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1. Introduction

The Laplace transform theory has been studied from tHecentury. The Fourier
transform has been studied from tH#" century together with the Fourier cosine, Fourier
sine transforms and convolution of two functions for Foutansform. The Laplace
transform, the Fourier transform, Fourier cosine and Fousine transforms play
important roles in mathematics and have many applicatiossience and engineering.

There are many interesting results related to Laplacefoengsee [1-4]), Fourier,
Fourier cosine and Fourier sine transforms [4-8].

A time scale is an arbitrary nonempty closed subset of reaibass. Time scale
analysis unifies and extends continuous and discrete asalyse [9].

The subject of transforms on time scale for the continuoge tes been studied
long ago and there are many results for continuous dynarstesys. However the subject
of transforms on time scale for the discrete case has only sieelied recently and there
are not many works about transforms on discrete time scales.

Let h be a positive real number. An important time scale is thewalhg:
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Definition 1.1. [9] Time scal€eT}, is determined by

0 ifh=00
T,=<hZ ifh>0
R ifh=0

We denote

N={1,2,3,4,...} isthe setof all natural numbers,N, = NU {0}
T) = {hk : ke Ny}

Note that?I‘,ir is also a time scale obtained from time scdlg where we only take
non-negative points.

The first one who works on the subject of integral transforomaon time scales
is Stefan Hilger in 1988 in his PhD dissertation. His work adrio do away with the
discrepancies between continuous and discrete dynantensygs

The Laplace transform on time scales was introduced by HitggLO] in a form
that tries to unify the (continuous) Laplace transform ane (discrete) Z-transform.
The Laplace transform on time scales was further invesitgay Martin Bohner, Allan
Peterson and Gusein Sh. Guseinovin [9, 11, 12].

In this paper we study generalized convolution for h-Lapla@nsform on time
scaleT},” and obtain some of its properties as well as applicationsliireg some linear
equations of convolution type. This paper is organized Bo/#s. In Section 2, we review
some properties of h-Laplace and Fourier cosine transfomtisne scalél’; . In Section 3
we introduce and study generalized convolution for h-Le@l@ansform. In Section 4 we
give some applications of this generalized convolutiondlviag some linear equations
of convolution type.

2. h-Laplace and Fourier transforms on time scaleT;"
In this paper we use the following spaces:

Definition 2.1. Leta > 0 be a fixed positive number. We define

Ly(Tf) = {z : T — R||z(0)| + 2 _|z(nh)| < oo}
n=1
][y = R (jz(0)| + 2 _ |=(nh)]) is called the norm of in L, (T}).
n=1

Ly(T}, ™) = {x T — R’QhZeO‘"h\x(nhﬂ < oo}.
n=1

18



The generalized convolution for h-laplace transform oretsoale

B(T}, e~onhy .= {x . T} — R|3C > 0 such thatz(nh)| < Ce ™™, Vn € No}.
For the case: = 1 the spacel; (T;') and the normt||z||, were used in [13].

Proposition 2.1. For all o > 0 we have

B(T), e 2"y € Ly(T}, ™) € Ly(Ty).

Proof. (i) If x € L(T},e*™") then Y e*|x(nh)| < oco. Sincee®™ > 1 we get

n=1

2(0) + 23" |a(nh)| < oo and thenf € Ly(T}). ThereforeL, (T}, o) c
L.
(i) If z € B(T;, e ") then there exist§’ > 0 such that
lz(nh)| < Ce ™ ¥n € N,.

From this inequality we get

o0 o0
Z e®|z(nh)| < C’Ze‘o‘”h < 00
n=1 n=1

sox € Ly(T;, e*"). ThereforeB(T;, e=2"") C Ly(T;, e™).
]

For z € C we denotéRz the real part ot and3z the imaginary part of.
In [12] Martin Bohner and Gusein Sh. Guseinov gave the canaip-Laplace transform
on time scalél;

Definition 2.2. [12] If z : T} — Cis a function, then its h-Laplace transform is defined
by

h o= z(kh
Eade) = 172 kzo (1ihi)k (2.1)

for those values of # —+ for which the series converges.

