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SU HOQI TU THEO TRUNG BINH VA LUAT YEU SO LON CHO
MANG KEP CAC TAP NGAU NHIEN VA CAC TAP NGAU NHIEN
MO TRONG KHONG GIAN BANACH

Pham Tri Nguyén'
TOM TAT
Trong bai bao nay, chiing t6i thiét Idp su héi tu theo trung binh va ludt yéu s om
cho mang kép cdc tdp ngdu nhién vi cdc tdp ngau nhién mo trong khéng gian Banach.

Tir kKhoa: Hoi tu theo trung binh, ludt yéu so I6n, khong gian Banach, compact kha tich déu.

1. DAT VAN DE

Nam 1986, Puri va Ralescu [8] dua ra khai niém tap ngﬁu nhién mo, d6 duoc xem
nhy 12 su md rong mot cach tu nhién ctia cac tip ngau nhién, va tir d6 nhiéu dinh ly gidi
han vé cac tdp ngau nhién mo d dugce nghién ctu va thiét 1ap. Chéng han, mot s6 két qua
nghién ctru vé ludt manh sé 16n ddi vdi cac tp ngiu nhién mo cé thé tim thdy trong céc
bai bao [4], [5]. [6].... Tuy nhién, cac két qua nghién ctru vé su hoi tu theo trung binh va
luat yéu s6 16n ddi véi cac tap ngau nhién mo thi hiu nhu rat it. Muc dich cta bai bao nay
1a nghién ciru va thiét 1ap mot s6 két qua vé su hdi tu theo trung binh va luat yéu sd 16n d6i
v6i mang kép cac tdp ngau nhién va cic tip ngau nhién mo trong khong gian Banach.

2. TAP NGAU NHIEN VA TAP NGAU NHIEN MO

Trong bai béo nay, ky hiéu = 1a khong gian Banach véi chuan || . ||, khong gian lién
hop cua = dugc ky hiéula =*vaB = 1a o- dai sd Borel cia =. Véimditap A C =,
clA va coA 1a ky hiéu bao déng va bao 18i cia tip A. Goi ¢ = (twong ting: cc = ) la
tp hop tat ca cac tp con compact khac rdng (twong tng: compact 16i khic rdng) cia =
Trén ¢ = | ta trang bi cac phép toan nhu sau

A+B= a+bla€cAbEB
M= Xa|a€A

Trong d6 A, B€c¢ Z . Cha y rang ¢ = khong phai 1a cac khong gian tuyén tinh vi
n6i chung khong ton tai phan tir d6i cia A€ ¢ = . Ngoai ra, khi A va B 1a céc tip dong bi
chan thi A+ B c6 thé khong phai 1a tap déng. Tuy nhién, néu A, B€c Z thi A+B€c E .
Hon nita, néu A, B€cc Z thi A+B€cc . Vi A B€c E , khoang cach Hausdorff

d, 4B cia AvaBva chuéin HAHH cia A duoc dinh nghia boi

! Truong Bai hoc Dién luc, Ha Ngi
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a -b|,supinf

biB alA

dH A;B = max supinf

alA bIB

[l = a0 = supl].

o]

Ky hiéu €, 7, 1 khong gian xdc suét. Sigma dai s6 Borel cia ¢ = sinh boi ho

—_

cactip U = AecZ :ANU =@ ,voi U latdp mé trong =, vand duoc ky hiéulaB ¢ =

Pinh nghia 2.1. ([2]) Ankh xa X :Q — ¢ E duwoc goi la tdp (compact) ngdu nhién,
néuvéimoi BEB ¢ = thi X ' B € /7.

Ta ky hiéu S,= feEL QE:fw €X w hce

trong d6 L ,Z 1a khong gian Banach cac phan tir ngiu nhién f: Q) — = thoa
man EHfH < 0.

Pinh nghia 2.2. ([7]) Tdp ngau nhién X :Q—c Z dwoc goi la kha tich néu SX =g

Chii ¥ riing tip ngdu nhién X 13 kha tich khi va chi khi bién ngiu nhién HX W ”H a
kha tich. Ky vong cua tip ngau nhién X dugc Aumann dua ra trong [1] nhu sau.

Pinh nghia 2.3. ([1]) Ky vong ciia tdp ngdu nhién kha tich X, ky hiéu EX, duoc
dinh nghia béi EX = Ef: f€S, .

