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PHUONG PHAP LAP SONG SONG RUNGE-KUTTA HAI BUGC

Nguyén Thu Thuy
Khoa Todn - Tin, Truong Pai hoc Su pham Ha Noi

Tém tit. Bai bio xdy dung 16p cac phuong phap ldp song song Runge-Kutta (RK) hai budc
¢6 cap chinh xac cao dé giai bai todn gid tri ban dau khong cuong ctia hé phuong trinh vi
phan cip mot: y'(t) = f(t,y(t)) cho mdy tinh song song. Bit dau v6i mot phuong phap
Runge-Kutta s—nic 4n hai budc (TSRK) c6 cip chinh xdc p, chiing ta 4p dung qua trinh
lip song song du bao- hiéu chinh P(EC)™ E. Bing cach nay c6 thé thu dugc mot phuong
phédp Runge-Kutta hai budc hién c6 cip chinh xdc p v6i moi m va c¢6 s(m + 1) lan tinh
ham vé phai ma trong d6 s gia tri ¢6 thé tinh song song. Bing cac thit nghiém s chiing tdi
chiing té dudc phuong phap ldp song song trong bai bdo nay hiéu qua hon cac phuong phap
tuan tu va song song hién co.

Tir khéa: Phuong phap Runge-Kutta 4n, du béo- hiéu chinh, tinh &n dinh, song song.

1. Mo dau

Xét bai todn gia tri ban dau ctia hé phuong trinh vi phan cip mot:

y'(t) = £(t,y(t)), y(to) = yo, to <t <T, (1.1)

trong @6y : R — R?vaf: R x R? — R,

Céc phuong phép s6 hiéu qua nhit d€ giai bai toan (1.1) 1a cidc phuong phap Runge-Kutta
(RK). Trudc day la cac phuong phap RK hién (xem [1]), sau nay, khi mdy tinh song song ra doi
1a cac phuong phap RK song song (xem [2]). Mot phudng phap RK song song thudng dudc xay
dung tit mot phuong phip RK 4n (IRK). Giai phuong trinh vec to nic ctia phuong phap IRK bing
mot phép ldp hién song song ki€u du bdo- hiéu chinh, ta sé thu dudc mdt phuong phap 1dp song
song RK (PIRK). Do gi4 clia cac phuong phap PIRK tip trung chd yéu vao sb 1an tinh toan ham
vé phai nén cic nghién cifu vé phuong phap PIRK thudng huéng dén tiéu chi 1a giam sb lan tinh
toan tuan ty ham vé phai. Véi muc dich nay phuong phdp lip song song RK hai budc (PITRK) Ia
mot phuong phéap song song t6t vi né sit dung day di thong tin ctia budc trudc va cé cap chinh xac
kha cao.

Trong muc 2.1 ching t6i s€ gidi thiéu lai phuong phap TSRK theo céch trinh bay cda
Nguyén Hitu Cong [3-5]. Trong muc 2.2 ching t6i sé gidi phuong trinh vec td nic 4n ctia phuong
phap TSRK bing mot phép lip hién song song kiéu du bao hiéu chinh, trong dé cong thiic du bao
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cling st dung day du thong tin ctia mot budc trude. Két qua chiing t6i thu duge mdt phuong phap
PITRK c6 cép chinh xic cao v6i sb 1an tinh toian ham vé phai tuong dbi nhé & mdi buse. Trong
muc 2.3 chiing toi trinh bay céc két qua s6 khi ap dung phuong phdp PITRK vao mdt sb bai toan
thit thudng gip va so sanh két qua v6i cidc ma tuan tu va phuong phap song song tot nhit hién cé.

2. Noi dung nghién ciu
2.1. Phuong phap Runge-Kutta hai budc

Céc phuong phap TSRK da dugc xét trong [6, 7, 8]. Trong phan nay, ching ta trinh bay khai
quat cac phuong phap TSRK nay.

