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ABSTRACT

The Chinese Remainder Theorem is considered one of the important contributions of the Chinese to the
world treasure of mathematical knowledge. The Chinese Remainder Theorem has been used by the Chinese in
astronomy and calendar calculations since the 2™ century BC and was stated in mathematical language around
the 5" century. However, it was only in the 13™ century that this theorem was rigorously proved by the Chinese
mathematician Qin Jiushaq.

The article presents the Chinese Remainder Theorem in Chinese and Sino-Nom mathematics books
(Vietnamese mathematics books written in Chinese and Nom characters). Thereby, it is possible to partly imagine
the ability to receive and develop the mathematics of the Vietnamese mathematicians in the Middle Ages and the
contemporary significance of mathematical knowledge in Sino-Nom mathematics books in teaching mathematics
today.
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TOM TAT

Pinh li Trung Qudc vé phan dw duge coi 1a mot trong nhitng dong gdp quan trong ctia ngudi Trung Qudc
vao kho tang kién thirc toan hoc thé gioi. Pinh Ii Trung Quéc vé phan dw dwoc ngudi Trung Qudc st dung trong
thién van va tinh toan lich tir thé ki II trudc Cong nguyén va dugc phat biéu dudi ngon ngit toan hoc vao khoang
thé ki V. Nhung chi dén thé ki XIII Pinh li ndy méi dugc nha toan hoc Trung Qudc Tan Ciru Thidu chimg minh
béng toan hoc mot cach chat ché.

Bai viét trinh bay Binh Ii Trung Quéc vé phan du trong cic sach toan Trung Qudc va sach toan Han-Nom
(sach toan cua Viét Nam viét bang chit Han va chit Ném). Qua d6 c6 thé phan nao hinh dung vé kha nang tiép nhan
va phat trién toan hoc ciia cac nha toan hoc Viét Nam thoi trung dai, ciing nhu ¥ nghia thoi su ctia kién thic toan

hoc trong cac sach toan Han-Nom trong giang day toan hién nay.

T khoa: Dinh li Trung Quéc vé phan du, sach toan Han-Nom, lich si todn hoc, todn hoc Viét Nam thoi Trung

dai, giang day toan hoc.

1. MO PAU

Pinh Ii Trung Quéc vé phan dw (The Chinese
Remainder Theorem) c6 ngudn gdc tir bai toan
Vit bat tri ky s6 trong cudn sach chit Han Ton
T todn kinh (khoang thé ki V).! Mac du Pinh
Ii Trung Quéc vé phan dir 1a co s& dé xay dung
thuat toan giai hé phuong trinh dong du bac nhat,
da duoc st dung trong tinh toan thién van va tinh
toan lich tai Trung Qudc ¢b dai vao thé ki II trude
Cong nguyén.? Nhung n6 chi duge nha toan hoc

*Tac gia lién hé chinh.

Email: tdphuong@math.ac.vn
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Trung Quéc Tan Ciru Thidu chimg minh chit ché
vao thé ki XIII.? Trinh Pai Vi ciing goi bai toan
Vat bat tri ky s6 12 bai toan Han Tin diém binh.*

Pinh li Trung Quéc vé phan diwr c6 ban chat
toan hoc su sic va c6 nhiéu ung dung thuc té, vi
véy no luén mang ¥ nghia thoi sy. N6 ndm trong
chuong trinh chinh khéa cho hoc sinh chuyén
Toan-Tin va cho sinh vién cac nganh Toan-Khoa
hoc may tinh va dugc giang day trong cac moén
Ly thuyét s, Ly thuyét thuat toan... Hién nay
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toan dong du dugc phat trién theo nhiéu hudng:
Hé phuong trinh ddng du nhiéu 4n, phuong trinh
ddng du phi tuyén ap dung trong cac bai toan thi
hoc sinh gioi Qudc gia va Qudc té;* Pong du trén
cac truong sé tong quat; ing dung ctiia dong du
trong mat ma, may tinh,...6

C6 thé khang dinh rang nguoi Viét Nam
da biét dén Dinh Ii Trung Quéc vé phan dir qua
bai toan Piém binh phdp (phép diém binh) trong
cubn sach Todn phdp dai thanh’ cia Luong Thé
Vinh (1441-1496).

Trong Chuong 6 cia cubn sach Y Trai
todn phdp nhat déic luc (Mot diéu tam dic vé
toan ctiia Y Trai)® gdm 8 Quyén do Nguyén Hiru
Than (1757-1831, tén chir: Y Trai) bat dau viét
tor nam 1812 va hoan thanh nam 1829, Djnh [i
Trung Quéc vé phan duw duge biét &én dudi tén
bai toan Vat bat tri ki sé va dugc Nguyén Hitu
Thén goi la dang toan D7 diwr 0 tri nguyén s6 (Tt
s6 du tim ra s6 ban dau).