Definition 2.3. [12] For given functionse,y : T, — C their Laplace convolution * y

c
is defined by
k-1
(xxy)(kh) =h Y x(kh —mh — h)y(mh) fork e N*,
£ m=0
(z*y)(0h) = 0. (2.2)
c
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kh .
Remark 2.1. Letz € L,(T}). Forz € C, Rz > 0 we hav%(lﬁih;)k’ < |z(kh)|. Since
z(kh)

x € Ly(Ty) the seriesy_ -, |z(kh)| converges. By comparison test,- Tt he)r
z
converges. Hence fare C, Rz > 0 the seriesC{x}(z) converges.

Settingh, = —%, we can rewrite the formula (2.1) in the form (see [12])

£{a}(z) = — h Z hk (2.3)

Remark 2.2. [12] The domain of existence for the h-Laplace transform )®f function
x is investigated as below:
Set

R = limsup +/|z(kh)|.

k—o0
(i) If 0 < R < oo the series (2.3) converges in the regien- h.| > % and diverges
for |z — h,| < &
(i) If R = 0then the series (2.3) converges everywhere with the except: = h..

(i) If R = oo then the series (2.3) diverges everywhere.

Proposition 2.2.[12] If £L{z}(z) exists forlz—h.| > AandL{y}(z) exists forlz—h.| >
B then the Laplace convolution defined in (2.2) satisfies

E{wzk yH(z) = L{x}(2)L{y}(2) for |z — h.| > max{A, B}.

Lemma2.1.If x € Li(T} ) thenits h-Laplace transformd{xz }(z) is analytic in the region
Rz > 0.

Proof. Let us denote

_ N~ wlkh)
L{x}(z)=h T bt

k=0

We can see that each functidh){z}(z) is analytic in the regiomz > 0. ForRz > 0
then|1 + hz| > R(1 + hz) > 1 so we have the following estimate:

|L{z}(2) — Lo {z}(2)| < h Z \1+h2|’“+1 <h Z |z(kh)| (2.4)

k=n+1

Sincex € L,(T}) from (2.4) the sequencé, {z}(z) converges uniformly taC{z}(z)
with respect to: in the regionRz > 0 thereforeL{z}(z) is analytic in the regiofz >
0. U
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The Fourier cosine transform on time sca@le is defined as the following:

Definition 2.4. [14] For a real valued function: € L, (T,") its Fourier cosine transform
is defined by

Fe{x}(u) = hx(0) + 2hz x(nh) cos(unh), u € R. (2.5)

For the caseh = 1, (2.5) becomes two times the discrete time Fourier cosine
transform studied in [13].

Definition 2.5.

A = {Folay(u),u € 0.3 € Li(T;)} (2.6)

We call A, the image space df, (T, ) through the Fourier cosine transforfh..

For 7.{z} € A. the inverse Fourier cosine transform is given by
1 us
z(nh) = — /h Fef{x}(u) cos(unh)du, n € Ny. (2.7)
m™Jo

Definition 2.6. [14] The Fourier cosine convolution on time scale of two fumesx, y €
Ly (T}) is defined as

oo

(e 5 9)(0) = {3 a(oh) [y(lt = nh]) + y(t +nh)| + 2(O)y(®)}, teT,. (28)

¢ n=1

Proposition 2.3. [14] Let z,y € L,(T}") thenz rye Li(T)),

<
Iz % yll < eyl

and we have the factorization equality

™

Felz x yh(u) = Fola}(w)Fely} (), uwel0, o] (2.9)
Lemma 2.2. [8](Wiener-Levy type Theorem for Fourier cosine series)) kes L,(T})
and ®(z) be an analytic function whose domain contains the rang&dfc}(u) and
satisfiesP(0) = 0. Then®(F.{z}(u)) is a Fourier cosine transform of a function in
Ly(Ty).
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3. Generalized convolution for Fourier cosine andh-Laplace
transform on time scale

Notation 1. For m,n € N, we define

I(n,m) = /07r %du. (3.1)

Definition 3.1. The generalized convolution of two functiong € L,(T}’) with respect
to the Fourier cosine and h-Laplace transform on time s@lds defined as