Gia st ta c6 vector trung khdp s chiéu ¢ =(cy, ..., c,)T véi cac thanh phan phan biét ¢;.
Phuong phap Runge-Kutta hai budc (TSRK) s nc cho bai todn (1.1) dudc xic dinh bdi:

Y, =wy,1+ (e —w)y,+hAf(Y,_1) + hBf(Y,), (2.1a)
Yn+1 = 9}’11—1 + (1 - Q)Yn + h[be(Yn—l) + de(Yn)] (2~1b)

Trong cong thiic (2.1), yy41 R Y(tnt1), Yn = y(tn), h1la budc ludi, A = (a;;), B = (bij)
1a cdc ma trdn ¢3 s X s va cdc vecto s chiéu w = (w;),b = (b;),d = (d;) 1a cdc ma tran, cdc
vecto tham s6 ctia phuong phap. 6 € R 1a hé sb clia phuong phdp. Vec to s chiéu e c6 céc thanh
phan bing 1. Cé4c vectd s chiéu Y,,, Y,,_1 va Y,,_o dugc ki hiéu 1a cic vecto nic biéu dién xap xi
s6 clia vecto nghiém chinh xic y(t,e + hc), y(t,_1e + hc) va y(t,_se + hc), tuong ting. Cac
ma tran tham sd A, B, cdc vectd u, b, d va sb thuc 6 dudc xac dinh bsi diéu kién bac (xem muc
2.1.1.).

Chiing ta biéu dién phuong phép nay bang bang Butcher sau:

w|A|B
0| b ’

DE c6 thé 4p dung dudc phuong phdp (2.1), ta can khdi tao cic gid tri xap xi ban dau
Yo;,7=1,...,svagiatriy; th yg véi do chinh xac can thiét. Diéu nay c6 thé thyc hién dudc,
vi du bing cach st dung phuong phap PIRK (da xét trong [9]) hoic phuong phap RK tuan tu. D6i
vé6i phuong phap TSRK (2.1), tai mdi budc, ching ta can 2s lan tinh todn tuan tu ham vé phai
£1a f(ty—1 + hej, Yno14), £(tn + hej, Yn ), 5 = 1,...,s. Tuy nhién, s 1an danh gid cta f 1a

f(tn—1 4+ hej,Ypo14),7 =1,...,sdaco san tif budc trudc va chi can tinh s gid tri cta f 1a
£(tn + hej,Ynj), 7 =1,...,s s gid tri cla f nay c6 thé dugc tinh song song trén s bd xt 1i. Do

d6, phuong phdp TSRK s néc (2.1) thuc hién trén mot mdy tinh s bd xt 1i, chi can yéu cau mot
tinh todn tuan tu f tai méi budc. Nhu vay, véi phuong phap TSRK s 1an tinh todn tudn tu ham vé
phai f tai mdi budc 1a s* = 1.

Phuong phap TSRK (2.1) bao gébm s nic an. Cip chinh xic ctia phuong phap nay c6 thé
dugc xét tuong tu nhu khi nghién ciu cip chinh xdc ctia cic phuong phap RK. Gia st rang y,, =
Y(tn), Yn_1 = y(tn_1e + hc), thi ching ta dinh nghia cip chinh xdc nhu sau (tuong tu nhu
trong [5-10]).

Dinh nghia 2.1. Phuong phdp TSRK (2.1) duoc goi la c6 cdp chinh xdc p* néu:

Y(tn+1) = yns1 =O(R"H),
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va cd cdp chinh xdc ndc ¢* = min{p*, ¢} néu théa man diéu kién,
y(tpe + hec) — Y, = O(h?™)
Trong muc tiép theo, chiing ta xét diéu kién bac cho phuong phip TSRK.
2.1.1. Diéu kién bac
Trong muc nay, ching ta xét diéu kién bac ctia phuong phap TSRK. Diéu kién bac ¢ cho
cong thiic (2.1a) va diéu kién bac p cho (2.1b) dudc xic dinh biang céch thay thé cac gid tri Y1,
Yn—1: Yn, Yn j Va yn41 b6i cdc gid tri nghiém chinh xac y(t,—1 + he;) = y(t, + h(c; — 1)),

V(tn-1) = y(tn — h), y(tn), y(tn + hej) va y(tns1) = y(tn + h), tuong tng. Thay cdc gia tri
nghiém chinh xac nay vao hé thic (2.1), ching ta thu dugdc hé thuc sau:

Y(tn + hei) — wiy(ty —h) — (L—w;)y(tn) — b > _ aijy’ (tn + h(c; — 1)) (2.2a)
=1

=B by (b + hey) = O(hITY), i=1,...,s,

j=1
Y(tn +h) = 0y (tn — h) = (1= 0)y(tn) — by _ by (tn + h(c; — 1)) (2.2b)
j=1
— b dy'(tn + hej) = O(RPHY).
j=1

Khai trién Taylor vé trdi ctia (2.2) tai 1an cin ctia diém ¢,, theo lily thira ctia h ta dudc:

q
d\! dN\atl
o0 () i) + 0 (hgr )y (e) = 0, (2.32)
=1
p
d\! d\p+1
3 D0 (h%) y(tn) + D®*D (h%> y(t*) = O(hHY), (2.3b)

