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Abstract. Analytic expressions of characteristic nonlinear deformation quantities
such as the density of deformation energy, the maximum real stress and the limit of
elastic deformation for bcc and fcc substitutional alloys AB with interstitial atom C
under pressure are derived by the statistical moment method. The nonlinear
deformations of the main metal A, the substitutional alloy AB and the interstitial
alloy AC are special cases for nonlinear deformation of substitutional alloy AB with
interstitial atom C and the same structure.
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1. Introduction

Thermodynamic and elastic properties of metals and interstitial alloys are specially
interested by many theoretical and experimental researchers [1-14]. For example in [1],
strengthening effects interstitial carbon solute atoms in (i.e., ferritic of bcc) Fe-C alloys
are understood, owning chiefly to the interaction of C with crystalline defects (e.g.
dislocations and grain boundaries) to resist plastic deformation via dislocation glide.
High-strength steels developed in current energy and infrastructure applications include
alloys where in the bcc Fe matrix is thermodynamically supersaturated in carbon. In [2],
structural, elastic and thermal properties of cementite (FesC) were studied using a
Modified Embedded Atom Method (MEAM) potential for iron-carbon (Fe-C) alloys.
The predictions of this potential are in good agreement with first-principle calculations
and experiments. In [3], the thermodynamic properties of binary interstitial alloys with
bce structure are considered by the statistical moment method (SMM).
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The analytic expressions of the elastic moduli for anharmonic fcc and bcc crystals are
also obtained by the SMM and the numerical calculation results are carried out for
metals Al, Ag, Fe, W and Nb in [4].

In this paper, we build the theory of nonlinear deformation for bcc and fcc
substitutional alloys AB with interstitial atom C by the SMM [3, 4, 15, 16].

2. Content

In the case of interstitial alloy AC with bcc structure (where the main atoms A stay
in body center and peaks, the interstitial atom C stays in face centers of cubic unit cell),
the cohesive energy of the atom C(in face centers of cubic unit cell) with the atoms A
(in body center and peaks of cubic unit cell) and the alloy’s parameters in the
approximation of three coordination spheres with the center C and the radii

rlbcc, rlbcc\/z’ rlbcc\/g are determined by [3’ 15]
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where ¢, is the interaction potential between the atom A and the atom C, n; is the

number of atoms on the ith coordination sphere with the radius r(i=12,3),

bee bce bce bce

L =he =Ty + Yoa (T)is the nearest neighbor distance between the interstitial atom

C and the metallic atom A at temperature T, r)>is the nearest neighbor distance
between the interstitial atom C and the metallic atom A at OK and is determined from
the minimum condition of the cohesive energy ucs, ygf;(T) is the displacement of the
atom Ay(the atom A staysinthe bcc unit cell)  from equilibrium position
at temperature T,
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pia =" (r) /o™ (M=1234,a, B=XYy.z,a = B and u,, is the displacement of
the ith atom in the direction g.

The cohesive energy of the atom A; (which contains the interstitial atom C on the
first coordination sphere) with the atoms in crystalline lattice and the corresponding
alloy’s parameters in the approximation of three coordination spheres with the center A;
is determined by [3, 15].
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where rfi\j" ~1,X° is the nearest neighbor distance between atom A; and atoms in

crystalline lattice.

The cohesive energy of the atom A, (which contains the interstitial atom C on the
first coordination sphere) with the atoms in crystalline lattice and the corresponding
alloy’s parameters in the approximation of three coordination spheres with the center A,
is determined by [3, 15]
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bee bcc bce

where 1, = oy + Yoc (T), 1 Mok A IS the nearest neighbor distance between the atom
Avcand atoms in crystalline Iattlce at OK and is determined from the minimum condition

bee bcc

of the cohesive energy Uy, , Yoc (T) is the displacement of the atom C at temperature T.

