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TINH GIAI PUGC CHO MOT LGP CAC BAO HAM THUC
VI PHAN TRUNG TINH

Bui Thi Hai Yén!, Nguyén Thi Nhan'! va Nguyén Thi Quynh?
LKhoa Ty nhién, Truong Pai hoc Hoa Lu
2Khoa Khoa hoc Co bdn, Truong Pai hoc Cong nghiép Ha Noi

Tém tit. Trong bai bdo nay, ching t6i nghién cifu su tdn tai nghiém ctia bao ham thiic vi
phén trung tinh dudc cho bdi

%[Dyt — f(t,ye)] — A[Dye — f(t,y)] — Lys € F(t,ye),t € J = [0,00),

Yyo=p€eCp= C([—T,O];E),?“ > 0.

ey

Bing viéc st dung 1i thuyét giai tich da tri, nguyén Ii 4nh xa co va dinh 1i diém bit dong
Frigon, ching tdi dua ra cac diéu kién du cho tinh gii dudc cta (1).
Tir khéa: bao ham thic vi phan trung tinh, dinh 1i diém bit dong.

1. Mé dau

Bao ham thifc vi phan (hay con dudc goi 1a hé vi phan da tri) 12 mot 16p bai toan c6 nhiéu
ting dung trong khoa hoc, ki thuat. N6 khong chi gép phan khai quat héa 16p phuong trinh vi phan
véi vé phai khong lién tuc, hay céc bai todn diéu khién véi ham diéu khién ndm trong mot tip
bién thién theo trang thai (diéu khién phan hdi da tri), ma con 12 mo hinh todn hoc ctia nhiéu tng
dung quan trong trong ki thudt, sinh héa... V& bao ham thiic vi phan, c6 thé k€ dén cic cudn sich
chuyén kho nhu [1], va nhiéu huéng nghién ctiu rong rii lién quan dén cac tinh chét dinh tinh cta
né (ching han, xem [2, 3)).

Bai bao nghién cttu mot 16p bao ham thiic vi phan trung tinh trén khong gian Banach tong
quat. Cho F la khong gian Banach, chuing ta xét bai toan sau

d

%[Dyt — f(t,u)] — A[Dyr — f(t, )] — Ly € F(t,y1),t € J = [0,00),

yo =9 € Cg = C([-r,0; E),r > 0.

(1.1)

trong d6, toan ti A : D(A) C E — F la tuyén tinh c6 thé khong bi chin, L : Cp — E la todn ti
tuyén tinh bi chiin, todn t& D : C — E tuyén tinh lién tuc va dudc xic dinh bsi

Dy = p(0) — Pp,Vp € Cp
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v6i P : Cp — F la toéan tii tuyén tinh bi chidn. Ham tré y; € Cg cho bdi y:(0) = y(t + 0) vé6i
6 € [-r,0]. Anhxadatri F : J x Cg — P(E) nhan gi4 tri compact vaham f : J x Cg — E la
lién tyc.

Két qua dau tién clia bai toan dao ham riéng trung tinh dudc nghién ctiu bdi Datko [4].
Nhiing két qua gan diy nhit c6 thé ké dén ciia cic tic gia Anh-Ke [5], Haiyang-Shi-Liping [6],
Wang-Shen [7], Eduarho-Jianhong-Denis [8], Ezzinbi va cac cOng su [9-12]. Trong d6, cac tac gia
da nghién ctiu vé tinh giai dudc, nghiém phan ra, nghiém tuan hoan, va tinh tiéu hao cho mot sb
16p céac phuong trinh vi phan/dao ham riéng trung tinh.

Trong bai bdo nay, chiing toi nghién cifu sy ton tai nghiém tich phan cho bai toan (1.1) bang
dinh 1i diém bat dong Frigon. Két qua nhan dudc 1a tiép nbi nhiing két qua truc d6 duge dua ra
bdi nhom tac gia Mostafa Adimy, Khalil Ezzinbi va cac cdng su.