Cht y ring EX c6 thé khong phai 1a tdp déng (xem [7]). Tuy nhién, néu
EleoX w| <oo thi ta co thé dinh nghia £ coX = Ef:feS, i ta co
E coX €cc E (xem [3]).

Véi AB,C,DEc 2, AN€R va X,V la cac tAp compact, ta ¢c6 mot sd tinh chét
vé khoang cach Hausdorff nhu sau
d, AMAB <|\d, 4B
d, 4B <d, AC +d, C;B
d, A+C;B+D <d, 4B +d, C;D
d, codicoB <d, A;B
d, EcoX;EcoY < Ed, X;Y .

Ngoai ra, néu cic tp compact AALA,B B, B, thba man 4 CACA,B CBCB,

thi d, A; B < max d, AﬁB2 ,d A23B1 <d, A1;32 +d, A23B1

H
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Mang kép céc tp ngau nhién XL_]_ :1>1,7>1 duogc goi la doc 1ap (tuong trng:

doc lap do6i mot) néu mang kép cac sigma dai sé o XM_ :1>1,7>1 laddc lap (tuong
ung: doc 1ap doi mot).
Ming kép cic tip ngau nhién XU :i>1j>1 duoc goi la compact kha tich déu (viét tat [a

CUI) néu véi moi € > ton tai tp con compact K ctia ¢ = sao cho sup £ <e.
21,531 H

Tiép theo, chiing ta trinh bay mét s6 khai niém vé tip ngiu nhién mo. Mot tap mo

i

X 2K

A

tén = 1a anh xau : S — [0; 1]. Ky hiéu F E 1a tap hop tht ca cac tap mo v thoa man

cac diéu kién sau
(a) w la nua lién tuc trén,

(b) suppu=-cl z€Z:u x >0 latdp compacttrong =,
¢c) reZ:iuzr =1 =0J.
Véiméi thp mo u € F E ,tap - mirc L u duge dinh nghia

Lau: rez:ur >a ,voia€ 0;1f.
Chu ¥ rang, hai tdp mo 13 bang nhau khi va chi khi cdc tip @ - mic cua ching tuong
{mg 13 bang nhau va tdp mo © 1a nira lién tuc trén khi va chi khi Lau la tap dong trong =

véimoi o € 0;1|. Ngoai ra ta con dinh nghia

LZu:CI re=:uzr >a ,voliac |01 .

Céc tap Lau va LZU 1a cac tdp compact trong =, hon nira ta c6 thé kiém tra dugc

rang Lu= mLmu va Lz:u:cl ULﬁu .

B<a B>
Véi u,v €F = va X €R, cutric tuyén tinh trén F = duoc dinh nghia

u+v T =supmin u Yy ,v 2
Yy+z=z

w A 'z, khi A=0
I 2. KkhiA=0.

0

Au T =

Khi d6 véiméi o € 0;1],tacod
L ut+v =Lu+Lpv,
L Au = AL u.
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Bao 16i cou cua y e ' = dugce dinh nghia cou z =sup a € 0;1|:z €co Lu
Khids L cou =co Lu ,véimoiae 01

Trén F Z taxétmetric d_ u,v = supd, L u L v,
[e%s] e 0_1] H «@ @

v6imoi w0 € F Z . Khido véimdi w€ F £ ta dinh nghia M =d ul, =swlu
00 aE 0:1]

Pinh nghia 2.4. ([7]) Anh xa X : Q — F Z duwoc goi la tdp ngdu nhién mo néu
L X lawp ngau nhién véi moi o € 0;1|.

Tap ngau nhién mo X duogc goi 1 bi chian kha tich néu Hsupp X HH 1a bién ngau

nhién kha tich.
Dinh nghia 2.5. ([2]) Ky vong cua tdp ngdu nhién mo bi chdn kha tich X, ky hiéu

EX, lis mgt tdp mo trén & thia man véimoi o € 01 thiL, EX =E L X .
V& sy ton tai va duy nhat cta ky vong ctia tp ngau nhién mo ta ¢6 thé tham khao
trong [8]. Ngoairatacé L FE coX =F L coX

Mang kép cac tdp ngau nhién mo X@,- :1>1,7>1 dugce goi la doc lap (twong
tmg: doc 1ap d6i mot) néu mang kép cac tip ngau nhién LQXM ci>1,5>1 ladoc lap
(twong ung: ddc lap doi mot) véi moi a € 0;1] .