Hoang Xuén Hén di viét mot bai bao véi
tén goi Han Tin diém binh.° Tuy nhién, Hoang
Xuan Han chi ban vé cach giai bai toan ma chua
khao ctru cac sach toan Han-Nom. Bai viét nay
c6 1& 12 bai bao dau tién tim hiéu Pinh Ii Trung
Québc vé phan du trong cac sach toan Han-Nom
clia cic tac gia Viét Nam. Nham lam rd van dé
va so sanh véi cac sach toan Han-Nom, chiung
t6i ciing diém qua nhiing tur lidu cua cac tac gia
Trung Qudc trudc thé ki XVI viét vé bai toan nay.
2. NOI DUNG

2.1. Pinh li Trung Quéc vé phan dw trong cac
sach toan Trung Qudc

2.1.1. Mot sé bai toan Pinh I Trung Quo”'c vé
phan dir ¢6 ngudn gdc tir bai toan Vat bat tri ky
s6 trong cudn sach chit Han Ton Ti todn kinh
(khoang thé ki IV-thé ki V).!

Bai 2.1.1 (Bai toan s6 26, Quyén ha)' Nay
c6 mot dong do, khong ré sé lwong, chi biét xép
méi nhém 3 cdi thi thiva ra 2, xé}? theo nhom 5
thi thira 3, theo nhém 7 thi thira 2. Hoi s6 hrong
dé vat la bao nhiéu?

Luru y: Dé trinh bay gon, chung toi khong
chép lai nguyén vin bai toan bang chir Han, ma
chi dich Pau bai va Loi giai trong cac sach toan
cb. Sau d6 giai thich Loi giai bang ngdn ngit
hién dai.

Bai toan nay da duoc nhiéu nha toan hoc
Trung Qudc tiép tuc nghién ciru, chimg minh
thuat giai va phat trien. Duong Huy (1518,
1238-1298) c6 4 bai kho hon mdt chat nhung
cung dang.

Bai 2.1.2 (Duong Huy)'" Xép méi nhom
7 thi thira 1, xép 8 thira 2, xép 9 thira 3. Hoi s6
lwong vat la bao nhiéu?

Bai 2.1.3 (Duong Huy)'* Xép méi nhom
11 thi duw 3, xép 12 duw 2, xép 13 dw 1. Hoi s6
lwong vat la bao nhiéu?

Bai 2.1.4 (Duong Huy)'° Xép méi nhém 2
thi dw 1, xép 5 dw 2, xép 7 dw 3, xép 9 du 4. Hoi
56 luong vat la bao nhiéu?

Bai 2.1.5 (Dwong Huy)'° Dung mét doi
céng nhdn khéng biét sé heong. Sai nguwoi khao
ho. Cho méi nhém 3 nguoi 1 cdn thit thi thiea 5
lang 8 thi, tirc la dém 3 thira 2. Cho moi nhém
5 nguoi 1 quan tién thi thira 400 tién, tirc la dém
5 thira 3. Mi nhém 7 nguwoi hirng mét lan, thu
chén lai ma himg (ticc la dém 7 khéng thira).
Hoi tong sé cong nhan va méi thir chi ra la bao
nhiéu?

Trong sach Chi Nha Puong tap sao'' cua
Chu Mat (1232-1298) c6 bai tho sau day, c6 1€ 1a
phién ban tho dau tién ctia bai Var bat tri ki s6:

=iz

EZH-FLS

tELETENE

ERHBETH

Phién dm:

Tam tué hai nhi that thip hi

Ngii lueu chdp nhat, sw vueu ki

That d¢ Thiong Nguyén tring twong hoi

Han Thue, Thanh Minh tién kha tri.
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Giai thich: Han Thuc, Thanh Minh:
Khoang thoi gian tu Dong chi téi ngay Thanh
Minh 1a 105 ngay, goi 1a tiét Han thuc. “Han
thuc” 4m chi s6 105.

Dich:

Dua tré 3 tudi, [khi ong bd] 70, hiém

5 luu 21, viée cang la

7 1an Thuong Nguyén lai gap lai

Han Thuc, Thanh Minh tién biét duoc.

Trinh Pai Vi c6 bai tho Vit bdt tri tong
(Tén Tir ca, hay con goi 1a Han Tin diém binh):*

=ANBITE+

AT — 1%

t¥E B E+A

RESEESM

Phién Am (Hoang Xuan Han):’

Tam nhdn dong hanh that thdp hi

Ngii thu mai hoa trdp nhdt chi

That tir doan vién chinh ban nguyét

Trir bach linh ngii tién ddc tri.

Dich (Hoang Xuan Han):’

Ba nguoi cung di it bay chuc

Nim cdi hoa mai him mdt canh

Béy gd xum vay vira nira thang

Trir trim linh nam biét sé thanh.
2.1.2. Phuong trinh dong dir tuyén tinh
Cho a, b, m 1a cac sb nguyén cho trudc. Ta noi
a dong duw véi b theo modul m (hay a va b ciing
thudc mot 16p dong du) va ki hiéu a = b (mod m)
néu a - b 1a bdi cua m

Phuong trinh ax =5 (mod m) duogc goi la
phuong trinh dong dw tuyén tinh mot bién.

Nghiém ctua phuong trinh ax = b (mod m)
1a s6 nguyén x sao cho ax chia cho m con du b.

Xét phuong trinh dac biét dang ax = 1(mod m).

Tan Ciuu Thiéu (BAER, 1202-1261)
trong S6 thir Cieu chwong (31 1LE, 1247) da
dua ra phuong phap giai phuong trinh dong du

https://doi.org/10.52111/qn;js.2022.16401

ax = 1(mod m). Phuong phap nay tuong duong
voi viée gidi phuong trinh nghiém nguyén
ax +my =1 da dugc cac nha toan hoc An Do dua
ra thuat toan giai vao thé ki VIL.22

Ki hiéu (a, b) 13 wde s6 chung I6n nhat cua
hai s6 nguyén a va b.

