
88 Asian Journal of Economics and Banking (2019), 03(01), 88–109

Asian Journal of Economics and Banking

ISSN 2588-1396

http://ajeb.buh.edu.vn/Home

Quantum Probability based Decision Making in Finance: from

Individual Preferences to Market Outcomes

Polina Khrennikova�

School of Business, University of Leicester, Leicester, LE1 7RH, UK

Article Info

Received: 30/01/2019
Accepted: 15/02/2019
Available online: In Press

Keywords

Behavioural finance, Belief
state, Complementary of ob-
servables, Decision operator,
Disposition effect, Interference
effects, Investor sentiment,
Quantum probability, Subjec-
tive expected utility

JEL classification

D01, D53, D81, D83, D84, G40

Abstract

This paper surveys the main directions of the applications in
finance of a generalized probability calculus that is derived
from the axiomatics of quantum physics, see monographs by
[33], [12], [22]. Recently, subjective expected utility with QP
(quantum probability) measures of agents’ uncertainty and
contextuality in preferences was formalized in [3]. The pro-
jective measurement scheme that is at the core of QP relaxes
some of the core axioms of classical probability, namely the
commutativity and distributivity of events. Hence, QP cap-
tures well real decision making scenarios, where agents can
have ambiguous and state dependent beliefs. In [8] agents’
make comparison between lotteries and interference effects
between prospects are present that denote risk perceptions
from the ambiguity about prospect realisation in the selec-
tion process. The notion of non-commuting lottery observ-
ables has the substantial to explain paradoxical behaviour of
individual investors, characterised my myopia in asset return
evaluation, as well as inter-asset valuation. Moreover, the
interference term of agents’ comparison state can provide a
quantitative description of the disposition effect from agents’
contextual utility perception. Some of the implications of
non-classicality in beliefs for the composite market outcomes
can be also modelled with the aid of QP. For instance, the
emergence of speculative bubbles from investors’ sentiment in
asset pricing is elaborated in [36, 37]

�Corresponding author: Polina Khrennikova, School of Business, University of Leicester, Leicester,
LE1 7RH, UK. Email address: pk228@le.ac.uk



Polina Khrennikova/Quantum Probability based Decision Making in Finance... 89

1 INTRODUCTION

“Theories which purported to de-
scribe the uncertainty [of events] in
terms of probabilities would be quite in-
applicable...unless quite different opera-
tion for measuring probability were de-
vised.” (Ellsberg, [13], p. 646)

An array of deviations from classi-
cal probability based information pro-
cessing in economic agents’ judgement
and decision making has been detected
in experiments as well as in real market
settings. Broadly speaking, the main
causes of contextual or state depen-
dently behaviour where attributed to
cognitive and psychological influences
coupled with environmental conditions
elaborated in the works by, [26], [29],
[54] and [58].

Irrationality of preferences that are
at variance with EUT ([61]) under risk
and SEUT ([49]) under uncertainty is
hinged by the state dependence of eco-
nomic agents’ valuation of payoffs with
far reaching implications for their trad-
ing on the finance market and devia-
tions from rational equilibrium prices.a

The core question plaguing decision
theory could be formulated as follow-
ing: “Should one rely on the axiomatic
of classical probability when describing
human beliefs and their dynamics?” .

There is a vast amount of contri-
butions that aimed to address non-
classicality of human beliefs and the
impact of ambiguity upon human way
of thinking and making decisions. We
can mention here the foundational con-
tributions by [17] and [51] that aimed

to generalize the classical probability
functions to overcome non-additivity of
probability. Future studies built upon
exiting findings on human beliefs about
likelihood of payoffs in risky and uncer-
tain settings to devise a more accurate
representation of beliefs, via a proba-
bility weighting function that takes into
account the outcomes and their cumu-
lative probability distribution, [60], [64]
and [46].

Other contributions also focused on
the state dependence and unstable na-
ture of individual utility and hence,
changing risk preferences, [27], [60],
[30]. The above mentioned works aimed
to provide a generalization of classical
probability scheme in belief formation
through a formulation of a more rich
framework of human risk and ambigu-
ity preferences. Modifications of EUT
and SEUT (together with some assump-
tions, such as ‘coding rules’ and ‘ref-
erence point’ in Prospect Theory) give
a good fit with empirical data and ac-
count for revealed biases and sate de-
pendent preferences. Here we can men-
tion important cognitive features such
as e.g., loss aversion and disposition ef-
fect, ambiguity dependent beliefs, or-
der effects in information processing and
preference formation, as well as inter-
temporal dynamics of preferences and
beliefs.

In the search for a different (more
general, yet complete) theory of prob-
ability that could be applied to mea-
surement of human beliefs, but also
provide a probabilistic description of
decisions, researchers from interdisci-

a Abbreviation EUT stands foe Expected utility theory and SEUT stands for Subjective expected
utility theory.
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plinary fields in psychology, economics
as well as mathematics and physics
adapted quantum probability based cal-
culus that was an original part of the
theory of measurement applied to mi-
croscopic objects, such as photons and
electrons. We can mention here early
works by [1], [31], [21] in which the au-
thors conceived that cognitive systems
and the flow of information can be mod-
elled by the same calculus that is used
to depict the behaviour of microscopic
systems and their contextuality.