=1

trong do, ¢ va t* 1a cic di€m nao d6 thudc doan [t,_1,t,4+1] va

o _ () (=1) - 1 v -1
C' = i — wj i —Zaij(cj -1) _Zbij(cj) ., i=1,...,s, (2.3¢)
J=1 j=1

1 —1)! - -
o =3 oS e -1 - S (2:3d)
j=1 J=1

V6i cp chinh x4c va cip chinh x4c nic ctia phuong phap TSRK, chiing ta c¢6 dinh 1i sau:
Dinh i 2.1. Néu f la ham lién tuc Lipschitz, va néu

(Ci)l o (_1)l : 1 -1 - b -1 =1 1=1 24
T_wiT—i-Zaij(Cj— ) —I—Z ij(cj) , 1=1,...,s,l=1,...,q, (2.4a)
j=1 j=1

1 _1l s - s -
7:9( z) +) il = DY “die)t, 1=1,...,p, (2.4b)
=1 j=1
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thi phicong phdp TSRK (2.1) ¢6 cdp chinh xdc p* = min{p,q + 1} va cdp chinh xdc ndc q* =
min{p, q} véi moi vecto tring khdp ¢ = (c1, ..., cs)T Vi cdc toa dj c; phdn biét.

Chl’mg minh. Gia su Yn = Y( ) va Yn 20 — Y( n—2 + hcz) n—1,1 = Y(tn—l + hCi), 1=
1,...,s. Céc hé thic (2.3) va (2.4) dam bao ring hé thic (2.2) 1a thoa man, khi d6 ching ta c6
mbi quan hé bac dia phuong sau:

y(tn +he;)) — Yo =00, i=1,... s (2.5)
Hon nta,
Y(tnt1) = Yns1 = ¥(tas1) — Oy (tn — h) — (1 — 0)y( hZ by (tn + hic; — 1))
7j=1
— hz djy/(tn —|— th)
j—l

+ th (tn +h(c; = 1),y(tn + hic; = 1)) — £(tn + h(c; — 1), Yn1,5)]

+ hz d;[f(tn + hej, y(tn + hej)) — £ty + hey, Yo )]

= O(hP™Y) + O(hIT2) + O(haT?). (2.6)
T Dinh nghia 2.1 va hé thic (2.5), (2.6) suy ra p* = min{p,q + 1}, ¢* = min{p,q} va
Dinh li 2.1 dugc chiing minh. U

Dé€ biéu thi vec t6 tham s6 w, b, d, ma tran tham s6 A = (a;;), B = (b;;) va tham sb 6,
chung ta dinh nghia cac ma tran va vec to sau:

2 .3 C2s+1

P::(C,%,%,...,28+1), Q:z(e,(c—e),...,(c—e)QS),
111 1 T
2 .3 2s
- » &y ) ) ) ) = 17_7_7_7 ) ) )
R(eccc C) g<234 25 + 1
._( 1 1 11 1 )T
o 27 37477 2541/

Ap dung véi p = ¢ = 25 + 1, diéu kién bac (2.4) trong Pinh Ii 2.1 ¢6 thé dudc viét & dang:

wk? + AQ + BR = P, (2.7a)
ok +b'Q+d"R=g". (2.7b)
kT
bit H = | Q |.Khidé didu kién (2.7) trd thanh:
R
lw A B|H=P, (2.8a)
[0 bl dT]H =g". (2.8b)
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Néu ma tran H kha nghich thi
w A Bl=pPH', [0 bl dT]=g"H" (2.9)

Dinh Ii 2.2. Néu ham f lién tuc Lipschitz va néu diéu kién (2.9) thod mdn thi phuong phdp TSRK
6 cdp chinh xdcp = q = 2s + 1.

Do vec td b, d va tham s6 6 dugc xac dinh trong (2.9) 1a vec to trong s6 clia phuong phép
RK 4n triing khép dua trén vec to triing khdp c, vi vy p > 2s. V6i mot su lua chon dic biét cho c,
n6 c6 thé 1am ting cip chinh xdc p vudt qua 2s (siéu hoi tu) bang cach théa min hé thiic truc giao
(xem [11]). Dinh 1i sau day 1a mot hé qua truc tiép ctia Dinh 1i 2.1, biéu thiic hién ctia tham s6 clia
phuong phap TSRK va viéc ap dung cuia hé thiic truc giao.