In Egs. (3) and (4), ugs,kp®™, 7>, »2<are the coressponding quantities in clean bcc
metal A in the approximation of two coordination sphere [3, 15, 16].

In the action of rather large external force F, the alloy transfers to the process of
nonlinear deformation. When the bcc interstititial alloy AC is deformed, the nearest

neighbour distance " (X = A,A,,A,,C) at temperature T has the form

r1l§<CCF ~ r&cc + roblc;é“ + rob& (1+ & ) = rbcc + robf; (2 +& )' ®)

E, . . .
where ¢ = — (o is the stress and E is the Young modulus), r,)° = (P, T) is the nearest
O

neighbour distance in bcc alloy before deformation. When the alloy is deformed, the

mean nearest neighbour distance ris™ at 0K has the form

robf)gF = roblci (1 +é& ) (6)

The equation of state for bcc interstitial alloy AC at temperature T and pressure P is
written in the form [3]

cc cc 3

vacc — rbcc 1 aub +6b(bcc th bce 1 akbcc bce — 4(r1b ) ) (7)
1 6 arlbcc 2kbcc arlbcc !

At OK and pressure P, this equation has the form

bce bce bec
pybeE _ lbcc 1 aub +ha)g akb .
6 or’ 4k’ or’*

If we know the interaction potential ¢,,, the equation (8) permits us to determine
the  nearest neighbour distance r}*(P,0)(X=A,A,,A,,C)at pressure P and

bee

temperature OK.After finding r,,” (P,0), we can determine
(2% (P,0) = 2=(P,OY1+ 22 + £2) 9)

and then determine  the parametersky ™ (P,0), 75" (P,0), 7o%" (P,0), 72" (P,0) at
pressure Pand OK for each case of X when alloy is deformed. Then, the displacement
yé’;CF( ) of atom X from the equilibrium position at temperature T and pressure P is

calculated ain [3, 15].

When alloy is deformed, the nearest neighbour distance rlEfCF(P,T) is determined
by [3]

(8)

e (P.T) =67 (P.O)+ Y™ (P.T), 3™ (P.T) =13 (P.O) + y (P,T),
bCCF (P T) bCCF (P T) bCCF (P T) bCCF (P o) + ybCCF (P,T) (10)
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When alloy is deformed, the mean nearest neighbour distance r’**“" (P, T)has the
form [3]

bccACF (P T) — rllX:cACF (P,O) + ybccACF (P T)
[2F (P,0) = [(1— ¢ Jr2 (P,0) + co ;2™ (P,0) Ji+ 22 + £2), 1/2™F (P,0) = V/3r2%F (P,0),
Y2 (P,T) = (1—7¢. Yo (P, T) +Co y2F (P, T) + 20y (P,T) +4c. yart (P,T), (11)

bccACF

where 7" (P,T)is the mean nearest neighbor distance between two atoms A in the

deformed bcc interstitial alloy AC at pressure P and temperature T, r5°F (P,0) is the
mean nearest neighbor distance between two atoms A in the deformed bcc interstitial
alloy AC at pressure P and temperature OK, rffCF (P,0)is the nearest neighbor distance
between two atoms A in the deformed bcc clean metal A at pressure P and temperature
0K, 1/2®*“F(P,0) is the nearest neighbor distance between two atoms A in the zone

containing the interstitial atom C when the bcc alloy AC is deformed at pressure P and
temperature OK and cc is the concentration of interstitial atomsC.