Néu (a, b) =1 thi ta néi @ va b 1a hai sb
nguyén té cing nhau.

Nhin xét 1.1.2.1 Néu (a, m) = 1, thi
phuong trinh ax = 1(mod m) c6 duy nhat nghiém
va ¢6 thé tim nghiém nho giai phuong trinh
nghiém nguyén ax + my = 1.1
2.1.3. Pinh li Trung Quéc vé phan duw
Pinh li Trung Quoc vé phan dw phét biéu nhu sau:

Cho k s6 nguyén duong d6i mot nguyén
td cung nhau m , m,..., m _vaa, a,..., a lak $6
nguyén tiy y. Khi y hé phuong trinh dong du

x=a,(modm,)

x=a,(modm

2 (modm,) 0

x=a,(modm,)

c6 duy nhét nghiém (theo nghia cac nghiém ciing
thudc 16p dong du) theo modulo mm,...m,.

Chirng minh:>>1

Tinh duy nhét: Gia st hé c6 hai nghiém
X, ¥ sao cho

x=y(modm),i=1,2,.,k

Vi m, m,,.., m_dd6i mdt nguyén t6 cung
nhau nén x =y (mod m m,... m,), tc 1a x va y cung
thudc mot 16p dong du theo modulo mm,..nm,

Sw ton tai: Tim nghiém x dudi dang to
hop tuyén tinh cta a:
x=Aa, +4a,+...+A4.aq,
voi cac 4, thoa man 4,=0 (mod m)Vj # i va

4,=1 (mod m).

batN=mm,.m m_ .m,i=1,2,..k
Khi dy N, chia hét cho m, vol moi Vj #i. Vi
(m,m)=..=(m,m_)=m,m,)=..=(m,m)=1

nén (N, m) = 1. Do d6 (xem Nhén xet 1.1.2.1)
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ton tai duy nhat x, 1a nghiém cta phuong trinh
Nx = 1(mod m). Dat
x=A4a +4,a,+...+ 4aq,
=N, xa, + N,x,a, +..+ N, x.a,.
Khi 4y
A4 =Nx,=1(modm,), 4 EO(modmj)Vj #i.
Vay x=Nx,a, =a,(modm, ).

Theo chirmg minh trén, dé giai hé phuong
trinh dong du tuyén tinh (1), ta phai lam cac
budce sau.

Budc I: Datm=m m,..m =Nm,i=1,2,....k.

Budce 2: Tim nghiém x, cua cic phuong
trinh N.x = I(mod m,) (thi dy, theo thuét toan
giai phuong trinh v6 dinh).>!?

Budc 3: Nghiém cua hé dugc tim dudi dang
k
Xy = ZN,.x,.al..
i=1

Budc 4: Két luan nghiém x = x(mod m).
2.1.4. Ap dung Muc nay ap dung Dinh li Trung
Qudc vé phin du dé giai cac bai toan di phat
biéu trong Muc 2.1.1.

Giai bai 2.1.1:!

Cach tinh rz"mg: 3, léy vat no chia cho 3,
du 2, dat 140; 5, 14y né chia cho 5, du 3, dit 63;
7, léy no6 chia cho 7, du 2, dat 30. Cong chung lai
duogc 233. Ly 210 trir di nd, thi tinh duoc.

Cir 3, 4y n6 chia cho 3, du 1, thi dat 70; 5,
léy no chia cho 5, du 1 thi dat 21; 7, léy no chia
cho 7, du 1 thi dat 15. Tir 106 tro 1én, 1ay 105 trir
vo1 no thi tinh duoc.

Giai thich Goi so can tim la x. Ta c6 hé

x = 2(mod3)
x =3(mod5)
x =2(mod7).
bat
N, =5x7=35
N, =3x7=21;
N, =3x5=15.

Vi (5,7)=(7,3)=(3,5)=1nén
(]\’1»3):(N2»5):(N3»7):1’

Suy ra tdn tai cac $6 x=2,x,=1,x=1
twong tng la cac nghiém cua cac phuong trinh
Nile(modmi),izl,2,3.
Vay
x=35x2x2+21x1x3+15x1x2=233.

Trir 233 cho hai lan 3 x 5 x 7 = 105 duoc
nghiém nho nhét 1a 23.

Nhén xét Duong Huy goi thuat trir 105 la
“tidn quan” (cat d6t),'* nghia la néu sé vuot qua
3 x 5 x 7=105 thi “cat dbt™: trlr cho bdi cua 105
dé dugc nghiém nho nhit thoa man hé phuong
trinh dong dur.

Giai bai 2.1.2:"°

Thuit rang: 7 du 1 viét xudng 288, trong
dé du 1; 8 dur 1 viét xudng 441, trong dé du 2 viét
xudng 882; 9 du 1 viét xubng 280, trong dé du 3
viét xudng 840. Gop lai dwoc 2010, di 504 thi
trir di. Trir 3 1an 504 con 498, hop voi céu hoi.

Giai thich Goi sd d3 cho 13 x. Ta c¢6 hé

x =1(mod7)
x =2(modS8)
x =3(mod9).