The field of application of QP (quan-
tum probability) to social science has
grown rapidly, with a diversity of con-
tributions to decision making in games,
voting behaviour and information pro-
cessing in various contexts. Finance ap-
plications of quantum mechanical cal-
culus are also wide ranging, and uti-
lize both classical (Copenhagen) inter-
pretation of quantum probability and
pilot-wave models of deterministic na-
ture that are inspired by Bohemian
quantum mechanics. For an in depth
introduction and references the reader
is invited to consult the monographs by
[33], [22], [12] and surveys by [32], [45].
The focus of this survey is on applica-
tions of QP as a basis to decision the-
oretic models in economics and finance,
to mention few, we refer to works by
[11], [44], [65], [34] and [59].b

While quantum probability showed
to provide a good descriptive account
for, i) ambiguity perception; ii) state de-
pendence of beliefs and preferences com-
bined with instances of non-Bayesian
update, the ultimate goal was to de-

velop a theoretical framework of deci-
sion making based on QP and decision
contextuality. The latest contributions
in economics and finance addressed well
the Ellsberg and Machina type ambi-
guity, see works by [23], [3], [8]. Also,
collected experimental evidence on dis-
junctive investment preferences under
risk was successfully modelled with aid
of QP in [24].

State dependence has been exten-
sively explored in questionnaires and
opinion polls. QP model for order ef-
fects that accounts for specific QP regu-
larity in preference frequency from non-
commutativity is devised [59] and [62]
and further explored in terms of pre-
dictions in the work by [34]. The
roots of state dependence are identified
and testable quantitative predictions for
modelling the endowment effect are es-
tablished in the recent contribution by
[3]. Non-commutativity of projectors as
a source of state dependence in belief
formation serves as a good explanation
for the heterogeneity in agents’ informa-
tion processing that yields the ‘agree to
disagree’ paradox among agents, see QP
mode in [35]. Other implications of non-
Bayesian update with a sub-additive
treatment of complimentary beliefs are
experimentally explored in the setting
of ‘zero prior’ paradox in [7]. Financial
implications such as deviations from ra-
tional expectations equilibrium result-
ing from incomplete information and
ambiguous beliefs of agents are theo-
rized in [37].

The remainder of this survey is
structured as follows: in the next sec-

b There are also many applications of quantum probability and the dynamics of complex proba-
bility amplitudes to game theory, economics and asset pricing, e.g., [43], [55] and [4].
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tion, section, 2 we sketch an overview
of the behavioural paradoxes in eco-
nomics and finance and approaches to
modelling them via non EUT theories.
In section 3 we present a non techni-
cal introduction to the latest advances
in QP based decision theory that was
developed in works by [3] and [8]. This
framework provides the core mathemat-
ical rules, pertaining to lottery selection
from an agent’s (indefinite) comparison
state.

The main causes of non-rational be-
haviour in finance, pertaining among
other to inflationary and deflationary
asset prices that deviate from a funda-
mental valuation of assets. In section, 3
we summarize assumptions of the pro-
posed QP based model of subjective ex-
pected utility and define the core math-
ematical rules pertaining to lottery se-
lection from an agent’s (indefinite) com-
parison state. In section 4 we discuss
the implications of the model for the
disparity of WTA (Willingness to ac-
cept a certain payment for a lot) and
WPA (Willingness to pay for the same
lot) and the emergence of endowment
effect that also gives raise to disposition
effect in the context of asset trading.
In section 5, we focus on complemen-
tarity of beliefs about an asset’ returns
returns of complimentary assets in the
setting of portfolio holding. In the sec-
tion 6, we outline a QP rule of belief for-
mation, that serves as a contribution to
theoretical models of composite market
outcomes, characterized by speculative
bubbles and volatility.

Finally, in section, 7 we conclude to

consider some possible future venues of
research in the domain of application of
QP based decision making in asset pric-
ing and behavioural finance.

2 BEHAVIOURAL FINANCE
AND PARADOXES

Starting with the seminal paradoxes
revealed in thought experiments by [2]
and [13] the classical neo-economic the-
ory was preoccupied with modelling of
the impact of ambiguity and risk upon
agent’s probabilistic belief and pref-
erence formation. In classical deci-
sion theories due to [61] and [49] there
are two core components of a deci-
sion making process: i) agents’ form
beliefs about subjective and objective
risks via classical probability measures.
They update their beliefs via a Bayesian
scheme; ii) preference formation is de-
rived from optimization via an attach-
ment of a utility value to each (mon-
etary) outcome. These two build-
ing blocks of rational decision making
serve as the core pillars behind asset
trading frameworks in finance, start-
ing with Modern Portfolio theory that
is based on mean-variance optimization
and Capital Asset Pricing model that
presumes a representative agents’ asset
valuation.c The core premise of the
frameworks is that beliefs about the re-
turns suppose a similar historical pat-
tern in the absence of new information,
and are homogeneous across economic
agents. The predictions of asset allo-
cation and asset trading are grounded
in the assumption of all agents being

c For a comprehensive introduction to asset pricing frameworks and references we refer the in-
terested reader to core texts in finance, e.g. [10].
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Bayesian rational in their wealth maxi-
mization.

The main assumption that allows
these elegant frameworks to provide as
benchmark for fair prices of risky as-
sets is context independence of beliefs
and preferences. Agents ought to form
joint probability distribution of all asset
class returns in regard to the whole in-
vestment period in order to assess the
mean returns and standard deviations.
The agents also dislike idiosyncratic risk
and hence prefer only to hold the mar-
ket portfolio (in combination with a risk
free asset depending on their risk aver-
sion profile).