(5 y) (k) = 2-(0) S y(mh)O(k, 0,m) + s(nh)y(mh)0(k, n,m), & € Ny

27T m=0 n=1 m=0
(3.2)
in here
O(k,n,m)=1I(n+k,m)+I(|n—Ek[,m). (3.3)
Notation 2. For each functionc we denoter; a function on’JI‘;Lr defined by
1
21(0) = 51’(0), x1(nh) = x(nh), forn € N. (3.4)
The formula (3.2) can be written in the form
h o0 o
(x xy)(kh) = - Z Z x1(nh)y(mh)(k,n,m), k€ Ny. (3.5)

n=0 m=0

Lemma 3.1. The following properties fof (n, m) can be obtained straightforward.

(i) 1(0,0) = In(1 + )

(i [(O,m):%[l— },meN

(14 m)m
(iii) |[I(n,m)| <I1(0,m) <In(l+ =), m,n € Ny.

. 1 (—1)n+t n?
(V) I(n,m) = m [1 (1+ w)m] ~m(m—1)

I(n,m—2), m>2n €N

We use Lemma 3.1 (iii) and (3.3) to obtaji(k,n,m)] < 2In(1 + 7) and
consequently for, y € L,(T}") the expression (3.2) is well defined.

Lemma 3.2. For n € N, m € N the following equality holds.

I(n,m) = - /0 T [1- (-1 ]ar (3.6)

m! n? + 2
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Proof. By changing of variable

o 1 o 1
m —t(l—i—u)dt — 7/ Mme=2dy — ____ ~ T 1
/0' € (]_ + u)m—i—l 0 <€ < (1 + u)m+1 (m + )

m!

= (1 + u)mt! (3.7)

Substituting (3.7) into (3.1) to get

1 ™ o0 1 o0 ™
I(n,m) = / cos(nu)du/ tme It g — —/ tmetdt/ cos(nu)e " du
0 0 0 0

T om! m!
1 > m _—t l n _—mt
:%/0 t"e n2+t2[1_(_1) e ]dt

1 Ootm+1€_t
- —/ —=_|1- —1”‘”]dt.
m!/o n2—|—t2[ (=1)%

O
Notation 3. In [15], page 386 we know the following functions:
, > cost , > gint
ci(u) = / Tdt’ si(u) = —/ Tdt, u > 0. (3.8)

Lemma 3.3. For n € N we have

(i) I(n,0) = cos(n)|ci(n) — ci(n + nm)] + sin(n) [si(n + n7) — si(n)],

(i) For m € N
I(n, 2m) :%{ cos(n)ei(n) — cin + nm)] + sin(n)[si(n + nm) — si(n)]} +
(2;)! ko(—1)m1kn2m“k(2k +1)! [1 ~ T i_;;:kﬂ]’ (3.9)
(iii) For m € N,
I(n,2m+1) = (;tén;ff; { sin(n)[ci(n + nw) — ci(n)]+
cos(n)[si(n + nmw) — sz(n)]} + m ;(—1)mkn2m2k(2]{)! [1 - (1:__773)):,%1 :
R (3.10)
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Proof. (i) From formula (3.1)

T 1+m _
I(n,0) = / cos(nu) du = / wdv
0 1

1+u v

1+ 147 -
= cos(n) / cos(nv)dv + sin(n) / Sm(m})dv
1 1

(% (%

n+nm n+nm s
= cos(n) / cos(s) ds + sin(n) / Sm(s)ds

= cos(n) [ci(n) — ci(n + nm)| + sin(n) [si(n + n7) — si(n)].

(i) Using (3.6) and the equality

,_.

2m+1 m m—
t t

2 2
n-+t Pt

we get

1 0 t2m+1 ft .
I(n,2m) om '/0 n2+t2 —(=1)"e ]dt.