2. Noi dung nghién ciru
2.1. Co s6 li thuyét

Trong phan nay, chiing ta nhic lai mot sé két qua vé 4nh xa da tri co chip nhan dudc trong
khong gian Fréchet.
Cho X la khong gian metric, ta ki hiéu cac tip hgp béi

P(X)={Y CX:Y #0},
Pa(X) ={Y € P(X) : Y dong},
Pep(X) ={Y € P(X) : Y compact},
Py(X) ={Y € P(X) : Y bichan }.
Goi A 1a tip chi sb va v6i mdi a € A, gia st d,, 12 mot metric trén X, goi D,, 12 gid metric
Hausdorff sinh bdi metric d,,:
Dy(A,B) =inf{e >0:Vr € A,ye B,3z € A,y B
sao cho dy(z,9) < €,do(T,y) < €},

véi inf ) = co. Trong trusng hop X 1a mot khong gian 16i dia phuong day du, ta néi rang tip con
A C X labi chin néu D, ({0}, A) < oo véi moi o € A.

Pinh nghia 2.1. Cho X va E la hai khong gian Fréchet. Mot dnh xa da tri F' : X — P(E)
duwgc goi la mot dnh xa co chdp nhédn dugc vdi cdc hdng sé {ka}aen néu véi méi o € A ton tai
ko € (0,1) sao cho cdc khdng dinh diing

i) Da(F(2), F(y)) < kada(x,y) véi moi z,y € X.

ii) Vdimoi x € X va e = (e,) € (0,00)", ton tai y € F(x) sao cho

do(z,y) < do(x, F(2)) + €4 vdi moi o € A.
B§ dé sau dugc chi ra trong [13].

B& dé 2.1. Cho X la khéng gian Fréchet va U la mot tdp md trong X. Cho N : U — P(X) la
mot todn tit co chdp nhén duogc. Gid sit rang N bi chdn. Khi do, cdc phdt biéu sau tuong dwong:
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i) N 6 diém bdt dong.
ii) Tontai \ € [0,1) va x € OU sao cho x € AN (z).

D€ dp dung B6 dé 2.1, ta xét Hy : P(X) x P(X) — Ry U {oc} cho béi:
Hy(A, B) = max (sup d(a,B),supd(A, b)) ,
acA beB
trong do, d(a, B) = inf d(a,b), d(A,b) = inf d(a,b).
beB a€4
Khi d6, (P (X), Hy) 1a khong gian metric. Két qua dudi day dudc ching minh trong [16].

Ménh dé 2.1. Néu T’y va Ty la ham da tri do duoc gid tri compact thi ham da tri t — Ty (t) NTo(t)
do duoc.

Pinh li 2.1. Cho X la khong gian metric tdch dugc, (T, o) la khong gian do dugc, T la ham da tri
tie T vao tdp tdt cd cdc tdp con khdc réng ciia X. Néu vdi méi tgp md 'V trong X, T=(V) = {t :
L(t) NV # 0} thudc o thi dnh cia T la cdc tdp do dugc.

2.2. Tinh giai dugc

Trong phan nay, ta dua ra cic diéu kién dd cho su ton tai nghiém tich phan ctia bai toan
(1.1). Trude khi trinh bay két qua, ching toi xét cac gia thiét sau

(H1) Todn tit A la Hille-Yosida, nghia la, tén tai My > 0 va w € R sao cho (w,0) C p(A) va

M, .
0 n,vo’zneNvd)\>w,

(A —w)

trong do p(A) ki hiéu la tdp gidi cua todn tit A.
Dat

A =A)™" <

D(Ag) ={zr € D(A),Az € D(A)},
Apx = Az vdi z € D(A).

Khi do, Ay sinh ra m¢t nita nhom lién tuc manh (Ty(t))s>o trén D(A).

(HF) Ham da tri F : [0,00) x Cp — P(FE) la Li-Caratheodory, nghia la:
(i) t — F(t,y) do dugc véi méiy € Cg.
(ii) x — F(t,x) lién tuc vdi hdu khdp t € [0, 00).
(iii) Véi méi q > 0, tén tai hy € L},.([0,00),R.) sao cho

loc
| E(t,y)|| < hy(t) vdi moi ||ly|| < q va vdi hdu khdp t € [0, o0).
(Hf) Ton tai K; < 1 sao cho
1f (&, y) = F(E DI < Killy —gllvait € J;y,5 € Cp.

