < pg. Suppose that
q > p. Then our condition implies that ¢ > pg and y(q) = 0. In that case

t/2 . (n+a)+n 1+1)® if p <
o log(e +t)if p = pg.

14
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On the other hand, it is easy to verify that condition (1.5) is equivalent to

—q(n+a)+n
20

+qv(p) < -1,

—gq(nta)+n
therefore the term (1 4+7)" 20 "9® again is integrable over (0, ¢/2).

The second integrals over (¢/2,t) are easier to be estimated thanks to the condition
p,q = pe— 1L

Summarizing the above we arrive at estimates of the L2 and H” of Fv and Gu.
The Lo norms of (Fv); and (Gu); can be estimated in the similar way if we apply again
the linear estimates from Prop. 1.

Hence the first inequality (3.20) has been verified. The second inequality (3.21) can
be proved by the same arguments as in the proof of Theorem 2, with the application of
Kato - Ponce’s inequality in the homogeneous Sobolev spaces.

Theorem 2. thus has been proved completely. [

It is obvious, thanks to the linear estimates, that the statement of Theorem 2.
remains valid for the following model

g + a1 () (—A)7u + byuy = |vfP, t > 0,2 € R™,
Uy + ag(x)(—A)7v + bovy = |ug|?, t > 0,2 € R™, (3.23)

(u, ug, v,v)(0, ) = (ug, uy, vo,v1)(x), r € R,
where a1 (), as(x) are continuous functions, by, by are positive constants, and
0 < C) <ai(z) < Oy,
for ¢ = 1, 2 with some positive constants C, Cl,.

4. Conclusion

We have obtained two results on the global solvability of the Cauchy problems
for nonlinear coupled systems for external damping models. Our results generalize
previous works in [1] for the classical damping model and in [2] for the coupled system
of structurally damped waves with constant coefficients, where the authors considered the
nonlinearity of the form (F, G) = (|v|?, |u|?). We have developed a new approach to using
the diffusion phenomenon to deal with the difficulties that arose in the external damping
models with the variable coefficients. In order to apply the contraction arguments
with new nonlinearities containing the derivatives of solutions, such as (|v:|?, |u]?)
or (||D|*v[?,||D|*u|?), we need some advanced technical results from the harmonic
analysis: the composition results, the fractional Gagliardo-Nirenberg inequalities, the
Kato-Ponce’s inequality, that allow us to obtain estimates for the nonlinearities in Sobolev
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spaces with non-integer orders. In the limit case 0 = 1 and @ = 0 the exponent
pg for solvability obtained in Theorem 2. becomes pg(1,0) = “2 = pp, and thus
our result coincides with the result in [1] for the coupled system of classical damping
wave equations.

5. Appendix
5.1. The fractional Gagliardo - Nirenberg inequality

We will present here the formulation of the fractional Gagliardo - Nirenberg
inequality in homogeneous Sobolev spaces (see [10]). [Fractional Gagliardo - Nirenberg
inequality for the homogeneous Sobolev spaces] Let a € (0, ¢). Then for all m € (1, 00)

1 daclam) (5.1

Ha,cr )
1101wl za < [[1D17ul|3r @™ fJu(r, )

forallu € H o™ whenever the condition

1 1
ea,U(Q7m) = g(% - 5 + %) € [ga 1)

. .. a .\ . .
is satisfied. We note that the condition 6, ,(¢, m) € [—, 1) is equivalent to
g

5.2. The composition results

We introduce the class Lip i as follows (see [11]). Letpu > 0,N € Ny and
0 < a < 1suchthat p = N 4 «. We define

, () — f(N)
Lip p = {f e CNleR) : fD(0)=0,7=0,...,N, and sup 7o) = F (0] < oo}.

to#t1 lto — ta]®
(5.2)
Further, we put
<« 1/9) [f M (k) — fM (1)
Wlown =2 St o™ ool &Y

It is clear that [¢t|* € Lip u, t|t|*~2 € Lip (u — 1) for g4 > 1. The following useful
general composition result for the class Lip 1+ was obtained in [11]. Let us denote o, =
nmax{0; % — 1}. [Theorem 6.3.4 (i) in [11]] Let 0, < s < pand p > 1.
Then there exists some constant ¢ such that
IG(UNlrs, < llGllzip ull Fllg I

p,q —
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holds for all f € F; N Ly and all G € Lip u.  Proposition 5.2. together with the
Sobolev embedding imply immediately the following result in the supercritical case s >
2. [Composition result]Let s € (%, p). Denote either G(u) = |u|’ or G = +u|u|’~! with
p > 1. Then for all u € H? the following composition estimate holds:

1G(w)]

we S fullfs-

In the homogeneous spaces, we can obtain the composition result by the following
estimate Letp > 1,1 < r < coand u € H®", where s € (%,p). Let us denote by
F(u) one of the functions |u[?, +|u[P~'u with p > 1. Then the following estimate holds:

1E'(u)]

Jul [~

Hsr S ||U| Hsr

Under the assumptions of Proposition 5.2, it holds

£ (w)]

Jul |7

for Sl gror

The proof can be found in [S]. [The Kato-Ponce inequality for homogeneous Sobolev
spaces] For all functions f € H*P> N L% and g € H*% N LP* it holds

IDE(f D S N flle 1D gllza + [ DI fll 2o (|9l Loz, (5.4)
wheres>0and%:pil%—qi1 :I}Q—l—qizforl <r<oo, 1 <pi,q <00,1<pry,q <o0.

The proof of this harmonic analysis result can be found in [12].
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