Pinh li 2.3. Gid sit vecto tring khdp c = (c1, . .., cs)’ vdi cdc toa do c; phdn biét va thudc khodng
(0; 1), thi phuong phdp TSRK s ndc xdc dinh bdi (2.1) ¢6 cdp chinh xdc la p* > 2s va cdp chinh
xdc ndc q* > 2s néu cdc ma trdn tham sé A, B va vecto w,b,d va sé thiuc 0 théa mdn hé thiic
(2.9). N6 ¢6 cdp chinh xdc p* = 2s + 1 va cdp chinh xdc ndc q* = 2s + r néu théa man thém diéu
kién truc giao:

x S
Pi(1)=0, Pjz):= / S —ende,  j=1,....r (2.10)
0 i=1
Theo phan tich cta sai sd dia phuong trong muc nay, vecto ban diu Yo ;,j = 1,...,s va

gi4 tri y; cAn phai théa méin hé thiic:
y(to + hej) — Yo ; = O(hT 1),
y(t1) —y1=0Mm" ™), j=1,...,s 1D
trong d6 p* 1a cAp chinh xic ctia phuong phap TSRK co ban.
2.1.2. Tinh 6n dinh cta phuong phap

Tinh &n dinh ctia phuong phdp dudc khio sit bang viéc dp dung phucng phap (2.1) vio
phuong trinh thit y/(t) = A\y(t), trong d6 A la gia tri riéng thudc nita mét phang phiic trai cia ma
tran Jacobian Of /Qy. V6i phuong trinh thit phuong phap TSRK (2.1) dudc viét & dang:

Y,=wy,1+(e—w)y,+24AY,_1+2BY,, (2.12a)
Ynt1 =Oyn_1+ (1 = 0)y, + 2[b" Y, 1 +d"Y,] (2.12b)

trong do z := A.h.
Tu (2.12a) taco: (I —2B)Y,, = wy,—1+ (e — W)y, + zAY 1.
Gia st I — zB kha nghich. Khi do:

Y, = (- 2B) wy,_1+ (e — W)y, + 24Y,_1] (2.13)
Thay vao (2.12b) ta dudc:

Ynt+1 = HYR—I + (1 - H)yn + Z{bTYn—l + dT(I - ZB)il[Wyn—l + (e - W)yn + ZAYn—l]}
=0 +dT(I —2B) "Wy, 1 +[(1 = 0) +2d" (I — 2B) "' (e — W)]yn
+ [2b? 4 2dT(I — 2B)12A|Y, 1 (2.14)
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Tur (2.13) va (2.14) ta c6 hé thic d€ quy:

Yn+1 NLD
Yo | =M(2) | Yoo |, (2.152)
Yn Ynfl

trong d6 M (z) 1a ma trdn ¢ (s + 2) X (s + 2) xac dinh béi:

1-0+2d7S(e—w) 0+ 2dTSw zb? +2d7S5zA
1 0 o”
S(e —w) Sw SzA

M(z) = (2.15b)
v6i0 = (0,0,...,0)" lavecto schiéu,va S = (I —2zB)"L.

Ma tran M (2) c3 (s + 2) x (s + 2) dugc goi la ma trdn khuéch dai, va ban kinh phd
R(2) = p(M(z)) dudc goi 1a ham 6n dinh. Mién 6n dinh ctia phuong phap TSRK, ki hiéu 12 Sy,
dudgc xac dinh bdi:

Sstab 1= {Z : p(M(Z)) < 1}

Do phuong phap TSRK (2.1) ¢6 tinh chét hai budc, tinh chét zero-6n dinh ctia phuong phap
dugc khing dinh thong qua dinh 1f sau:
Dinh li 2.4. Phuong phdp TSRK dua trén vecto tring khdp ¢ = (c1,. .., cs)! véi cdc toa do c;
phdn biét luon la zero-én dinh.

Gia tri duong 16n nhét 3, d€ R(2) < 1 v6i moi z ndm trong khoang (—B,.,0) dudc goi la
bién 6n dinh thuc ctia phuong phap.

Gia tri duong 16n nhit 3;,,, d€ R(2) < 1 véi moi 2z nam trong khoang (—iBim, iBim) dudc
goi 12 bién 6n dinh 4o ctia phuong phdp.