( 1 mn2m /OO te_t o
_ 1—(=1)"% "

m—1

)m-lky2m—2-2 /OO (2k+1 [1 ~(=1)e ] at.
0

(3.11)

m)! prt

We compute the integrals inside (3.11)

/ t* e tdt = T(2k +2) = (2k + 1)! (3.12)
0

o0 o0
0 0

B 1 /°° Gt y—s g _ 2k+2)  (2k+1)!
B (14 7)2k+2 J, o (14 )2k+2 B (1 + m)2k+2”

(3.13)

Using the formula for Laplace transform in [15], page 135doe n, p=1, A =
1, B =0we have

[ et = costaleitn) = sin(a)sin). @.14)
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Using the formula for Laplace transform in [15], page 135do&= n, p = 1 +
m, A=1, B =0we have

/0 %dt = cos(n + nm)ci(n + nw) — sin(n + nw)si(n + nr)
= (—1)"[cos(n)ci(n + nw) — sin(n)si(n + nr)].  (3.15)
Plugging (3.12), (3.13), (3.14) and (3.15) into (3.11) we(89).

(i) Using (3.6) and the equality

2 — (_n2)m+1 - 2k 2\m—k
n? + t2 - Zt (=)
k=0
we get
1 oot2m+26—t
I(n,2m+1) = L—(=1)"e ™ dt
(n,2m + 1) (2m+1)!/0 n2—|—t2[ (—1)" }
(_1)m+1n2m+2 /oo €_t o
= 1—(=1)"e™
Cm+ 1) Jy n2+t2[ (=1)% ]dH_
1 “ >
_1 m—k 2m—2k/ tQk —t 1 _ _1 n _—mt dt
(2m+1)!;( )" L [ (=1)" }
(3.16)
We compute the integrals inside (3.16)
/ t*e7tdt = T'(2k + 1) = (2k)! (3.17)
0
/OO t2k67t67ﬂ-tdt — /OO t2k’67(1+ﬂ')tdt
0 0
1 < o ['(2k +1) (2k)!
e — *ds = = . (3.18
(1+7T)2k:+1/0 ST e T (14 ) (3.18)

Using the formula for Laplace transform in [15], page 135d0en, p =1, A =
0, B = = we have
/OO idt _— sin(n)ci(n) — = cos(n)si(n) (3.19)
o n:+t2 n n ' '
Using the formula for Laplace transform in [15], page 135do= n, p = 1 +
T, A=0, B=1wehave

o] eftefﬂt 1 ) ‘ 1 .

/0 s dt = - sin(n + nm)ci(n + nw) — - cos(n + nm)si(n + nm)
(=™t . 1 ,

-— [sin(n)ci(n + nw) + - cos(n)si(n + nm)]. (3.20)
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Plugging (3.17), (3.18), (3.19) and (3.20) into (3.16) we(§el0).

O
Lemma 3.4. (i) For m,n € Ny we have
I(n,m) >0, (3.22)
(i) For m € Ny we have
> I(n,m) <. (3.22)
n=1

Proof. (i) For n = 0 from the result in Lemma 3.1 (i) and (ii) we hav¢0, m) >
Forn > 0 from (3.6)

1 o] thrl —t
I(n,m) = / vt [1 — (=1)"e ™| dt.
0

Tomlfy n24 2
Fort > 0 we have) < 1 — (—1)"e ™. Hencel (n,m) > 0

(i) Fort > 0we havel — (—1)"e ™ < 2. Then

9 00 tm+1€_t
Moreover
= 1 = (" dz < dx 1 x1® 0
— < B —_ = tan — = —.
;nQ—i—tQ = ;/1 22+ 12 /0 22+ £ t[arc all tL:o ot
(3.24)
Combining (3.23) with (3.24) the following inequality hald
Z I(n,m) < ul tme tdt = 1F(m +1)=m.
— m! J, m!
O

Theorem 3.1.Letz, y be any two functions ifi; (T ) then their generalized convolution
defined in (3.2) satisfies* y € L,(T, ) and we have the estimate

In(1 + )

[yl < 12+ [yl (3.25)

Moreover the following factorization equality holds

Felwxyh(w) = Fola} () L{y}(u), Vu € [0, 5] (3.26)
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Proof. Firstly we will prove thate xy € Ly (T}).
We define functiorr; as in (3.4). From (3.2) and (3.21)

@ n)O1+23 1w+ DR < 257 S o )l mh) [60,m, )+

k=1 n=0 m=0
23" 0(k, n, m)] . (3.27)
k=1
The expression inside bracket can be estimated using (3.22)

1

:2[I(O,m)+2i[(s,m)} < 2[In(1 + ) 4 27].