In the case of fcc interstitial alloy AC (where the main atom A; stay in face
centers, themain atom A; stay in peaks and the interstitial atom C stays in body center of
cubic unit cell), the corresponding formulas are as follows [3, 15]
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L (P,0) =1, (P.OYL+ 22+ £7) (20)
fCCF (P T) fCCF (P O) + ybCCF (P T) rlfCCF (P T) fCCF (P O) + nyCF (P,T),
fch (P -I-) \/_rl(f:ch (P,T) r fecF (P -I-) _ r fecF (P O) n yfch (P,T), (21)

fccACF (P T) — r:L;(‘:CACF (P,O) + yfccACF (P T)
(AF (,0) = [(1— co IR (P,0) + Co 1F (P,0) L+ 2& + £2), 1/, (P,0) = v/2r, (P,0),

rlA
y R (P,T) = (L-15¢. )y (P,T) +Cc Y& (P, T) + 6. y,“F (P,T) +8c.y,* (P, T).  (22)

The mean nearest neighbor distance between two atoms A in the deformed bcc
substitutional alloy AB with interstitial atom C at pressure P and temperature T is
determined by [3, 15].

beeF bch
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2 bch 2, beeF beeF 21, beeF beeF 2
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(23)

The mean nearest neighbor distance between atoms A in the deformed bcc substitutional
alloy AB with interstitial atom C at pressure P and temperature T = OK is determined by

beeF beeF
becF becF ~0TAC becF ~0TB beecF bceF beecF
aOABC - CAC a‘OAC beck +C aOB beck BOT CAC BOTA(: +C BOTB ’
0T oT
bcecF bccABCF bcecF bccACF bcecF bce
a'OABC - r1A (P,O) a'OAC - IFlA (P O) a‘ - IFlB (P’O) (24)

The Helmholtz free energy of bcc substltutlonal alloy AB with interstitial atom C
before deformation with the condition ¢, <<C, <<C, has the form [3]

bce bce bce bce bccAC bccABC
Waee =Wac TC (’//B —Ya )+TSC —TS; '
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bcc bcc bce bcc bce bccAC
¥ac :(1_7Cc a FCcWe +2Ccy, +ACcy, —TS T,

2 ) bee chc
RV A P ) ke L RS |
(kQCC) 3 2

293 4 cc cc chc cc 2 cc cc chc cc
b 20 A eyl Yl g [ Y v
ERHE 2 2
bcc bee —2xbee bec _ | bee bee
Wox —BNH[XX +In(1—e X )lYX = Xy coth xy™°, (25)
where l//?fc is the Helmholtz free energy is an atom X in clean metals A, B or interstitial

alloy AC before deformation, S***“ is the configuration entropy of bcc interstitial alloy

AC before deformation and S’***“is the configuration entropy of bcc alloy ABC
before deformation.

In the case of fcc interstitial alloy AC, the corresponding formulas are as follows
[3, 15]:

fccF fccF
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fccF fecF
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oT oT
fccF  __ - fccABCF fccF __ . fccACF fccF __ . fccF
Qopec = Na (P.0),agpc =1, (P0),a05 =1y (P,0). (27)

fcc fec fcc fcc fccAC fccABC
Ve =V¥Wac +CB(V/B —WYa )+TSC —TS, ,

fee fec fcc fce fee fccAC
¥ n8 :(1_15CB A TCgWg +6Cgw, +8Cgy, —TS™,
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cC cC cC 92 CcC cC 2 2 w Y e
v =Ugx +wox +3N T Vax (Yxf ) — g4 X +
(kxfcc) 3 2

3 fcc fee
v 2 At 1 ol f 2 [ Y fav) |
(kx°°) 3 2 2
fec fce —2xfe fcc _ |, fcc fcc
Wox _3N¢9[xX +In(;L—e X )JYX = X, coth X, ™. (28)
When the process of nonlinear deformation in both fcc and bcc alloy happens, the
relationship between the stress and the strain is decribed by
80‘ABC

O1psc = OopBc ﬁ (29)
F

Here, ooasc and aagc are constant depending on every interstitial alloy. We can find the
strain g corresponding to the maximum value of the real stress through the density of
deformation energy.