After extensive empirical evidence
documented an existence of market in-
efficiencies, such as deviations from
equilibrium asset prices, characterised
by bubbles or abrupt market correc-
tions the School of Behavioural Finance
endeavoured to explain the observed
anomalies in human behaviour. We
can mention to streams of research,
with contributions focused on individ-
ual agent’s beliefs and preferences, as
well as investigation of the implications
for the composite finance market be-
haviour characterized by excess trad-
ing and excess volatility, asymmetric
and incomplete information and agents’
reaction, etc., see some fundamental
works in this direction by [26], [53],
[52], [42], [57]. Bubbles and high re-
turn rates as a result of agents’ het-
erogeneous beliefs were firstly addressed
in the works by [20], [50] as well as in
works based changing risk preferences in
[54], and [9]. A disposition effect char-
acterising ‘sticky behaviour’ in respect
to negative return stocks was explained

via loss aversion and desire to break-
even as postulated in the prominent
‘Prospect theory’ ([27], [60]). Prospect
theory contains a generalization of clas-
sical utility function from [61]. Two
value functions of a different curvature
exits, with the one in the loss domain
being 2.5 times more curved than the
one in the gain domain, to depict the
extra ‘pain’ associated with foregoing a
monetary amount or an object in one’s
possession, see extensive experimental
evidence and analysis in [28]. The idea
that a loss can have such a strong ef-
fect upon agents’ preferences, attracted
a vast attention in asset pricing stud-
ies. Loss aversion was attributed to
trigger the notable disposition effect,
manifest in an unwillingness of the in-
vestor to e.g., sell shares that depre-
ciated in value, yielding in high re-
turns for the wining stocks and vice
versa, with a general effect of creat-
ing and in other periods attenuating
the price trends, [53]. Another pecu-
liarity in investors’ behaviour was trig-
gered by their non-classical belief forma-
tion that deviates from Kolmogorovian
probability theory, [38]. These devia-
tions where often coined as ‘noisy’ with
an assumption that on average, the ef-
fects of the positive and the negative
noise in agents’ beliefs cancels out there
are minimal influences on the composite
capital markets.

Non-linearity in beliefs, as well as
their dependence on the negative, or
positive changes in wealth was well
captured via an inflected probability
weighting function, devised in the works
by [27], [60], and advanced in [46], [19],
[64]. This type of probability weighing
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function provides a viable explanation
for common ratio effect [2] and ambigu-
ity aversion in [13].

Non-additivity in beliefs is not con-
fined to ‘laboratory experiments’ only
and has been detected among profes-
sional traders as well, [16]. Moreover,
it was found that economic agents can
exhibit other information processing fal-
lacy, coined ‘myopia’. Myopia corre-
sponds to narrow framing, or more for-
mally an inability to form a joint sample
space for an asset’s returns over a set
of investment periods. Agents can also
show state dependence, as they employ
different ‘evaluation rules’ in respect to
the assessment of previous losses and
gains, see experimental findings in [40]
and [57].d When the economic agents
tend to display a joint myopia and loss
aversion bias (MLA), the implications
for the composite finance markets can
be far-reaching, as the risky assets be-
come under-prised and agents demand
higher risk premium. This is the result
of their narrow framing in the evalua-
tion of the returns for each investment
period in isolation, rather than over the
whole planned investment horizon, [9].
Market experiments document as well
that agents, who do not receive frequent
feedback about their investment, will
exhibit lower degree of MLA and as a

result the asset prices appreciate, [63]
and [18].

Recently, the notion of belief state
dependence, as result of previously ex-
perienced gains, or losses was detected
in a set market experiments by [39].
The findings of this study showed that
individual belief update can deviate
from the Bayesian scheme, and more-
over, the deviations are interrelated to
the sign of the experienced return. Es-
sentially, one can witness that state de-
pendence of beliefs is of a more non-
separable character than conceived by
the classical utility theories and their
generalizations, such as Prospect The-
ory. There decision theoretic frame-
works separate between the representa-
tion of beliefs about state-outcomes and
the attached utility/value.e

The notion of ambiguity that sur-
rounds future events, and its possible
implications for agents’ beliefs about
the future returns of risky assets also
attracted fast attention in finance liter-
ature. Most of these frameworks are en-
deavouring to model Ellsberg-type am-
biguity aversion that results more pes-
simistic beliefs and in shunning of com-
plex risks. The celebrated “Max-min
expected utility” due to [17] provides
a good account for the representation
of the pessimistic beliefs that can ex-

d Previous gains and losses, i.e. positive or negative returns should not have any effect upon
investors’ subsequent preferences, besides becoming a part of her existing wealth.
e To put it differently, the realized states and corresponding outcomes can affect beliefs and pref-
erences of the agents. Beliefs can also be influenced by the probabilistic set-up of complementary
prospects (lotteries) as shown in [3], [8]. One should note that this effect is different from the
non-linearity of prior beliefs, as captured in the probability weighting functionals, in [27], [60].
We apply the word ‘context’ or ‘state dependence’ as an umbrella for coining these effects.
f For instance, agents’ can be ambiguous in respect to the prior likelihoods, as well as being
affected by ambiguous information that produces deviations of asset prices from the rational
equilibrium, [14]. We also refer to works on ambiguity markets for risky assets detected in ex-
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plain an additional ‘ambiguity premi-
ums’ on assets with complex and un-
known risks.f

3 QP LOTTERY SELECTION
FROM AN AMBIGUOUS
STATE

The main premises of vNM utility
theory due to [61] imply: i) separa-
bility in evaluation of mutually exclu-
sive lottery outcomes; b) the evalua-
tions of outcomes may be quantified by
the cardinal utility function that at-
taches real utility numbers to conse-
quences U(c); c) utilities may be ob-
tained by firstly computing the expec-
tations of each (monetary) consequence,
with respect to the risk encoded in the
objective probabilities; and finally d)
the utilities of the considered outcomes
are aggregated across the decision tree,
see [30] for a more technical treatment.
The above formalisation suggests only
the consequences matter when agents
are computing utilities combined with
the existence of a joint probabilistic dis-
tribution of the consequences of several
lotteries that are chosen concurrently, or
are part of a compound lottery.