N, =8x9="72;
N, =7x9=063;
N, =T7x8=56.
Vi (8,9)=(7,9)=(7,8)=1nén
(N,,7)=(N,.8)=(N,,9)=1.
Ton tai cac sb x, =4, x, =7 x, =5

twong Ung la cac nghi€ém cia phuong trinh
Nx = 1(mod m).

Vay
X=T72x4x1+63xTx2+56x5x3
=288 + 882+ 840 =2010.
Trir 2010 ba lan cho 7x8x9 = 504 dugc 498.
Giai bai 2.1.3:"°
Thuit ring: 11 du 1 viét xuéng 936,

trong dé du 3 viét xudng 2808; 12 du 1 viét

https://doi.org/10.52111/qnjs.2022.16401
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xudng 1573, trong dé du 2 viét xudng 3146; 13
du 1 viét Xuéng 924, trong dédul. Gop lai duogc
6878, phap diy tong trir di 1716. Trir 4 1an 1716
con 14, hop véi cau hoi.

Giai thich Goi so can tim la x. Ta c6 hé

x=3(mod11)
x =2(mod12)
x=1(mod13).
bat
N, =12x13=156;

N, =11x13=143;
N, =11x12=132.

Vi (12,13)=(11,13) =(11,12) =1 nén
(N, 11)=(N,,12) =(N,,13) =1.

Ton tai cac s6 x, = 6,x,= 11, x, =7 1a céc
nghi¢m cua cac phuong trinh Nx, = 1(mod m).
Vay

x=156x6x3+143x11x2+132x7x1

= 2808+ 3146+ 924 = 6878.

Trir 6878 bon lan cho 11 x 12 x 13=1716
duoc nghiém nho nhat 1a 14.

Giai bai 2.1.4:'°

Thuat rang: Pém 2 du 1 viét xudng 315,
trong dé du 1; dém 5 du 2 viét xudng 126, trong
dé du 2, viét xudng 252; dém 7 du 1 viét xudng
540, trong d& du 3 viét xudng 1620; dém 9 du 1
viét xudng 280, trong dé du 4 viét xubng 1120.
Gop lai dugc 3307, phap diy téng trir di 630. Trir
di 5 1an 630 con 157 1a dap sd, hop vé6i cau hoi.

Giai thich Goi sb d3 cho 14 x. Ta c6 hé

x=1(mod2)
xX= 2(mod5)
xX= 3(mod7)
x=4(mod9).

N, =5x7x9=315;
N, =2xTx9=126;
N, =2x5%x9=90;
N, =2x5xT7="70.

https://doi.org/10.52111/qn;js.2022.16401

Ki hiéu (a, b, ¢) 12 wdc sb chung 16n nhat
ctia ba s nguyén duong a, b, c.

Vi (5,7,9)=(2,7,9)=(2,5,9) =1 nén
(M,2)=(N,,5)=(N;,7)=(N,.9)=1.

Ton tai cac sox, = 1,x,=1,x,=6,x, =4

1a cac nghiém cua phuong trinh Nx = 1(mod m).
Do do

x=315x1x1+126x1x2+90x6x3+70x4x4
=315+252+1620+1120=3307.

Trir 3307 nam lan cho 2 x 5 x 7 x 9 = 630
dugc nghiém nho nhat 1a 157.

Nhin xét Pay la bai giai hé 4 phuong
trinh dong du, khong thiy co trong cac sach toan
Han - Nom, tham chi hiém thay trong céc tai li¢u
toan hién nay cua Vi¢t Nam.

Giai bai 2.1.5:'°

Thao rang: Dém 3 thira 2 viét xubng 140,
dém 5 thira 3 viét xubng 63, 7 khong thira khong
viét xudng. Gop lai duoc 203, trir 105 con 98
ngudi. Lay 200 nhéan véi sb ngudi duoc sb tién,
sb nguoi chia 7 duoc s6 ruou, chia 3 duoc s6 thit.

Gidi thich 1 can = 16 lang; 1 lang = 24
thi, vy 1 can = 16 x 24 = 384 thu; mdi lan chia
1 cAn = 384 thu cho 3 ngudi, mdi nguoi dugce
128 thi.. Goi s6 ngudi 1a x va y, 1a sé 1an chia thit
(khong ke lan cudi chia bi thira), moi lan chia 1
can = 384 thu cho 3 nguoi, cir mdi 3 ngudi duoc
chia 1 can thit thi thira 5 lang 8 thu = 128 thu =
1/3 can, vay phai thém 2 ngudi cubi cung nhan
2/3 can = 256 thu. Theo bai ra ta co:

384y, +256=128x <3y, +2=x

Nghia la x =2(mod 3).