2.2. Phuong phap lap song song Runge-Kutta hai buéc (PITRK)

Trong muc nay, chiing ta trinh bay vé phuong phép lip song song ki€u du bao-hiéu chinh
bing cach st dung phuong phap hiéu chinh TSRK (2.1) véi cong thiic du bdo dang Adams tuong
tu nhu [4, 5]. So dd lip song song dudc xac dinh nhu sau:

Yflo) =wu,_1+ (e —w)u, + hVAE(Y,_1), (2.16a)
Y®) = wu,_; + (e — w)u, + h[AF(Y,_1) + BE(Y*F " k=1,...,m,  (2.16b)
W1 = 0w, 1 + (1= 0)u, + h[b £(Y, 1) + d"F(Y (™)), (2.16¢)

trong d6 m 1a s6 1an 1dp. Ma trdn V' = (v;;) ¢3 s X s trong cong thic du bdo (2.16a) dudc xdc
dinh béi cic diéu kién bac trong muc 2.2.2. Khi cong thifc (2.16a) 1a du bao va (2.1) 1a phuong
phép hiéu chinh, chiing ta dugc mot phucng phdp du béo-hiéu chinh ki€u PE(CE)™E. Céc gia
tri f(t,,—1 +cjh, Y,(z)u),j =1,...,sda dudc tinh tir budc trude d6, cho nén ching ta c6 phuong
phép dy bdo-hiéu chinh kiéu P(CE)™E.

Trong phudng phap du-bdo hiéu chinh (2.16), cong thic du bao (2.16a) 1a cong thic dang
Adams. Gia tri du bao nay dugc hiéu chinh biang cich st dung phuong phap TSRK. Tuong tu nhu
cac phuong phdp PC dudc xét trong [5], ching ta goi phudng phap PC (2.16) 1a phuong phdp ldp
song song RK hai budc (phuong phap PITRK).

Chii y ring s thanh phan f(YT(f;l)),j =1,...,s co thé dudc tinh song song trén s bd xi
1i ¢6 sin, do d6 s6 1an tinh toan ham vé phai tai moi budc c6 d6 dai h1a s* = m + 1.
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2.2.1. Cap chinh xic
Dinh i 2.5. Néu phuong phdp TSRK (2.1) c6 cdp chinh xdc la p, céng thiic dy bdo (2.16a) c6 cdp
chinh xdc la q thi phuong phdp PITRK c6 cdp chinh xdc la min{p,m + q + 1}.
Chiing minh. Do |[ Y, — Y| = O(h+1) nén:
1Yo = YU = [RBIE(Y,) — £(Y )] = O(h9T?)

Do d6 véi mbi 1an Lip thi bic ting 1én 1. Vi vay chiing ta thu dudc hé thiic vé cip chinh xic (dia
phuong) nhu sau:

Y, =Y = O(hmteth),

Uit = Yort = b Y dj [E(tn + cjh, Yo ) — £t + b, YY) (2.17)
j=1

— O(hm+q+2).
Suy ra:

Y(tn+2) = Wnsz = [Y(tns2) = Ynra] + [Ynre = Unso] = O(RPTH) + O(R™HF2),
Tir d6 suy ra diéu phai chitng minh. 0

Tt Pinh 1i trén ta thiy m nhd nhit d€ mot phuong phap PITRK c6 cip chinh xdc cao nhét
cothélaplazm=p—q— 1.

Dinh 1i 2.5 chi ra rang cip chinh xdc ctia phuong phap PITRK sé khong thay ddi khi ting
s6 1an 1ip m. Vi viy chiing ta ¢ dugc nhitng phuong phap PC ré nhit chi v6i mot 1an tinh ham vé
phéi f trong m&i budc tinh tich phan cta (2.16), v6i m = 0. Tuy nhién, trong thuc té, cic phuong
phap PITRK thudng dugc tinh v6i m = 1 hoiic m = 2 d€ dat dugc su 6n dinh chap nhan dudc va
dé bu cho sai s clia qud trinh lip.

2.2.2. Piéu kién bac

Diéu kién bac s clia cong thifc du bdo (2.16a) dudc suy ra bang cich thay thé u,,_;, u,,
Yfﬁ)“ bdi cdc gid tri nghiém chinh xdc y(t,_1),y(tn), Y(tn_1 + c;h) tuong ting. Thay thé cac
gia tri nghi€ém chinh xac vao (2.16a), chung ta dudc:

Y(tnteih) —wiy (1)~ (1=w)y(ta)—h S vy (bn+(c;—h) = O*), i =1,...,s.
7j=1

(2.18)
Khai trién Taylor tai 14n cin ctia diém ¢,, va so sanh hé sd ctia liiy thita A’ hai vé ta thu dudc phuong
trinh: .
l !
C; —1 .
( ;) _ | z ) wi+ > vijle; =D i=1,.s l=1,...s, (2.19)
j=1
Phuong trinh nay tuong duong véi
l l
-1
%—(l)w:V(c—e)l_l, I=1,...,s. (2.20)
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2 _ s __ (_1\s
bat: G = (e c—e .. (c—e)s_l) vaT = (c—:w ¢ 5 w $>
5 —
Khi d6 (2.20) trd thanh: T = V G. Do ¢ ¢6 cic thanh phan phan biét va khic 1 nén G kha nghich.
Vi vay:
V=TG" (2.21)
Khi d6 cong thic du bao (2.16a) c6 cip chinh xic 1a ¢ = s. Néu phuong phap (2.1) c6 cip chinh
xdc p = 25 + 1 thi m "tbi uu" la m = s.
2.2.3. Su hdi tu cta qua trinh lap
Ciing nhu cic phuong phap PC song song hién dang RK (xem [10, 4, 5]), tbc d6 hoi tu ctia
phuong phap PITRK dugc khdi phuc bing cich st dung phuong trinh thit o/ (t) = Ay(t), trong d6
) 1a gid tri riéng clia ma tran Jacobian Of /dy. Ap dung (2.16b) vao phuong trinh thit ta thu dugc:
YY) Y, =:B[YY ™V -Y,], z:=h\ j=1,...,m. (2.22)
Do d6 su hdi tu ctia phuong phép dude xdc dinh 1a ban kinh phd p(zB) cta ma tran 13p 2z B.
Vi vy, diéu kién dé phuong phap hoi tu 1a p(zB) < 1, hay
1 1
2| < —= hoac h< ———+——. (2.23)
) o0 /0y)o(B)

bai lugng p(B) dugc goi la nhdn it hoi tu va 1/p(B) dude goi 1a bién hoi tu cia phuong
phap PITRK.
Mién héi tu dudc ky hiéu 12 S.,,, va dugc xdc dinh béi:

Seonv :={z:2 € C,|z| <1/p(B)}. (2.24)

2.2.4. Mién én dinh

Mién 6n dinh tuyén tinh ctia phuong phap PITRK (2.16) dugc xic dinh bang cach st dung
phuong trinh thit 3/ (t) = Ay(t), trong d6 A thudc nita bén trai ca mit phang phiic. Thay cong
thiic du bdo (2.16a) vao phuong trinh thi ta dugc:

Ygo) =wu,_]+ (e — W)Lln + ZVYn—la

trong d6 z := hA. Su dung cong thiic nay cho YT(LO) va thay (2.16b) va (2.16¢) vao phuong trinh
thit ta dugc:
Y,(lm) =wu,_1+ (e —w)u, + zAY, 1 + zBYﬁLm’l)
=[I+zB+-+ (B Ywu,_1 +[[ + 2B+ + (zB)" (e — w)u,, (2.25a)
+[I4 2B+ 4 (2B YzAY,_ + (2B)"Y
=l +2zB+---+(B)"|wu,_1 + [+ 2B+ -+ (2B)"](e — w)u,
+{[I+ 2B+ -+ (B)" zA+ (2B)"2V}Y, 1
W1 =0u, 1+ (1 —0)u, +2b7 Y, + 2d"Y ™) (2.25b)
= {6+ 2dT [+ 2B+ + (zB)™w }u,
+{1-0+ 2dT[I+ 2B+ -+ (2B)"](e — w) juy,
+ {zb? +2d™{[I + 2B+ -+ (:B)" eA+ (:B)"2V}} Y,
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Hé thiic (2.25) c6 thé viét & dang:

Up+1 u,
u, | =Mz)| u |, (2.26)
Y7(1m) Ynfl

trong d6 M, (z) 1a ma tran ¢6 (s + 2) x (s + 2) dudc xac dinh bdi:

1 0 0"
Tom(e —w) Tmw Tim

M. (z) =

1—0+2d"T,(e —w) 0+ 2d"T,,w =zb" +2d"T1,,
(2.27)

V6i Ty, =T+ 2B+ -+ (2B)"VvaTy, = [[+ 2B+ -+ (2B)" 124 + (2B)™2V.

Ma tran M, (z) x4c dinh bdi (2.27) sé quyét dinh tinh &n dinh ctia phuong phap PITRK va
dudc goi 1a ma trdn khuéch dai. Ban kinh phS p(M,(2)) dudc goi 1a ham én dinh cia phucng
phap PITRK. V6i méi s6 1an Iip m, mién 6n dinh S,;,,(m) cla phuong phdp PITRK dugdc dinh
nghia la:

Sstab(m) = {z € C7 : p(Min(2)) < 1}.