The QP lottery selection theory de-
veloped in [3], [8] can be considered
as a generalization of Prospect Theory
in following respects: i) non-additivity
of beliefs and a non-neutral attitude
to the lottery outcome risk is modelled
via complex probability amplitudes and
interference effects can exist between
them. Interference term λ quantita-

tively captures the ‘fear’ to obtain an
undesirable outcome before the lottery
choice has been made and the outcome
realized. One can interpret it as an
agent’s Degree of Evaluation of Risk
(DER); ii) an agent’s comparison state
(that is modelled as a ψ vector) in the
process of lottery selection considers the
lotteries as complimentary in the pro-
cess of decision making. This assump-
tion relaxes requirement of an existence
of a joint probability distribution across
lottery outcomes. The utility of each
lottery outcome depends on the lottery
composition and the comparison of the
lotteries is driven by a process of reflec-
tions about the possible outcome real-
ization and relative utility that is will
generate for the decision maker. This
process is operationally given by a com-
parison operator, D. Hence, the main
premise of the QP framework is that the
subjects attach a state dependent util-
ity to the realization of the lottery out-
comes and their subjective beliefs can
deviate from the objective probability
distribution of lottery outcomes.

3.1 Standard EUT Maximiza-
tion via Classical Probability
Calculus

There are two lots, say A = (xi, pi)
and B = (yi, pi), where (xi) and (yi) are
outcomes and (pi) and (qi) are proba-
bilities of these outcomes. All of the
outcomes are different from each other.
The agent is confronted with following
question when dealing with this simple
decision making task: Which lot do you

perimental studies by [41], [48] and [47]. The latter study detects a more rare phenomenon of
‘ambiguity seeking’, as a result agents’ shifts in reference points due to experienced gains or
losses.
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select? What decision rule to use, in or-
der to be able to rank the lots in terms
of desirability? An agent, can simulate
her experience that she draws the lot A
(or B) and gets the outcome xi (or yi).
We represent such an event by (A, xi)
or (B, yi) that denotes a joint occur-
rence of an act, and with a realised ran-
dom outcome. Subjects assign utilities
to the outcomes of the lotteries, u(xi)
and y(xi) of (A, xi) and (B, yi), respec-
tively. Here, u(x) is a utility function of
outcome that only depends on the total
wealth of the agent as a result of lottery
selection, x.
By using a utility function the agent
evaluates various comparisons for form-
ing the preference, A � B, or B � A.
Expected utility theory, devised the fol-
lowing optimisation rule: an agent cal-
culates the expectation values EA =∑
u(xi)pi and EB =

∑
u(yi)qi, to use

their difference as a criterion for estab-
lishing her preference, [61].

3.2 QP Based Representation
of Lotteries by Orthonormal
Bases in a Belief-State Space

Consider the space of belief states
of an agent in respect to different de-
cision making tasks. Belief-states are
represented by normalized vectors in a
complex Hilbert space H. These are the
so-called pure states, which depict the
indeterminacy of the agent in respect
to the realization of lottery outcomes.
The lotteries A and B are mathemati-
cally realized as two orthonormal bases
in H : (|ia〉) and (|jb〉). Any vector |ia〉
represents the event (A, xi) - “selecting
the A-lottery, which will realise an out-
come xi.

′′ The same applies to the vec-

tors of the B-basis. We should not that
the lottery realization events are not
real, but hypothetical. The agent con-
ceives, which potential outcomes of the
lotteries can realise, by the means of a
state transition into lottery eigenbases,
and compares the eigenvalues via the at-
tached utility mappings. Here we also
need to emphasise how the agent relates
the lottery outcomes to the correspond-
ing utilities. the utility (derived from
some monetary amount) has not only
a numerical value, but also a “color”
determined by the circumstances sur-
rounding the corresponding lottery se-
lection. Mathematically, one can also
represent lotteries by Hermitian opera-
tors:

A =
∑
i

xi|ia〉 , B =
∑
j

yj|jb〉. (1)

As in the classical EUT, each outcome
xi has some utility ui = u(xi) (say an
amount of money). Starting with two
lotteries A and B, with outcomes (xi)
and (yj) these have corresponding utili-
ties ui = u(xi) and vj = u(yj).

In the process of selection, an agent
attaches these utilities to two orthonor-
mal bases in the belief-state space H :

ui ∼ |ia〉, vj ∼ |jb〉. (2)

Since the bases are fixed in respect to
the particular lottery observables, the
final utilities are related to the specific
lottery composition and the subjective
beliefs of the decision maker, [8].

3.3 Belief State Representation
And Subjective Probability
Of Lottery Realisation

The state of a person’s beliefs about
the lottery A can be represented as a
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superposition:

|ψA〉 =
∑
i

√
pie

iθai|ia〉.

The probability of the realization of the
event (A, xi) is given by the Born rule
and equals to pi = |〈ia|ψA〉|2. In the
same way, the state of beliefs about the
lottery B can be represented as super-
position

|ψB〉 =
∑
i

√
qie

iθbi|ib〉.

The agent superposes her belief-states
about the lotteries and their respective
outcomes. Her composite belief-state is
given as a superposition of her beliefs
about the A-lottery and the B-lottery.
The overall state space of lottery selec-
tion is given by the composite state vec-
tor, Ψ that is the superposition of the
ψ’s s for two individual lotteries, i.e.
Ψ = ψA + ψB.