1 quan = 1000 tién, chia cho 5 ngudi thi mdi
ngudi nhan 200 tién. Goi v, la sd lan chia tién
(khong ké 1an cubi thira 400, tirc 13 thém 3 ngudi
nhan moi ngudi 200). Theo bai ra ta cd

1000y, + 600 =200x <> x =5y, +3
hay x= 3(m0d5).
Goi y, 1a s6 1an da rét rugu, mdi lan rot
cho 7 ngudi (thu chén lai dé rét cho ngudi khac).
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Va khong c6 sb ngudi du, tirc 1a x = 7y,. Taco h¢
x= 2(mod3)
x=3(mod5)

N, =5x7=35;
N, =3x7=2]
N, =3x5=15.
Vi (5,7)=(3,7)=(3,5)=1 nén
(N,,3)=(N,,5)=(N,,7)=1.
Tdn tai cac sb x, =2,x,=1,x,=11acac
nghiém cua phuong trinh Nx, = 1(mod m). Vay
x=35%x2x2+21x1x3+15x1x0
=140+63=203-3x5x7=203-105=098.
Dadp: 98 nguoi; 7 nguoi hung rugu mot
1an, 98 nguoi bang 14 1an hing ruou; 3 ngudi
mot can thit, 98 =32 x 3 + 2. Vay s6 thit chi ra 1a
32 can 256 thu =32 can 10 lang 16 thu; 5 nguoi 1
quan tién, mdi nguoi dugc 200 tién, 98 =19 x 5+3.
Vay 98 ngudi dugc 19 quan 600 tién.
Bai 2.1.6 (Tan Ctru Thiéu, Bai 9, Chuong 1)
Tim x biét
xX= 1(mod19) = 14(mod17) = 1(rnod12).
Giai Ta c6 hé
x=1(mod19)
x=14(mod17)
x=1(mod12).

N, =17x12=204;
N, =19x12=228;
N, =19x17=323.
Vi (17,12)=(19,12) =(19,17) =1 nén

(N,,19)=(N,,17) =(Ny,12) =1.

Tén tai cac s0 x, = 15,x,=5,x,= 11 1a c4c
nghiém cua cac phuong trinh N.x, = 1(mod m).
Vay

x=204%x15x1+228x5x14+323x11x1=22573.

Trir 22573 chondm 14n 19 x 17 x 12 =3876
dugc nghiém nho nhét 1a 3193.

Tan Ctru Thiéu la nguoi dau tién da dua
ra thuat giai hé phuong trinh dong du,’ sau nay
dugc phuong Tay goi 1a Pinh Ii Trung Quoc vé
phan dir (The Chinese Remainder theorem). Ong
cling da xét ca cac truong hop khi cac m, 1a cac
s6 khong nhat thiét nguyén té cing nhau bang
cach dua vé truong hop cac m, la céc sd nguyén
t6 cting nhau, hodc cac bai toan dong du véi phan
s6 hodc s6 du am. Ong nhan xét: Néua, b, ¢ la cac
sb tu nhién thi

= é(modgj < ax=b(modc).
a a

b ) L
That vay, xz—(mod£j<:> Ton tai s6 nguyén
a a

y sao cho

x=£y+é<:>ax=cy+b<:> abe(modc).
a  a

Duéi day ching toi chi néu dau bai mot s6
bai toan, 101 giai c6 thé xem trong.>?
Bai 2.1.7 (Tan Ctru Thiéu, Bai 5, Chuong 1)>
Tim x biét
x = 0(mod54) = 0(mod57) = 51(mod75) = 18(mod72).
Bai 2.1.8 (Tan Ciru Thidu, Bai 5, Chuong 1)>3
Tim x biét
x=0.32(mo0d0.83) = 0.70(mod1.10) = 0.30(mod1.35).
Nhén xét H¢ trén tuong duong voi
100x = 32(mod83) = 70(mod110) = 30(mod135).
Bai 2.1.9 (Tan Ciru Thiéu, Bai 8, Chuong 1)>3
Tim x biét
x=-60(mod130) =-30(mod110)
= —10(mod120) = —10(mod60) = 10(mod25)
= IO(modIOO) = 10(m0d30) = 10(mod20).
Bai 2.1.10 (Tan Ctru Thiéu, Bai 3, Chuong 2)>
Bai toan nay c6 ngudn gdc tir bai toan thién vin
va tinh toén lich. Tim x biét

(mod 60)
16900 16900

7264[ q 8967 J

XEO(mOd365 4108 jEll 7540

=10——| mod29
16900

16900
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2.2. Dinh li Trung Qudc vé phan du trong cac
sach toan Han — Nom

2.2.1. Tim béi s6 chung nhé nhit ciia ba sé

Ta bat dau bang mot bai toan dudi dang tho trong
cudn sach chit Han Dai thanh todan hoc chi minh
ctua Pham Gia Ky (to 52a).'
Bai 2.2.1
Phién am chir Han:
Trwong gia tam nir hiéu thudn
Quy ninh bat dan can lao
Dong thon dai nir cach tam triéu
Ngii nhdt Tay thon nir ddo
Tiéu nit Nam hirong vong vién
Y nhién that nhét nhat tao
Ha thoi té chi am thuan lao
Thinh vin todn éng hoi béo.

Dich:

Ho Truong ba gai hiéu thuan

Vé tham khong ngai can lao

Gai ca thon Dong cach ba sang

Nim ngay gai thon Tay dén

Gai ut qué Nam ngong xa

Cung vay bay ngay mot gap

Luc ndo cung t6i udng rugu nong

Xin hoi 6ng toan tra 10i.

Giai'* Lay “3 sang”, “5 ngay” nhan voi
nhau dugc 15 ngay. Lai nhan véi 7 dugc 105
ngay la ba con gai cung toi.

Loi binh Day la bai toan tim bdi s6 chung
nho nhat (BSCNN) ctia ba sb 3, 5, 7. Bai toan tim
BSCNN hién nay duoc giang day trong chuong
trinh toan 16p 6.