In order to determine the stress - strain dependence according to the above formula,

it is necesary to determine two constants ooasc and aagc for every intestitial alloy.
Therefore, we can calculate the density of deformation energy of substitutional alloy
AB with interstitial atom C in the form

F F F F
foo (o) = mec ¥asc 1| ¥mec ¥pBCc |1 'no_ A |, a A |,
ABC®=—F = F = Al F ‘c| F

Vaec Vaec N\Vagc VaBc /) N Vagc VABC vagc VABC

F F F F
BUAl ylAl y/Az 5UAz l*UB YJB TA SUA
+C/-\1 S —|—CAz T +Cg == —Cy — = .
Vase  Vasc Vase  Vaec Vase  Vasc Vage  Vasc

Cy =1-Cz —7c;,c, =2¢;,c, =4c. for beealloy,

c, =1-c; —15¢,c, =6c,c, =8c forfccalloy. (30)

Since ¢ is very small (¢ << 1), we can expand the expression of the Helmholtz free
energy Y (X=A,A,,A,,B,C)in terms of the strain ¢ in the form of series and
approximately,
F 2\yF
¥i(e) =Y, + OFx e;"+1 alzx g, (31)
oe ). 2\ oe” ).
Applying the following formulas:

oy :a\PXF orS, 07w, _a oy or) :aZ\PXF or 2+6‘P>f o%r (32)
oe orf oe og® oe\ory o ) o\ oe orf og?
or,, o%r}
az( = 2l (1+5):2r0F1x'?12X:2r01x- (33)

Therefore,
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2 2y F E
fABC(E):icA TA[?:-_]-] ZEZOlA[aYI J + gF (a YFIQJ (ZFOEA>2+(8¥/FAJ 2rO’;.A +
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F F 2 2y F F
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Similar to metal when the deformation rate is constant, the density of deformation
energy of alloy has the form

fasc(€) = Capc.onee. €, (39)
where Cagc is a proportional factor.

The function fagc(&) gets its maximum at the strain e, . This means that

f pac (SKBC ): f pecmax = Casc T asc maxgiBC : (36)

then, we can find the maximum stress oagscmax and the maximum real stress oiascmax

f pac 0 psc f psc
O-ABCmax:C m:X 10_1ABCmax:1 me :C = (Tx = ) (37)
ABC € ABC + € pac aec €pac LT € arc
- - . ao- - -
From the maximum condition of stress| —XABC. = 0,we determine the strain e,
Oe

€ aBc
corresponding to the maximum value of the real stress as follows:

a (8 F )aABC
_ e _ ABC
Eppc = 1 = O1ppcmax — Tomse 1ieF (38)
— G ppc ABC

The proportional factor Cagc is determined from the experimental condition of the
stress op2asc in alloy in the form

_ f pec (30.2 ) . (39)

CABC -
Oo.2n8c€02
In substitutional alloy AB with interstitial atom C, if the concentration cc of
interstitial atoms is equal to zero, we obtain the expression of the density of deformation
energy for substitutional alloy AB. In substitutional alloy AB with interstitial atom C,
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if the concentration cg of substitutional atoms is equal to zero, we obtain the expression
of the density of deformation energy for interstitial alloy AC. In substitutional alloy AB
with interstitial atom C, if both concentrations cg and cc are equal to zero, we obtain the
expression of the density of deformation energy for main metal A.

After having the value of the strain ¢},. corresponding to the maximum value of

the density of deformation energy, we can find the expression to describe the
relationship between the stress and the strain in the process of nonlinear deformation of
bce and fce substitutional alloys AB with interstitial atom C

3. Conclusions

The analytic expressions of the Helmholtz free energy, the mean nearest neighbor
distance and the characteristic nonlinear deformation quantities such as the density of
deformation energy, the maximum real stress and the limit of elastic deformation for
bce and fce substitutional alloys AB with interstitial atom C under pressure are derived
from the statistical moment method. From that, we obtain the theory of nonlinear
deformation for binary substitutional alloy, binary interstitial alloy and main metal. We
will carry out the numerical calculations for real alloys in next paper.
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