V6i méi s6 1an 1ip m, bién 6n dinh thuc £, (m) va bién &n dinh 4o f3;,, (m) dudc dinh nghia
theo cach quen thudc.

2.3. Cac thit nghiém sb

Trong muc nay, chiing ta trinh by vé cdc thi nghiém s6 d€ so sanh phuong phap PITRK
v6i cac phuong phdp PC song song va cidc ma tuan ty di c6 trong céc tai liéu. Chiing ta xét cic
phuong phip PITRK c6 budc lusi cb dinh v6i s = 1 va s = 2 va chiing to rang né hiéu qua hon so
v6i cac phuong phap va cac ma hién c6. Trong viéc ap dung cac phuong phap PITRK trong budc
tich phan dau tién, chiing ta luon st dung cong thiic du bio dudc cho bdi:

Y((]?i):}’o, 1=1,...,s.

va gia tri y; dudc tinh bang phuong phap PIRK(xem [2]) cling bic.

Cic sai sb tuyét dbi tai diém cudi ctia doan 14y tich phan dudgc cho & dang 10~ NP (NCD
thé hién d6 chinh xac dugc hiéu 1a sb trung binh cac chii sé thap phan c6 nghia). Chi phi tinh todn
dudc do bang cic gia tri cia NFU N biéu thi tdng s6 1an tinh toan ham vé phai f.

Trong so sanh s6, mot phuong phéap dudgc cho 1a hiéu qua hon néu véi ciing mot chi phi tinh
toan dugc xac dinh béi NFUN, thi nd ¢6 d6 chinh xac cao hon dudc xac dinh bdi NC'D hoac
tuong duong, véi cung do chinh xac NC'D thi chi phi tinh toan N FUN it hon.

Bo qua yéu t6 thdi gian thong tin lién lac gitta céc bo xi li trong phucng phép song song,
su so sanh cdc phuong phdp khac nhau trong phan nay dudc dua trén cic gid tri cia NCD va
NFUN. Cac so sanh v6i cac bai toan thir nghiém dudgc st dung rong rai i cac tai liéu dudi day
cho thiy cdc phuong phap PITRK mdi c6 nhitng uu di€ém tét hon so véi céc phuong phdp va cic
ma da c6 trong céc tai liéu. Uu diém nay sé rat rd rang néu ta thuc hién tinh to4n trén may song
song cho cdc bai toan c6 kich thude di 16n va hodc danh gia ham vé phéi f rit dat (xem [2]).

D€ thiy dudgc tinh hoi tu clia phuong phap PITRK, chiing ta 4p dung cling mot chién lugc
dong trong tit ci cac phuong phap Lip PC song song dé xdc dinh sb 1an Lip trong cac budc ké tiép.
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Mot cich c6 vé tu nhién khi yéu cau rang sai s6 lip cling c6 mot bac theo h gidng nhu bac chinh
xéc clia phuong phéap hiéu chinh. Diéu nay din dén diéu kién diing sau day (xem [10, 3])

Y0 —ym=D|| < TOL = ChP, (2.28)

trong d6 C'1a mdt tham s6 phu thudc vao phuong phap va bai toan, p 1a cip chinh xac clia phuong
phap hiéu chinh.
Tt c4 cic tinh toan dudc tinh trén mdy tinh c6 d6 chinh x4c t6i 14 chit sb.

2.3.1. So sanh véi cac phuong phap song song

Chiing ta so sanh cic phuong phap PITRK dudc xét trong chuong nay c6 cip chinh xic 1a 4
véi ¢ = [1.21348707; 1.749189597] (ki hiéu 1a PITRK4) véi cic phuong phap PIRK dugc dé xuét
trong [9] c6 cung bac (ki hiéu 1a PIRK4). Cac phuong phap PIRK dugc cong nhan la cac phuong
phap dang tin cdy va hiéu qua cta cac phuong phap PC song song. Céac phuong phap PITRK va
PIRK dudc st dung ciing mdt diéu kién diing (2.28). S6 1an lip m trong cic budc dudc xic dinh
béi diéu kién ding nay.

Chiing ta thyc hién trén hai bai toan thu:

Bai todn JACB - Bai toan Jacobi elliptic ddi véi cidc ham sn, cn, dn cho phuong trinh
chuyén dong ctia mot vat thé ciing khong c6 ngoai luc (xem [11, p. 240]).