2.2.2. BPinh li Trung Quoc vé phan duw trong “Y
Trai todn phdp nhdt ddic luc”

Trong Chuong 6 cta cudn sach Y Trai todn phdp
nhat ddc luc, dang toan Vat bat tri ki s6 duge goi
1a dang toan D7 du 56 tri nguyén s6 (Tt s6 du tim
ra s6 ban dau).

Bai tho dudi day trong Y Trai todn phdp
nhdt déc luc 13 mot phién ban cua bai Han Tin
diém binh.

https://doi.org/10.52111/qn;js.2022.16401

Bai 2.2.2 (D7 du s6 tri nguyén s6 c6 ca - Bai
ca c0: Ttr s0 du biét dugc so ban dau), trang 115).8

ZANRITE+H

REiETE T —#%

tFEEMEKA

BEL=EERH

Phién am:

Tam nhdn dong hanh that thdp hi

Ngii thu mai hoa chdp nhdt chi

That tir dodn vién thu da nguyét

Bach linh ngii tho dinh vi ki.

Giai thich ciia Nguyén Hiru Than®

Tam nhéan dong hanh that thdp hi: Ba
nguoi dong hanh hiém dugce 70: S6 70 chia hét
cho 5 va 7, va chia cho 3 du 1, nén goi la phép

tam so.

Ngii thu mai hoa chdp nhdt chi: Nam cay
hoa mai 21 canh: sb 21 chia hét cho 3, cho 7, va
chia cho 5 du 1, cho nén goi 1a phép ngii s6.

That tr doan vién thu da nguyét: Bay
ngudi con doan vién dém tring thu (ngdy ram
15): S6 15 chia hét cho 3, cho 5, va chia cho 7 du
1, cho nén goi 14 phép that s6.

Bach linh ngii tho dinh vi ki: Tram linh
nam (105) da dinh, dem chia cho 3, cho 5, cho 7
déu khong du, nén ding 1am phép trur.

Giai thich: “Tru trdm linh ndm™: 105 1a
bdi s6 chung nho nhit cua 3,5,7. Trir b6t 105 (cat
d6t theo Duong Huy) dé duoc nghiém nho nhat.

Sau khi giai thich ting cau tho va giai bai
Han Tin diém binh, Nguyén Hiru Than di phat
biéu mét s6 bai todn mai, trong tu nhu bai Var
bdt tri ki s6, ma ching t6i chua tim thy trong
cac sach toan Trung Hoa, c6 1& do chinh Nguyén
Hiru Than sang tac khi nghién ciru bai Var bat
tri ki 6.

Céc bai toan 1.2.3 - 1.2.12 dugc lay tir ¥
Trai todn phdp nhat ddic luc.® Dé tién trinh bay,
chung t6i st dung ngon ngit hién dai trong phat
biéu bai toan va 101 giai.
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Bai 2.2.3 Tim s6 nhé nhét biét khi chia n6
cho 3, cho 5, cho 7 déu du 1.

Giai Goi x 14 s6 can tim. Khi 4y x - 1 chia
hét cho 3, 5, 7. Chimg t6 x - 1 1a BSCNN cua 3,
Sva7.Suyrax-1=3x5x7=105.

Vay x = 106

Bai 2.2.4 Tim sb nho nhét biét khi chia n6
cho 3, cho 7, cho 11 déu du 1.

Giai Goi x 12 s6 can tim. Khi dy x - 1 chia
hét cho 3, 7, 11. Chtng t6 x - 1 1a BSCNN cuia 3,
7vall.Suyrax-1=3x7x11=231.

Viay x =232.

Bai 2.2.5 Tim s6 nho nhét biét khi chia n6
cho 5, cho 7, cho 9 déu du 1.

Giai Goi x 1a s6 can tim. Khi 4y x - 1 chia
hét cho 5, 7, 9. Chimg t6 x - 1 1a BSCNN cua 3,
7va9.Suyrax-1=5x7x9=315.

Vay x =316.

Bai 2.2.6 Tim sb nho nhét biét khi chia n6
cho 7, cho 9, cho 11 déu du 1.

Giai Goi x 12 s6 can tim. Khi dy x - 1 chia
hét cho 7,9, 11. Chtng t6 x - 1 1a BSCNN cuia 7,
9vall.Suyrax-1=7x9x11=693.

Viy x = 694.

Bai 2.2.7 Tim s6 nho nhét biét khi chia n6
cho 7, cho 11, cho 15 déu du 1.

Giai Goi x 12 s6 can tim. Khi dy x - 1 chia
hét cho 7, 11, 15. Chimg t6 x - 1 1a BSCNN cua
7,11 val5.Suyra x-1=7x 11 x 15 =1155.

Vay x = 1156.

Bai 2.2.8 Tim s6 nho nhét biét khi chia nd
cho 9, cho 11, cho 13 déu du 1.

Giai Goi x 12 s6 can tim. Khi 4y x - 1 chia
hét cho 9, 11, 13. Ching to x - 1 1a BSCNN cua
9,11val3.Suyra x-1=9x11x 13 =1287.

Vay x = 1288.
Bai toan sau day thuong duoc st dung

trong cac ki thi hoc sinh giéi Trung hoc Co so
cap Tinh.