3.4 Comparison of Complemen-
tary Lotteries

As noted, the lottery selection pro-
cess of the decision-maker is contex-
tual. In many decision making prob-
lems the agent is not forming a joint
probabilistic representation of her ac-
tions and the lottery outcomes and this
is why, the lottery observables are eval-
uated sequentially by her comparison
state. To put it differently, the agent
is not thinking of the lotteries in terms
of joint probability distribution of the
outcomes (xi, yj). Hence, the lottery
operators can be non-commuting, i.e.,
[A,B] 6= 0 corresponding to an impos-
sibility of a joint measurement on the

lottery observables. Instead of weight-
ing probabilistically the pairs of out-
comes, the DMr analyses the possibility
of the realization of an outcome say xi
of the A-lottery, by accounting its util-
ity u(xi). Then, under the assumption
of such a realization, she thinks through
each of the scenarios of the possible real-
izations (yj) of the B-lottery, and com-
pares corresponding utilities u(yj) and
u(xi). Utility values are given through
classical utility function, and are tech-
nically realised as mappings from the
eigenstates of the lottery-operators to
the actual numerical utilities. We can
describe the comparison sequences as
following: “Suppose, I have selected the
A-lottery and its outcome xi was real-
ized. What would be my gain (loss),
if (instead) the B-lottery were to be
selected, and an outcome yj was real-
ized?” These reflections precede the for-
mation of a firm preference in respect
to a lottery choice and are described
in the Hilbert state space via a specific
comparison operator, D. This opera-
tor mathematically models a belief state
transition from the A-basis to the B-
basis and back, to obtain the final rela-
tive utility of the lots.

Operator D comprises of two tran-
sition operators that describe the pro-
cess of transition from preferring the
state |ia〉 to preferring the state |jb〉.
We stress that state transitions take
place between the different belief states
of an agent before the selection of the
lottery takes place. As the the agent
transits from B to A, she evaluates a
relative utility of selecting the lottery
A in respect to selecting the lottery
B. We can interpret relative utility as



Polina Khrennikova/Quantum Probability based Decision Making in Finance... 97

the difference between, u(xn) that the
agent earns by choosing A and realizing
a potential outcome xn and the utility
u(ym) of the possible outcome ym of the
lottery B. Hence, we can formulate a
summary of decision criterion in a state
dependent EUT:

Decision rule: If the average of the
comparison operator D is non-negative,
then A � B.
Essentially, the agent evaluates average
relative utility, from preferring A to B,
respective, B to A, and if the relative
utility of preferring the lottery A is pos-
itive she selects this lot.g

This operator captures contextual-
ity and indeterminacy in decision mak-
ing process, that goes beyond EUT ap-
proach based on calculation and com-
parison of weighted averages of the lot-
teries’ utilities.

3.5 A Note on the Relationship
of QP with the Agent’s Sub-
jective Beliefs

As noted, QP based subjective prob-
abilities are closely reproducing a spe-
cific type of probability weighting func-
tion that captures ambiguity attrac-
tion to low probabilities, and ambiguity
aversion to high probabilities that are
close to one. These features of human
judgements are captured with the aid
of probability weighting functional, es-
timated from empirical data, [60], [46],
[19].

This probability weighting function

is of the form:

wλ,δ(x) =
δxλ

δxλ + (1− x)λ
, (3)

The parameters λ and δ control the
curvature and elevation of the function
in eq.(3), see for instance, [19]. The
smaller the value of the above con-
cavity/convexity parameter the more
‘curved’ is the probability weighting
function. The derivation of such a
curvature of the probability weighting
function from the QP amplitudes corre-
sponds to one specific type of parameter
function with λ = 1/2. In other words
the interference angle of the magnitude
1/2 provides a good representation of
agents’ belief distortion in respect to the
lottery outcomes. Hence, the interfer-
ence term can provide a testable predic-
tion for the estimation of agents’ subjec-
tive probabilities from her initial super-
position state in respect to each lottery
observable.

4 ENDOWMENT AND DIS-
POSITION EFFECTS FROM
AGENTS’ STATE DEPEN-
DENCE

Endowment effect characterises an
asymmetric valuation of the item al-
ready in possession and the item to be
acquired. Endowment effect was exper-
imentally detected in [28] where the au-
thors examined bid and offer prices for
various items (mugs, pens etc.) and
found a significant difference between
the the selling price (WTA) and the
preferred purchase price (WTP), more

g For a detailed account of the decision making dynamics via usage of the comparison operator
and its mathematical form we refer to [8].
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precisely WTA > WTP . The cause
of such a discrepancy was attributed
to a shift in agents’ reference point,
whereby they exhibit loss aversion in
respect to the already possessed goods,
and the dis-utility of selling them is
higher than the utility from receiving
the same amount of cash.

This effect is also present in finance
setting, where investors continue to hold
risky assets, which previously realized
negative returns in respect to the pur-
chase price. This effect is coined ‘dis-
position effect’ and is widely explored
in terms of individual agents’ behaviour
and the implication for the capital mar-
ket outcomes, see [53], [42], [63]. One
natural consequence of disposition effect
is that the trading volume drops, since
the sellers do not want to part with the
object that they posses, even if they are
aware that is is essentially not worth the
cash that they demand, if they were on
the other side of the deal, see detailed
elaboration in [28].