Y1 (t) = ya(t)ys(t), y1(0) =0,
Yo (t) = —y1(t)ys(t), y2(0) =1,
y3(t) = —0.51y1 (t)ya (), y3(0) = 1, 0<t<20.

Nghiém chinh xdc dugc xac dinh bdi cac ham Jacobi elliptic y1(t) = sn(t; k), y2(t) = cn(t; k),
y3(t) = dn(t; k) (xem [4]).

Bai toan FEHL - Bai toan Fehberg (xem [10, 9, 4] )

L
e, 0

y1(t) = 2ty1(t)log (max{yg(t), 1073}), y1(0)
y5(t) = —2tys(t)log (max{y: (), 107°}), y2(0)

N
~
N
o

v6i nghiém chinh xdc la: 41 (t) = exp(sin(¢?)), y2(t) = exp(cos(t?)).
V6i bai toan JACB, két qua s6 dudc trinh bay trong Hinh 1. Ta nhan thiy ring phuong phép
PITRK hiéu qua hon nhiéu so véi phuong phap PIRK cling cip chinh x4c.

V6i bai toan FEHL, két qua s6 dudc trinh bay trong Hinh 2 cho ching ta mot két luan
gibng nhu trong bai todn JACB.

2.3.2. So sanh véi cic ma tuan tu

Trong muc 2.3.1, ching ta da so sanh cac phuong phap PITRK véi cac phuong phap PIRK.
Trong muc nay, chiing ta sé& so sanh cdc phuong phap PITRK v6i mot s6 ma tudn ty vao loai t6t
nhét cho bai toan khong cuong c6 trong cic tai lidu.
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+—e——» FITRKS
#————* PIRK4

NCD

T T T T T T
o 1000 2 000 3000 4 000 5 000 6 000 7 000
Nseq

Hinh 1. So sdnh véi phwong phdp song song cho bai toan JACB

+—e——» FITRKS
10 #————* PIRK4

NCD

T T T T T T T
o 1000 2 000 3000 4 00 5 000 6 000 7 000 2000
Nseq

Hinh 2. So sdanh vji phwong phdp song song cho bai todn FEHL

O day chiing ta han ché so sanh phuong phap PITRK c6 ¢ = [1] ¢6 cip chinh xac 3 (ki hiéu
1a PITRK3) v6i cdc ma tuan tu Gauss, Radau IIA vaBDE.
Bai todn tuyén tinh (xem [7]).

y1(t) = —2y1(t) + y2(t) + 2sint, y1(0)
yh(t) = y1(t) — 2ya(t) + 2(cost — sint), y2(0)

)

2
3, 0<t<10.
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*—e—& FTREK3
*F—*—* Causs

16 +—++ RaudaullA

NCD
=
1

T T T T T T T T
o S000 10000 1SO000 20000 25000 30000 35000 40000 45000
Nseq

Hinh 3. So sdnh véi code tudn tu cho bai todn tuyén tinh

Két qua s6 cho thiy phuong phap PITRKG?2 1a phuong phap hiéu qué nht.

Két ludn

Trong bai bao nay chiing ta da gi6i thiéu mot 16p phuong phdp méi dé gidi bai toan gia tri

ban dau ctia hé phuong trinh vi phan cip mot y’(t) = f(¢, y(t)) 1a phuong phdp ldp song song RK
hai budc (PITRK). Cac két qua s6 khi thit nghiém phuong phap nay trén mot s6 bai toan thi cho
thiy phuong phap PITRK t4 ra hiéu qua hon so véi cic phuong phdp song song va cdc ma tuan tu
hién cé.
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ABSTRACT
Parallel iteration of two-step Runge-Kutta methods

Nguyen Thu Thuy
Faculty of Mathematics, Hanoi National University of Education
In this paper, we introduce the Parallel iteration of two-step Runge-Kutta methods for
solving non-stiff initial-value problems for systems of first-order differential equations (ODEs):
y'(t) = £(t,y(t)), for use on parallel computers. Starting with an s—stage implicit two-step
Runge-Kutta (TSRK) method of order p, we apply the highly parallel predictor-corrector iteration
process in P(EC)™E mode. In this way, we obtain an explicit two-step Runge-Kutta method that
has order p for all m, and that requires s(m + 1) right-hand side evaluations per step of which each
s evaluation can be computed parallelly. By a number of numerical experiments, we show the
superiority of the parallel predictor-corrector methods proposed in this paper over both sequential
and parallel methods available in the literature.

Keywords: Runge-Kutta methods, Predictor-corrector, stability, Parallelism.
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