Bai 2.2.9 Tim s6 nho nhat biét khi chia
no6 cho 3 thi du 1, chia cho 5 thi du 2, chia cho
7 du 3.

Cach giai 1 (BSCNN) Goi x 1a s6 can tim.
Khi 4y x - 1 chia hét cho 3, x - 2 chia hét cho 5,
x - 3 chia hét cho 7. Suy ra 2(x - 1) ciing chia hét
cho 3, 2(x - 2) ciing chia hét cho 5, 2(x - 3) ciing
chia hét cho 7. Chtng to

2x+1=2(x-1)+3=2(x-2)+5=2(x-3)+7
chia hét cho 3, cho 5, cho 7 hay 2x+1=105.
Suy rax =52.

Nhén xét Loi giai trén doi hoi doi chut
sang tao (thi hoc sinh gioi THCS). Tuy nhién,
néu biét thuat giai h¢ phuong trinh dong du thi
chi can ap dung Pinh li Trung Qudc vé phan du
ma khéng can phdi sang tao.

Cich gii 2 (Giai hé phuong trinh dong
du) Goi x la sb can tim. Theo bai ra ta c6 hé

le(m0d3)
xEZ(modS)
xs3(mod7).
bat
N, =5x7=35
N, =3x7=2];
N, =3x5=15.

Vi (5,7)=(3,7)=(3,5)=1 nén
(N1,3) :(NZ,S) :(N3,7) =1.

Tdn tai cac sb x =2,x,=1,x,=11acac
nghiém cua cac phuong trinh N .x, = 1(mod m,).
Vay
x=35x2x1+21x1x2+15x1x3=T70+42+45
=157=3x5x7+52.

Pdp: S6 nho nhat thoa man dau bai 1a 52.

Nhan xét Cac bai toan trén thuc chit chi
can dung khai niém Boi s6 chung nho nhat. Tuy
nhién, cac Bai toan dudi day trong® doi hoi phai
biét van dung Pinh li Trung Quéc vé phan du.

Bai 2.2.10 Gia sir ¢6 mot s ngudi. Xép
hang 7 thi du 1, xép hang 11 thi du 3, xép hang
15 du 4. Hoi s6 ngudi 12 bao nhiéu?

https://doi.org/10.52111/qnjs.2022.16401
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Giai Goi x la so6 can tim. Theo bai ra ta
co hé

x=1(mod7)
3(mod11)

4(mod15).

X

X

N, =11x15=165;

N, =7x15=105;

N, =7x11=177.
Vi (7,11)=(7,15)=(11,15)=1 nén

(N,,7)=(N,,11)=(N,,15) =1.

Tdn tai cac sb x, =2,x,=2,x,=8lacac

nghiém cua phuong trinh Nx, = 1(mod m). Vay
x=165x2x14+105x2x3+77x8x4=3421
=(7x11x15)x2+1114.

Dadp: 1114 nguoi.

Bai 2.2.11 Gia sir c6 mot s6 linh bén cung,
chia thanh timg cip tap ban trong ba ngay. Ngay
thir nhét cip 7 nguoi thi du 6 ngudi. Ngay thir
hai cdp 11 nguoi thi du 10 nguoi. Ngay thir ba
cdp 15 nguoi cling du 10 ngudi. Hoi sb ngudi 1a
bao nhiéu?

Giai Goi x l1a sb can tim. Theo bai ra ta
co hé

x=6(mod7)
x=10(mod11)
x=10(mod15).

N, =11x15=165;

N, =7x15=105;

N, =7x11=177.
Vi (7,11)=(7,15)=(11,15) =1 nén

(N,,7)=(N,,11)=(N,,15)=1.
Ton tai cac sb x =2,x,=2,x,=8lacac

nghi¢ém cua phuong trinh N.x, = 1(mod m). Vay
x=165x2x6+105x2x10+77x8x10=10240
=Tx11x15x8+1000.

Pap: 1000 linh.

https://doi.org/10.52111/qn;js.2022.16401

Bai 2.2.12 Gia su c6 binh linh &n com 3
lan. Lan thir nhat xép 9 ngudi mot ban thi thira
3 ngudi. Lan tht hai xép 11 ngudi mot ban thi
thira 1 nguoi. Lan thi ba xép 13 nguoi mot ban
thi thira 4 ngudi. Hoi s6 nguoi 1a bao nhiéu.

Giai Goi x la so can tim. Theo bai ra ta

co hé
x=3(mod9)
x=2(modl11)
x=4(mod13).
bat

N, =11x13=143;
N, =9%x13=117,
N, =9x11=99.
Vi (9,11)=(9,13)=(11,13)=1 nén
(N,,9)=(N,,11)=(N;,13) =1.
Tbn tai cac sb x =8,x,=8,x,=51acac
nghiém cua phuong trinh Nx, = 1(mod m). Vay
x=143x8x3+936x8%x1+99%x5%x4 =6348
=9x11x13x4+1200.
Dadp: 1200 nguoi.
2.2.3. Pinh li Trung Quoc vé phan di trong
“Todn phdp dai thanh” va mét s6 sach khdc
C6 thé khang dinh rang nguoi Viét Nam biét dén
bai toan Piém binh phdp (phép diém binh) qua
cubn sach Todn phdp dai thanh’ duoc coi 1a cla
Luong Thé Vinh. Tuy nhién, cudn Todn phdp dai
thanh hién nay con luu trir chi 1a ban chép lai va
bai Diém binh phdp’ khong co6 101 giai.
Bai 4.2b Piém binh phap (Todn phdp dai
thanh, Ban B, t0 64a; Ban A, to 115a).’
REE
ZANRTET#
ABIRIEH —1%
t ARITKHA
BREREE AR
Phién am:
Piém binh phap
Tam nhdn dong hanh that thap suy
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Ngii thu mai hoa chdp nhat chi

Thdt nhdn dong hanh thu ban nguyét

Trie bach trie ngii dinh vi ky.