(3.28)
Substituting (3.28) into (3.27) we obtain

(% )(0 \+2Z\x*y(kh)|<—h[27r+ln( T ZZ\xlnthmhﬂ

k=1 n=0 m=0

In(1 +7T)} =l llglls

< .
< 2h[2+ - oh

(3.29)
Multiplying (3.29) byh we have

In(1+m
Ll RN

o ylly < |2+
Fork € N it follows from (3.5)

() (k) = 5257 s uh)ymh)ok. . m)

n=0 m=0
h [ee] o
= Z Z x1(nh)y(mh) [I(n +k,m) 4 I(|n — k|, m)
n=0 m=0
2 Z Z x1(nh)y(mh) / cos(n + kl)u + :ZSEH — k)udu
n=0 m=0 ( +u)
My h k)uh ~ k)uh
Z le (nh)y(mh) /h cos(n + iu ;C:i(:‘ Ju Ju
n=0 m=0 ( + u)
20 o~ i cos(nuh) cos(kuh)
== h)y(mh y
s ;n;)m(n Jy(m )/0 (1 + hu)m U
- / e i i _costunh) )y (mh) cos(kuh)du.  (3.30)
o e S hu)mH Y ' '
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We compute the product of Fourier cosine and h-Laplace fwamsof two functionse, y
using formulas (2.1) and (2.5)

Fo{az}(w)L{y}(u) = 2h2 le (nh) cos(unh) i%
_2h2§;) ffh“u”ZH L(nh)y(mh). (3.31)
Substituting (3.31) into (3.30) we get
(24 ) (k) = / Fu{ah (W) L{y} (u) cos(huh)du, ¥k € No.  (3.32)
Moreover from inverse Fourier cosine transform (2.7) weshav
(2 % y)(kh) = / Fo{z * y}(u) cos(kuh)du, Vk € N. (3.33)
By (3.32) and (3.33) we then get the factorization equaBt26). O

Theorem 3.2. (Titchmarsh’stype Theorem) : Letz € Ly (T}, e*") andy € Li(T}). If
xxy=0thenx =0o0ry =0.

Proof. Sincex x y = 0 we have
Flaxy}(u) =0, forallue o, %]. (3.34)
Using (3.26) and (3.34)

Flo}(w)L{y}(u) = 0, forallu e [0, %}. (3.35)

Applying Lemma 2.1 ther£{y}(u) is an analytic function in the regidRu > 0.
We have

Fo{a}(u) = ha(0) + 20 Y _ x(nh) cos(unh). (3.36)

n=1
Fork € N by calculation

% [x(nh) cos(unh)} ‘ = ‘x(nh) (nh)* cos(unh + kz) < |z(nh)|(nh)*
(anh)ke—anh

< e z(nh)| -
«

(3.37)
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We see that
k
0 < (anh)ke—omh e—a”h%k! < kl. (3.38)
From (3.36), (3.37) and (3.38) and Definition 2.1
d* (Fo{x}(u N k! T
— = V<= an < (C— Z
) .~ ‘ <2hz o nh)\) 0. forallu e [0, 7]

The Taylor expansion of .{x}(u) is

Fe{x}(u) = Fe{o}(uo +Z 1 w

(u — uo)™, uo € (0, %). (3.39)

u=ug
We estimate the general component of the series as the fofjow

}1 d" (Fe{w}(u))

n! du™

1

lu — u0|)n.

(u—up)"| <

u=ugp

Therefore, the series (3.39) convergelsif- uo| < «, it means tha#.{z}(u) is analytic
forallu € (0, 7). Moreover we know that{y}(u) is an analytic function in the region
ftu > 0. Hence from (3.35) we gek.{z}(u) = 0 or L{y}(u) = 0 forall u € [0, 7].
Thereforex(nh) = 0,Vn or y(mh) = 0,Vm. This completes the Theorem.