Endowment effect translates into
disposition effect in the following:
When making an investment the agents
pay a certainty equivalent (CE) of cash
to buy a share that can be considered as
a risky lottery (Ls). When the investor
buys a stock he is treating the purchase
price as a reference point, i.e. this is
the cash she would like to get back at t1
(we ignore the time dimension and cost
of money in this illustration). Assum-
ing that the stock realized a negative
return (P−) at t1, the investor prone to
disposition effect, keeps the stock and
essentially accepts another risky lot for
the period t2. Let us assume that CE ∼
Ls , i.e. the agent is indifferent between

the risky stock holding, Ls, and the cash
(in fact she prefers the stock in this set-
ting). Hence, assuming that in the next
period the investment has the same de-
gree of riskiness of outcomes, the pref-
erence of the agent becomes, CE ∼
(P+Ls). This means the CE decreases
by the amount (P−), and the agent be-
comes more risk taking by holding the
stock, since she accepts a lower return
on the stock over the composite invest-
ment period. This type of behaviour
also implies that WTA > WTP for the
particular stock. The phenomenon is
attributed to loss aversion in respect to
the existing stock holding, coupled with
the desire to break even in respect to
the initial purchase price that was paid
for the financial asset, cf. experimental
evidence and detailed analysis in [27],
[57], [60] and [52]

Following, [3], QP calculus can ac-
count for this type of asymmetry in val-
uation of risky assets via the special pa-
rameter λ that serves as a measure of
“DER” (degree of risk evaluation) for a
specific lottery. Consider a choice prob-
lem in which the CE in cash is x and a
lot, whose outcome is y(> 0) with prob-
ability p, or zero, with q = 1− p. Then,
the choice state is given as a superposi-
tion state:

ψ =
1√
2
ψlot +

1√
2
ψcash, (4)

The authors in cite [3] derive an in-
difference relation between the utilities
of x and y for the comparison state, by
introducing the interference parameter
λ. A higher value of λ denotes a higher
level of risk aversion in respect to the
lottery outcomes. The coefficeint can be
estimated for different outcome proba-
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bilities p, associated with the risky out-
come uy. The utility for uy decreases as
the value of λ goes up. We note that as
the λ → 1 the dislike for risk becomes
very high.

One can derive the parameter from
the indifference relation between CE (i.e
the monetary amount x) and the lot-
tery through following relationship: As
noted, x in this case corresponds to the
CE of the lot:

uCE = ux =

√
p(1− λ√q)uy√

p+
√
q

. (5)

This relationship can be expressed
graphically, where the payoff amount of
certainty equivalent per unit of the risky
outcome will be a specific function of
the probability of the risky outcome,
with higher λ values denoting a more
convex function and the more negative
λ values denoting a ‘curved’ relationship
between these two variables.h

In the formalism of QP representa-
tion, an agent exhibits endowment ef-
fect, when she possess state dependent
DER, given by different λ parameters.
This parameter treats the utility of the
cash equivalent and the risky lot as be-
ing dependent on the subjective proba-
bilities of the risky outcomes.

An agent has different valuation of
the lot that she would like to acquire
(such as purchasing a share) and the
lot that she already possesses (the share
that is already purchased). As noted in
[3], (p.10): “seller’s λ will be smaller
than the buyer has,” implying an in-
creased risk seeking/loss aversion, on
the part of the seller that translates into
a higher WTA and a lower CE of the

seller than of the buyer. Some concrete
experimental findings for risky portfo-
lio investments, were analysed in [24],
and the results are consistent with a
willingness of the subjects to hold the
risky portfolio, after a negative return
was realized. At the same time, a lower
percentage of subjects is willing to in-
vest into such a portfolio in a baseline
setting. The authors provide a QP ac-
count of the state dependence in sub-
jects’ preferences.

We can take stock that the param-
eter λ is state dependent and shifts
in a similar mode as a decision mak-
ers’ reference point in Prospect Theory.
More precisely, the comparison state,
ψ, is characterised by different inter-
ference amplitudes, depending on the
choice problem, e.g., to choose between
a CE and the risky asset as a buyer, re-
spective as a seller.

5 NARROW FRAMING AND
MYOPIA: COMPLEMEN-
TARY BELIEFS AND COM-
PLEMETARY ASSETS

On the level of the composite fi-
nance market, agents are often influ-
enced by order effects, when forming be-
liefs about future dividends and price
outcomes.

These effects are often coined ‘over-
reaction’ or ‘underreaction’ in be-
havioural finance literature [54]. The
deviations from rational information
processing can be considered as a mani-
festation of state dependence in agents’
belief formation that affects their trad-
ing. Shiller, [54] notes that ‘overre-

h We remind that λ is the interference angle and is mathematically bound by −1 ≤ λ 1.
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action’ does not necessarily mean that
new information about fundamentals
is released, and can manifest itself
in over-optimism and deviation from
Bayesian update, due to observed price
sequences.i

Recent market experiments show a
persistent influence of previous gains
and losses upon agents’ investment be-
haviour, see for instance, [39], [56] and
[24]. The experienced losses can trig-
ger more pessimistic posterior beliefs
that deviate from Bayesian information
processing. It is also documented that
agents exhibit narrow framing in respect
to the evaluation of the risky assets’ re-
turns, by treating the future investment
periods as complementary to each other
in the process of belief formation, [18],
[40] and [63].

Based on the assumptions in [36] on
the non-classical correlations that as-
sets’ returns can exhibit, we depict a
simple QP model of an agent’s asset
evaluation process. The model con-
siders two risky assets, k and n and
their price realisations. The agent is
uncertain about the price dynamics of
these assets and does not possess a joint
probability evaluation of their price out-
comes. Hence, interference effects exist
in respect to the beliefs about price real-
ization of these assets. The agent evalu-
ates the future returns of the assets se-
quentially, and order effects in respect
to the final evaluation of the price re-
alization exist, see QP based works on
order effects in judgements due to [59],

[62] and [34].
By making a decision α = ±1 on the

asset k, an agent’s state ψ is projected
onto the eigenvector |αi〉 that corre-
sponds to an eigenstate for a particular
price realization for that asset.j After
the next trading period price realization
belief about the asset k, the agent pro-
ceeds by forming a belief about the pos-
sible price behaviour of the other asset
n. The agent is in a different (updated)
belief state |+i〉 and her state transition
in respect to the price behaviour of as-
set n with eigenvalues β = ±1 is given
by Born rule, with the transition prob-
abilities:

pk→n(α→ β) = |〈αk|βn〉|2. (6)

The eigenvalues correspond to the pos-
sible price realizations of the considered
assets.