H2) [|P|| + K < 1.
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(H3) Ton tai ham khong gidgm 1 : [0,00) — [0,00) va p € L}, ([0,00),R) sao cho

loc

IF ()l < p()(llyll) hau khdp t € J,¥y € C([-r,0], D(A)) vdi

7 ds B
/ s+(s) -

(H4) véi moi R > 0, ton tailg € L} ([—r,00), R ) sao cho

loc
Hy(F(t,y), F(t,9)) < r()|ly — yll, vdi moiy,y € Cp thod man |y, |y]| < R,
va
d(0, F(t,0)) < lg(t) vdi hdu khdp t € J.
Nhin xét 2.1. Tir (Hf), ta c6
1f (o)l < Killol| + Ky vdimoit € J, ¢ € Cg,
trong dé, Iy = supye, | f(1,0)]
Sau day ta dua ra khai niém vé nghiém tich phan ctia bai toan (1.1). Vi mdi v € C([—r,00); X)
ta ky hiéu
Spy={g€ LYJ,E): g(t) € F(t,v;) v6i hdukhidp ¢ € J}.
Pinh nghia 2.2. Ham lién tuc y € C([—r,00), D(A)) dugc goi la nghiém tich phdn cua bai todn
(1.1) néu tén tai mot ham g € S F,y sao cho nhiing khcfng dinh sau dugc thod man:
t
) [ (D~ f(sp)ds € DT e > 0,
0
t t t
ii) Dyy = f(t,yt) + Do — (0, ) —i—A/(Dys — f(s,ys))ds —i—L/ySds—i— /g(s)ds,t >0,
0 0 0

iii) yo = @ trén [—1,0].
Nhan xét 2.2. Néu mét nghiém tich phdn ciia bai todn (1.1) ton tai thi theo [11] nghiém nay duoc
cho bdi cong thiic:
t
Dy =[f(t,y¢) + To(t)(Dp(0) — £(0,0)) + lim [ To(t — s)BxLysds

A—00
0

¢
+ lim [ To(t — s)Bag(s)ds.

A—00
0

trong do, By = A\(\ — A)~L.
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V6i mbi n € N, ta dinh nghia nita chuén trong C([—r, 00), D(A)) bsi

[ylln = sup e Iy (1)),
<n

trong d6 L, ( f M, (s)ds. Khi d6 C([—r,c0), D(A)) la khong gian Fréchet véi ho nita chuén

{I]-IIn }n>1 Hiing s6 7 dudc chon dii 16n trong khi thiét ké cdc nifa chudn thich hgp nhim thu dugc
két qua vé tinh gidi dudc ctia bai toan.

Dinh i 2.2. Gid sit rang (H1)-(H4) va (Hf) théa man. Khi dé vdi méi ¢ sao cho ©(0) — f(0, ) €
D(A), bai todn (1.1) ¢6 it nhdt mét nghiém tich phdn trén [—r, o).

Chiing minh. Xéttoantd N : C([—r,00),D(A)) = P(C([—r,0), D(A))) dugc dinh nghia bdi,
o(t), néut € [—r, 0],

N)(t) = { T Y T [Pe(0) = £(0,9)] + Py + Jim Oft To(t — $)ByLysds

+ hm fTO (t — s)Byg(s)ds, néut € J.

A—00 0
trong d6 g € SFy.
Ta thiy, diém bat dong clia toan ti N 14 nghiém tich phan ctia bai toan (1.1). Ta sé chitng minh N
c6 diém bit dong.
Cho y 12 mdt nghiém clia bai todn (1.1). Chon € Nvat < n,thiy € N(y), vatdn tai g € Spy
sao cho, v6i mdi ¢ € [0, 00), ta co

() =F(t) + To(ODR(O) — F0.0)] + Py + lim [ Tt = 5)BrLosds

t
+ lim [ Ty(t — s)Bag(s)ds.
A—00

0
Khi d6,
Iy <(Killyell + K2) + Me* (IDel| + Killoll + K2) + [| Pyl
t
+Me‘”tHL||/e‘ws\lysllds+Me“’t/e‘wsp(s)w(\lysll)ds-
0 0
Dit

p(t) = sup{[ly(s)[| : =r < s <1},0 <t <n.