4. Some applications
4.1. Two linear equations of convolution type

In this subsection we will study two linear equations

oo

hgf) > " y(mh)6(k,0,m) + % i i z(nh)y(mh)0(k,n,m) = z(kh), Vk € No
m=0 e 4.1)
hz(0) i y(mh)0(k,0,m) + E i i x(nh)y(mh)0(k,n,m) = z(kh), Vk € Ny
2w — o T ] me0 o 7

(4.2)
Herey, z € Li(T}) are given functions and € L, (T;) is an unknown function.

Theorem 4.1.Lety, z € Ly(T;) and L{y}(u) # 0 on [0, %]. Then the necessary and
Fefz}(u)

IS ———-— € A.
L{y}(u)

sufficient condition for the equation (4.1) to have a solufioL, (T} ) i
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whereA. is defined in (2.6).

Moreover the solution is of the form

= l % M cosl{un u, n
2(nh) = 7T/O o cos(unh)du, n € Ny (4.3)

Proof. Using Definition 3.1, the equation (4.1) can be written infiren
(x *y)(kh) = z(kh), Yk € Ny. (4.4)

e The necessary condition. Applying the Fourier cosine fans to both sides of
(4.4) and using the factorization equality (3.26) we get

FAahwL{y}(u) = Fol=}(w), ue 0.7,

Fe{z}(u)

HenceF {z}(u) = ) € A. and the solution is given by (4.3).
e The sufficient condition. | Ecéjf((%) € A. then there exists € L, (T} ) such that
Fufah(u) = % u € [0, 7. Therefore
Fe{zxy}(u) = Fela}(u)L{y}(u) = Fefz}(u), u €0, %]- (4.5)

Taking the inverse Fourier cosine transform of (4.5) we hawve< y)(kh) =
z(kh), Vk € Ny.

0]

Lemma 4.1. Let f € Li(T;) then there existg € L, (T} ) such that

m
Felgh(u) = L{fH(u), Vu € [0, 5], (4.6)
In(1+ 7
fally < (22T o) (@.7)
m
Proof. We choose a function defined ol by
g(nh) = = /h L{f}(u) cos(unh)du, n € Ny. (4.8)
T Jo
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We will prove thatg € L;(T;). Using the definition of h-Laplace transform in (2.1) and
substituting to (4.8)

he i cos(unh)
=2 s0m |

0
:_Zf (kh) /7r f(f(;)z)ﬂd - Zf (kh)I(n, k). (4.9)

From (4.9) and (3.22)

Z\gnh g%ZZ (kh)|I(n, k) = %Z FER)Y I(n k) <Y |f(kh)
e - " = @10
1 & In(1 +7) o
[9(0)] < — D I EmIL0.k) < ——— "|f(kh)| (4.11)

From the estimates (4.10) and (4.11)
= In(1+ 7) In(1 47
0 +23 lo(nn)| < (LT +2>Z|f Gl < (LD )W o
n=1

Thereforeg € L, (T}’ ) and inequality (4.7) holds.
From (4.8) and the inverse Fourier cosine transform fornf2l@) and we gey is the
inverse Fourier cosine transform 6f f} so equality (4.6) holds. O

Theorem 4.2. The necessary and sufficient condition for the equation) . 2ave a
unique solution inZ; (T} ), for all right hand sidez € L,(T} ), is

1+ L{y}(u) #0, Yu € [0, —]. (4.12)

S

The solution of (4.2) has the form

x(nh) = z(nh) — (z x £)(nh), ¥Yn € Ny,

c

wherel € L,(T}) is defined by

LI

L e T M

ik
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Proof. Using Definition 3.1, we can rewrite the equation (4.2) as
z(kh) + (z x y)(kh) = z(kh), Vk € Ny.

Applying the Fourier cosine transform on both sides of thevjmus equation and using
equality (3.26) we get

Felr}(u) + Fe{o} () L{y}(u) = Fe{z}(u), u e [0, 7],

SHES

It means thatF, {x} (u) [1+ L{y}(u)] = F.{z}(u), Yu € [0, %].

Therefore (4.12) is the necessary condition for the eqn#&4@) to have a unique solution
in L, (T}"), for all right hand side € L (T}).