The above exposition of state transi-
tion allows to obtain the quantum tran-
sition probabilities that denote agents’
beliefs in respect to the asset n price
distribution, when she firstly observes
the price realization of asset k. Tran-
sition probabilities have also an objec-
tive interpretation. Consider an en-
semble of agents in the same state ψ,
who made a decision α, with respect
to the price behaviour of the kth as-
set. As a next step, the agents form
preferences about the nth asset and we
choose only those, whose firm decision
is β. In this way it is possible to find
the frequency-probability pk→n(α→ β).
Following the classical tradition, we can

i Overoptimism triggered by trends is related to the fallacy of small numbers, as the agent infers
the future return or dividend distribution from a limited sequence of past observations.
j In the simple setup with two types of discrete price movements, we fix only two eigenvectors
|α+〉 and |α−〉, corresponding to eigenvalues a = ±1.
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consider these quantum probabilities as
analogues of the conditional probabili-
ties, pk→n(α → β) ≡ pn|k(β|α). We re-
mark that the belief formation about as-
set prices in this setup takes place under
informational ambiguity. Hence, in each
of the subsequent belief states about the
price behaviour the agent is in a super-
position in respect price behaviour of
the complementary asset, and interfer-
ence effects exist for each agent’s pure
belief state (that can be approximated
by a notion of a representative agent).

Given the probabilities, in (6) we
can define a quantum joint probabil-
ity distribution for forming beliefs about
both of the two assets k and n.

pkn(α, β) = pk(α)pn|k(β|α). (7)

This joint probability respects the order
structure, as such:

pkn(α, β) 6= pnk(β, α), (8)

Sequential information processing is
a manifestation of order effects, or
state dependence in belief formation
that is not in accord with the classical
Bayesian probability update, see e.g.,
[45], [62]. Order effect corresponds to
a non-satisfaction of the joint probabil-
ity distribution and brings a violation of
the commutativity principle that is cen-
tral to classical probability theory, [38].k

The obtained results with the QP
formula can be also interpreted as sub-
jective probabilities or an agent’ degree
of belief about the distribution of as-
set prices. As an example, the agent in

the belief-state ψ considers two possibil-
ities for the dynamics of the kth price.
She speculates: suppose that kth as-
set would demonstrate the α(= ±1) be-
haviour. Under this assumption (which
is a type of ‘counter-factual’ update
of her state ψ), she forms her beliefs
about a possible outcome for the nth
asset price. Starting with the counter-
factually updated state |αk〉, she gen-
erates subjective probabilities for the
price outcomes of both of these assets.
These probabilities give the conditional
expectations of the asset n price value
β = ±, after observing price behaviour
of asset k, with a price value α = ±1.

To sum up, in the setting of narrow
framing and sequential information pro-
cessing, when ambiguity is present, QP
frameworks aids to depict agents’ non-
definite opinions about the prices be-
haviour for the ‘complementary assets’
on her portfolio. Non-classical infor-
mation processing can be boosted by a
presence a vague probabilistic composi-
tion of the future price state realizations
of the set of traded assets.

In the case of such assets, an agent
forms her beliefs sequentially, and not
jointly as is the case in the standard fi-
nance portfolio theory. She firstly re-
solves her uncertainty about the asset
k, and only with this knowledge can
she resolve the uncertainty about other
assets (in our simple example the as-
set n.) The quantum probability be-
lief formation scheme based on non-
commuting asset price-observables can

k Agents can show order effects for: i) information processing related to the observation of some
informational signals; ii) preference formation related to the sequence of asset price observation,
or in respect to the actual asset trading behaviour. Non-commuting observables allow to depict
agents’ state dependence in preference formation. As noted, when state dependence is absent,
the observable operators do commute.
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be applied to describe subjective belief
formation of a representative agent by
exploring the ‘bets’, or price observa-
tions of an ensemble of agents and ap-
proximate the frequencies by probabili-
ties, see similar studies on order effects,
[12, 44, 22, 36, 24].

6 AMBIGUITY, HETEROGE-
NEOUS BELIEFS AND SPEC-
ULATIVE BUBBLES

State dependence in beliefs and
preferences that is modelled via non-
commuting projectors can also explain
the existence of periods, in which assets
are overpriced. Instances of overpricing
are known as speculative bubbles and
are accompanied by excess trading vol-
ume and volatility of asset prices that is
not predicted by the fundamentals. The
main explanatory causes behind the de-
viation of the prices from their funda-
mental values that are explored in fi-
nance literature are due to agents’ shifts
in risk aversion, where staring with the
works of [53], disposition effect coupled
with myopia is attributed to cause an
excessively high risk premium on stocks.
These individual effects result in under-
pricing of assets in the present, followed
by high price increase in the future, due

to the increased risk premiums.l While
disposition effect and myopia well ex-
plain the past returns, due to agents
non-classical beliefs and shifts is risk at-
titude, the question remains open on
why the prices are extremely high for
some classes of assets for longer peri-
ods? These high prices that are eval-
uated as not being justified, in respect
to the known fundamentals are alluded
to as ‘bubbles’. These bubbles are also
speculative nature, since their roots are
irrational from the point of view of tra-
ditional finance, and the only reasoning
to trade in such as setting is due to ‘bet-
ting’ on an even higher future price, see
an extensive treatment in [54], [56] and
[58].