Dich:

Phép diém binh

Ba nguoi cung di it bay chuc

Nam cay hoa mai 21 canh

Bay con doan vién dém trang thu

Trir trim linh nam biét sé thanh.

Nhén xét: Toan phap dai thanh (dugc coi
1a ciia Luong Thé Vinh) goi bai toan nay 1a Piém
binh phdp, khong goi 1a Han Tin diém binh nhu
Trinh Pai Vi (1592). Diéu nay 1a co so dé tin
rang Todn phdp dai thanh hién ton (hai ban chép
tay, mot ban truéc nam 1934 va mot ban nam
1944) c6 bong dang Todn phdap dai thanh cua
Luong Thé Vinh (1441 - 1496).

Hoang Xuan Han’ da chép lai bai Han
Tin diém binh tir sich Todn phdp thong téng cia
Trinh Pai Vi va viét:® Bai tho nay cua Trinh Pai
Vy doi nha Minh, ding chit sach c6 dinh liu d&én
nhiing chit can biét. Nhu & cau dau la ding “tam
nhén dong hanh tdt hitu ngd su” [ba ngudi cing
di tat c6 nguoi 1a thay ta] va cau “nhdn sinh thdt
thdp ¢6 lai hi” [Ngudi bay muoi xwa nay hiém).
Va Ong xin dich doi lai nhw sau nay cho dé hiéu:

Ba nguoi cung hang, nhan bay muoi.

Nam ngudi ciing hang, nhan ham mét.

Bay nguoi cung hang, nhan muoi lam.

Trir tram linh nam thi tinh subt.

Nhung r6i Hoang Xuén Han ciing binh
luan: Nghia van la toi tam. Nhung ta phdi hiéu
rang bai tho trén la chi dé nhé mdy so quan hé
trong qui tdc ma thoi.®

Trong Ldp thanh todn phdp (t6 21a)" ¢
bai Van trui toan phap (Phép toan van tri = sip
xép, tinh toan trudc):

EEHE
= ANEATEER
st —#&

tFEHEFA

BREREE AR

Phién dm:

Vén tru toan phap

Tam nhdn dong hanh thdt thap su

Ngii thu cdo hoa chdp nhat chi

That tir vién bai chinh ban nguyét

Trwe bach trie ngit dinh vi ky.

Trong Todn dién trir ciru phdp (t& 53b)'°
cling c6 bai Van tru toan phap thi (tho vé toan
van tru), thuc chat ciing 1a bai Diém binh phap.

LI S RAPS ]

/N 1K e o

TR = —3

EANFEATHCEH

B3 ok T 23

Phién am:

Vin tru toan phap thi

Tam nhdn dong hanh that thdp suy

Ngii nhdn dong hanh nhi thdp nhdt chi

That nhén dong hanh thu ban nguyét

Trwe bach trie ngii dinh vi ki.

Trong ca ba cudn sach™'>!¢ déu khong co
loi giai.

3. KET LUAN

Pinh li Trung Quéc vé phan dw da dugc nguoi
Viét biét dén tir thoi Luong Theé Vinh (1441-
1496), cach day 500 nam. Theo tu li¢u sach toan
Héan-Nom hién ton, cé thé khang dinh, Nguyen
Htru Than (1757-1831) 1a nguoi dau tién trinh
bay chi tict 101 giai va phat bieu mét so bai toan
tuong ty. Ong cling da viét ro: “Néu so nguoi
nhiéu hon dap so, thi tir cach giai cling tim dugc
dung s6 nguoi”.® Nghia 13, phai “cit dot™: trir
BSCNN cua cacso m,i=1,2,..., k, d€ dugc dap
s0 nho nhat hodc dap so trong mét khoang nao
d6. Qua khao sat van ban, cé thé noi, cac nha
toan hoc Viét Nam da cam nhéan duoc cai hay vé
mat toan hoc va irng dung trong thyc té ctia toan
dong du. Tuy nhién, nguoi Trung Quoc con di xa
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hon: ho biét van dung dinh li vé& dong du vao céac
bai toan thién van va tinh toan lich tir thé ki 11
trudc Cong nguyén.

Céc sach toan Han-Nom thuong dua ra 101
giai cho nhitng bai toan thyc té, vi vay no van
con co gia tri khong chi trong nghién cuu lich
sir toan hoc, ma con trong giang day toan két
hop véi thuc tién, mot trong cac dinh huéng cua
Chuong trinh todn 2018 va trong cac sach gido
khoa moi. Nhitng vi du trong sach toan Han-
Nom (va duoc gidi thiéu trong bai ndy) van co
thé str dung trong day va hoc chuyén dé Pong du
trong chuong trinh toan Trung hoc va toan Dai
hoc hién hanh.
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