Moreover if the condition (4.12) holds then

Fida) = o v e 0.7), @13

Sincey € Ly(T}), by Lemma 4.1 there exists a functigne L,(T}) such that
Fe{g}(u) = L{y}(u),Vu € [0, %]. Now (4.13) is equivalent to

FAg}(u)

T{g}(u)’ Yu € [0, —]. (414)

Fe{w}(u) = Fe{z}(u) — Fo{z}(u)

>

By Wiener-Levy type Theorem, there exists a function L, (T, ) such that

__El0) L) -
P = i T T et

Hence (4.14) is equivalent to

Fo{a}(u) = F{z}(u) — F{z} () F{l}(u), Yu € [0,~].

>

Using the factorization equality (2.9) we obtain
Felo}(u) = Felz}(u) = Felz # L} (u).
This leads to

xz(nh) = z(nh) — (z X 0)(nh), Vn € Ny.
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4.2. System of two linear equations of convolution type

In this subsection we will study system of two linear equadiof convolution type.
Consider the system of two linear equations in the followorgn:

xz(kh) + h{ i; y(nh)[u(|kh — nh|) + u(kh +nh)] + y(O)u(kh)} = z(kh),

h:;(()) > v(mh)(k,0,m) + h S>> x(nh)v(mh)d(k,n,m) + y(kh) = w(kh)
T m=0 T n=1m=0

(4.15)
for all k£ € Ny whereu,v, z,w € L;(T}) are given functions and,y € L,(T};) are
unknown functions.

Sincev € L(T}), by Lemma 4.1 there exists a functione L,(T}") such that

Fo{ot(w) = L{v}(w), Yw € [0, 7], (4.16)

>

Theorem 4.3.1f u, v, z,w € L;(T}) and satisfy

B =1 F{uh(@)£{v}w) £ 0, Y € [0,7]

then the system of equations (4.15) has unique solutigre L,(T}")
{x(kh) = 2(kh) — (u x w)(kh) + (2  O)(kh) = [(u x w) x (] (kh)

y(kh) = w(kh) — (2 }k v1)(kh) + (w }k 0)(kh) — [(z J_>E|<C V1) }k E] (kh)

for all k € N, wherev, is defined by (4.16) anéle L,(T;) is defined by

Fofu} () L{0} () .
T~ Flu@ L@ 2 € O R

Proof. Letvy, = ux v € Ly (T;). From Wiener-Levy Type Theorem for Fourier cosine

Fe{li(w) =

series there exists a functiére L, (T; ) such that

R Rl @Fn}w)
P ) = T2 @)~ T A} @) F 0] @)
AL o7
ST A @ Lwy@) @0

Using (2.8) and (3.2) the system of equations (4.15) can kieewin the form

{x(kh) +(y x w)(kh) = z(kh)
(x xv)(kh) + y(kh) = w(kh).

(4.17)
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Applying the Fourier cosine transform to both sides of th&t find the second equations
of (4.17) we obtain

{ﬁ{w}(w) + FAy} (@) Fo{u} (W) = Fo2}(w), Yo € [0,%]

FeloH(w)L{v}(w) + Fly}(w) = F{w}(w), Yw € [0, 7]. (4.18)

We have

A =1—-Ffup(w)L{v}(w) # 0,
A =1—=Ffup(w)Fefvi}(w) =1 = Fefva}(w),

I Fe{vaHw)
AT T T R W)

=1+ FA{l}(w).
By = Felzh(w) = Flup(w) Flwh(w) = Felz —u x wiw),

Dy = F{w}(w) — Fe{z}Hw)L{v}(w)
= Flwhw) = Flzj (W) Feluh(w) = Fefw — 2 * vi}(w).
The solution of the system (4.18) is

Fef{z}(w) = % =Ffz—u J_>E|<C wHw) [1 + .Fc{f}(w)},

Fluh) = 32 = Fefw— = 3 (@)1 + A{0)].

Therefore
* } (kh)

x(kh) = (2 —u x w)(kh) + [(z — u x w) x
y(kh) = (w — 2z x v1)(kh) + [(w — 2 x 1) x () (kh).

We obtain
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