Khi d6 tén tai t* € [—r, ] sao cho u(t) = |jy(t*)]|. Néu t* € [—r, 0] thi u(t) = |2
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Trong trudng t* € [0, n], theo bat déng thiic trén ta c6 véi ¢ € [0, n],

_ M1+ ||P| + K))|lel + MK, M||L _
-ty <M NP+ K] I / oy

1—|[P]| - Ky 11— Pl

t
M —ws
T [ poutnis)ds.

Dit vé phai ctia bat dang thic trén 1a v(t). Khi d6, ta c6
w(t) < e tu(t) véimoit € [0,n,
va
M1+ [|P]| + Ki)llel| + MK
1— Pl - Ky ’

ML V.
'U, t = ¢ wt + S wt t t '
()= TPz« "l + T pr e e P ()

St dung tinh tang cta 1 ta cd

v(0) =

ML Mo
V() < — T emwhy gy T oW () (Wl (t
O<Tp—me PO TR POvET®)
MHLH —wt wt M _wt " N p
< — 5 Te"(t) + —5——¢ “p(t)yY(e” v(t)), haukhap t € [0, n].
TP~ O+ T pr g P () pte0,n)

Bit dang thiic nay kéo

€wt’(}/(t) < MHLH M

ST O T g P (), haukhipt € [0,n)

Do do,

M|L|| ) t M t
<(lw+——n—— ) () + ————p(t) (e v(t
(0 TP ) €0+ Tyl
< m(t) (e"v(t) +¢(e” v(t))) , hdukhdp t € [0, n].
. _ ML M
trong d6 m(t) = max q w + TP =K, 1P = Klp(t) )
T d6 ta suy ra
evty(t)
/ u—l—l/) /m )ds < oo.
v(0)

Bdi gia thiét (H3), ton tai hing s6 d,, sao cho e®!v(t) < d,,t € [0,n] va

sup |lys|| < max{|[¢|, dn} = My,

—r<s<n
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Pit
U={yeC(-ro0)
Dé théy, U 1a tap mé trong C([—7, ), E).
(

Ta sé& ching minh N : U — P C([ o), D(A))) l1a toén t co chip nhan dudc.
PAu tién, ta chiing minh N 13 mot anh xa co, nghia 13, ton tai v < 1 sao cho

JE) rsup{|ly(t)]| : t <n} < M, +1, v6i moin € N} .

y,7 € C([~r,00), D(A)) va h € N(y). Khi dé, ton tai g(t) € F(t,y;) sao cho v6i mbi t € [0, n]

y(t) =f(t,y) + To(t)(De(0) — £(0,9)) + Py

hm To(t — s)ByLysds + lim /To(t — s)Byg(s)ds
A—00 A—00
0

=: h(t).

Tt gia thiét (H4), ta c6
Hd(F(t7yt)7F(t7gt)) S ln(t)Hyt - gt”

Do d6, ton tai w € F(t,y;) sao cho
lg(t) = wl| < Lu(®)llye — ell, t € J.
Xét U, : [0,n] — P(F) cho béi
Ui(t) ={w € E: |[g(t) — wl| < (@) llye — 5ell}-
Vi toén tit da tri Vi () = U.(t) N F(t, ;) do dudc (theo Ménh dé 2.2), tdn tai mot ham g, Vi (g) 1a
tap do dugc. Do do, g € F(t, ) va
lg(t) = gl < Ln(®)llye — Gell, v6i mdi t € [0,n].

Ngoai ra véi ¢ € [0, n], ta dinh nghia

h(t) =f(t,9:) + To(t)(Dp(0) — £(0,¢)) + Py

+ lim [ To(t — s)BaLyeds + lim [ Ty(t — s)Bag(s)ds.
A—00 A—00
0 0

Khi do,
I(®) = @) <Nf )~ £t + [Py = P + | Jim [ Tole = 9)B(Lys ~ Loy
0

+l Jim [ To(e = 5)Balo(s) ~ a(s)as]|
0
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Pit

t
:/MZ
0

In(t) = max{|[L||, ln(t)}.