Another stream of financial litera-
ture focuses on the impact of agents’
divergence in beliefs upon price forma-
tion coupled with informational ambi-
guity that surrounds the financial mar-
kets.m Investors can have a heteroge-
neous attitude towards ambiguity, and
also, exhibit state dependent shifts in
their attitude towards some types of
uncertainties. For instance, ‘ambiguity
seeking’ expectations that are manifest
in an overweighting of uncertain proba-
bilities can also take place under specific
decision making states, see [47], and ref-
erences herein.

l See foundational works focused on the impact of disposition effect by [9] and [42], followed by
experimental studies in [40], [63] and a recent analysis in [5] and [25]. Myopia means that agents
to not possess a joint probability distribution in the assessment of price outcomes. This bias acts
as a catalyst for the effect of loss aversion, as discussed in the section, 5.
m We can emphasise that the complexity of risks and hence the ambiguity in respect to realiza-
tion of economic states is increasing in the recent years. To give some concrete examples, we can
allude to the Global Financial Crisis and its adverse impact upon market outcomes. The notion
of an ‘increasing uncertainty’ associated with the impact of the Brexit Referendum in the UK
and the forthcoming political and economic events are a frequent subject of the analysis in UK’s
news. Finally, the rise of the opaque asset classes, with limited or no history of past returns,
such as crypto-currencies, contributes to the complexity of risks faced by today’s investors.
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A popular view is that some types of
agents can be optimistic in some trad-
ing periods (i.e., overprice the assets in
the next coming period), followed by
shifts in their beliefs. This results in
a high trading volume and overpricing
of the risky assets, see works by [20],
followed by [50] and [6] to mention few.
Agents’ beliefs can also switch, as a re-
sult of the observed asset prices, or re-
alized returns, where an overreaction
to negative outcomes can take place,
[39]. In [25], the author arrives at simi-
lar conclusions, by showing that agents’
beliefs are state dependent and follow
price trends. This pattern in beliefs
results in a trading behaviour that is
in accord with a ‘reverse disposition ef-
fect’. Traders are selling losing stocks
and keeping the wining stocks for longer
periods, thereby expecting an unjusti-
fied price growth from the previously
well performing stocks. The findings by
[5] also indicate that a reverse disposi-
tion effect among agents can take place,
as they invest in previous winners and
sell fast the losing stocks.

The works that build upon the het-
erogeneity of beliefs are taking as the
benchmark classical probability based
information processing, where the het-
erogeneity is due to the lack of informa-
tion or some present ‘noise’ in agents’
belief evolution about the fundamentals
and their interconnection with asset val-
ues.

In the recent work by [36] the classi-
cal probability based Markov process of
price dynamics was generalized, to in-
clude a more deep type of uncertainty
about the asset prices. The price re-
alizations in this QP model are result-

ing from agents’ non-classical expecta-
tions, future fundamentals and the re-
sulting prices. The agents are trading
upon their beliefs, and the prices are
affected by their actions. This process
is modelled with the aid of a so called
‘bath of agents’ expectations, following
a quantum Markovian dynamics. With
a simulation of two asset price states
the model shows that stationary equi-
librium prices can be obtained in the
long term, following the evolution of
agents’ non-classical beliefs. The dis-
tinguishing feature of the model is that
the agents are not forming joint dis-
tribution beliefs about the future price
outcomes with an implication to devia-
tions of their valuation from the rational
expectation equilibrium. A QP based
framework with agents holding hetero-
geneous ambiguous beliefs is formalised
in [37]. The agents can belong to two
agents types, the optimists and the pes-
simists and their beliefs are state depen-
dent. The agents trade in discrete time
and their beliefs can switch as the ob-
serve signals on the realisation of funda-
mentals. The interference effects due to
ambiguity about future prices and fun-
damentals correspond to agents degree
of overoptimism or pessimism that re-
sults in overpricing of the risky asset in
a trading periods, and price decrease in
a subsequent trading period.

7 CONCLUDING REMARKS

We presented an introductory sur-
vey on the advances of QP based de-
cision theory with some applications
to the domain of behavioural finance,
given the wide range of revealed be-
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havioural anomalies. These anomalies
are related with non-classical mode of
information processing by investors and
an existence of state dependence in their
trading preferences.

The core premise QP based deci-
sion theoretic framework is that non-
commutativity of lottery observables can
give raise to agents’ belief ambiguity
in respect to the subjective probabil-
ity evaluation, in a similar mode, as
captured by the probability weighing
function. Interference effects that are
present in an agent’s ambiguous com-
parison state, translate into over-, or
under-weighting of objective probabili-
ties associated with the riskiness of the
lots. The interference term (more pre-
cisely the interference angle λ) and its
size allows to quantify an agent’s fear to
obtain an undesirable outcome that is a
part of her ambiguous comparison state.
The agent compares the relative utilities
of the lottery outcomes that are given

by the eigenstates associated with the
lottery specific orthonormal bases in the
complex Hilbert space. This setup cre-
ates a lottery dependence of an agent’s
utility, where the lottery payoffs and
probability composition play a role in
her preference formation.

The main motivation for the appli-
cation of QP mathematical framework
as a mechanism of probability calculus
under non-neutral ambiguity attitudes
among agents coupled with a state de-
pendence of their utility perception de-
rived from its ability to generalise the
rules of classical probability theory, and
capture the indeterminacy state before
a preference is formed through the no-
tion a superposition.

QP has also a potential to serve as
generalised framework of contextual be-
lief formation and update in asset trad-
ing, due to its axiomatic completeness
that is derived from the rules of quan-
tum physical formalism.
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