Ta c6 cac udc lugng sau

£t ye) — f& a0l < Kallye — 3]
< Kl.ewt—H—L"(t).6_(wt+7L”(t))||y . :UH _ K1-€wt+TLn(t).Hy . gHm

1Py = Pyell < [[Pl[llye — w2l

< ||P||.etTEn® o=t Ln®O) )1y — gl = || P||.e” D |1y — gl

I Jim /To (t — s)Ba(Lys — Ly )ds|| < MethLll/ “llys — gellds

t t
<M / YeTEn )= (WstTLn () |1y — gl|ds < Mewt/zn(S) )|y — gl|nds
0 0
1 54T Ln(s) -
< ;6“’ "y = gl

t t
| Jim / To(t — 5)Bx(g(s) — g(s))ds]| < Me™ / e~%lg(s) — g(s)l|ds
0

t t
_ 1 _
/ L, (5)llys — ullds < Me™ / 1n(5)e™ )y = Flads < 2"+ |y — g,

0 0

. T 2 _
Do dd, [|h — hlln < L IPIl + K1+ — | lly = §lln.
Tir d6 suy ra

HAN )N @) < (1714 K+ 2 )y = i

. - 2 ~ PR
Vi || P|| + K1 < 1, nén ta c6 thé chon 7 du 16n sao cho || P|| + K1 + — < 1. Vay N la toan ti co.
T

Tiép theo, ta chiing minh N chip nhan dudc.
Choy € C([-r,00), D(A)). Xét N : C([—r,n], D(A)) = Py (C([—r,n], D(A))), cho bsi
(o(t), néut e [~ 0]
[t ye) + To()[Dp(0) — f(0,9)] + Py

N(y) = {h € C((=r.n), DIA)) : h(t) = { + i ftTO(t—s)B,\LySds

+ hm fTO (t — s)Byg(s)ds, néut € [0,n).

\ —>000
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trong d6, g € S3., = {h € LY([0,n], D(A)) : h € F(t,y;) aet€ [0,n]}.

Tit (H1), (H3), (H4) va F 1a 4nh xa da tri vi gia tri compact, nén bang 1ap luan tuong tu nhu trong
[14] (hoac [15]) ta suy ra v6i moi y € C([—r,n], D(A)) thi N(y) € Pep(C([—r,n], D(A))) va
ton tai y, € C([~r,n], F) sao cho y. € N(yx).

Cho h € C([-r,n],D(A)),5 € U vae > 0.

Néu y. € N(g) thi [ly. — N(7)[ = 0va

19 =yl < 1y — Nyl + ly« — R|-
Vi h bat ki, ta c6 thé gia st h € B(yx, €). Do do,

19 = valln <[l = Nylln + €.

Néu y,. ¢ N(¥) thi [jy« — N(%)| # 0. Vi N() compact, ton tai * € N (%) sao cho ||y, — Ny| =
lys — z||. Viz € N (i), ta dugc

19—zl < [lg = Nyl| + [l= — All.
Vi h bat ki, ta c6 thé gia st h € B(z,€). Do dé,
19 = 2lln < l§ — Nylln + €.

Viy, N 1a toan tif co chip nhin dugc. Hon nifa, tif cach chon ciia U, khong c6 iy € AU sao cho
y € AN(y) véi A € [0,1) nao d6. T bs dé 2.1, N ¢6 it nhit mot diém bat dong chinh 1a nghiém
tich phan cua bai toan (1.1). O
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ABSTRACT

Solvability for the partial neutral functional differential inclusions

Bui Thi Hai Yen!, Nguyen Thi Nhan! and Nguyen Thi Quynh?
' Department of Mathematics, Hoa Lu University

2Department of Fundamental Science, Hanoi University of Industry

In this article, we study the existence of integral solutions to the following neutral functional
differential inclusion:

%[Dyt — f(t,y))] — A[Dye — f(t,y)] — Ly € F(t,y1),t € J = [0,00),

yo = € Cp = C([—r,0; E),r > 0.

ey

By using the multivalued analysis theory, the fixed point theorem for condensing map and the
Frigon’s fixed point theorem, we give sufficient conditions for the solvability of (1).

Keywords: partial neutral functional differential inclusion, the fixed point theorem.
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