Mang kép céc tap ngau nhién mo Xz,j :1>1,7>1 dugc goi la compact kha tich

déu (viét tat 14 CUI) néu véi mdi € > 0 ton tai tip con compact K_cia ¢ = sao cho

véimoi & € 0;1] thi sup E

i>1,5>1

LX1I

B <E.
0 LXK, ||

L
Su hoi tu theo trung binh cdp p > 0 (twong wng: theo xac suét) duoc ky hidu la —
P
(twong tng: —). Chi ¥ rang, su hoi ty theo trung binh kéo theo sy hoi tu theo x4c suat.

Vi hai s6 thue m va n, ta ky hiéu m v n = max {m, n} .

3. SU HOI TU THEO TRUNG BINH VA LUAT YEU SO LON CHO MANG KEP
CAC TAP NGAU NHIEN VA CAC TAP NGAU NHIEN MO

B6 d¢é sau (chi tiét xem [9], B6 dé 3.1) 13 cong cu dé chirng minh két qua chinh cua
muc nay.
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—
—

Bo6 dé 3.1. ([9]) Gia st A€c Z va {amn :m>1n> 1} la mang kép cdc sé

thiee khéng am. Néu

moon 1
Zkg.}.ﬁm“‘nB va 5 max a, — 0 khi mvn—w
-1 =1 " m n 1<i<m,1<j<n
voi o >0, B> 0, thi
moon 1 moon
d, o BZZ T aijcoA — 0 khi mvn— .
i=1 j=I mn =1 j=1

Pinh ly 3.2. Gia sir {Xij 1>l 2> 1} o mang kép cdc tdp ngdu nhién trong

¢ = dbc ldp doi mét va CUL Khi dé
m n IL

d —ii —ZZECOX —>0 khi mvn— o

zl]l nzl]l

1 m n 1 m.on P )
d, —Z XL,],;—ZZECOXM —0 khi mvn— .
mn ;=1 j=1 mn =1 j=1
Chitng minh. Véi méi € > 0, vi {X” I N 1} la mang kép cac tap ngau
= sao

—_
ot

nhién trong ¢ = thoa man diéu kién CUI nén ton tai tdp con compact K . cuac
chovéimoi 2>1,7>1
1 <e.
XK,

c c }CK8 sao cho

Do tinh compact cuia K nén ton tai {c
€ ; 1772777

»
K, cUB(ct;a) ,0day B c;e = w€c B :d, xm5¢, <€
t=1

Véimdi 7 > 1, j > 1, ta dinh nghia c4c tdp ngiu nhién trong ¢ = nhu sau

Y' =¢l I
§ T o) +ZQC ‘()H{(H

vai Y. =Y'I_ .
i if {Xéy.elxej

Chuy rang véimoi ¢ > 1,7 > 1 thi
P
V,=2cl, v Bl =P(Y,=c).
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Theo bat déng thirc tam giéc

i=1 j=1 i=I

1 T

—I—dH —EZZCP(Y = ct>, Tin?f;jzn;ticoctp(}/;j = ct>]

mn =1 j=1 t=1

+%_iimyiiihka

=1 j=1 mnzl]l
1 m n
+d, —EZECOXUIY o — > > FeoX,
mn = j=1 mn =1 j=1

=)+ <c>+<03>+<04>+<053+<06>
Ta danh gia (C|) — (C,) nhu sau
Véi (C)), tacod

m n 1 m
[ IPILIELS 9 IR
J

=1 j=1 mn =

m 7 1 m n
< ) —E\X I +— E
= Z:Z:[ ij X g}(} H i {XUQKE} H] — ; ‘= H i {XU%KE} P
é Z E[ ij X §ZKE} —E ‘ XU]{X,, §ZK:} J te

i=1 j=1 1 .

Do d6 véimoi m = 1,n = 1thi:
X I <e.

[ 2; v mn; “K}]
Vi (02),b6i cach xay dung YM., ta c6

e D) DL S/ —ZZ

mntljl =1 j=1

Zz 17' XeK ZZ

an1J1 i=1 j=1

I 7

<_sz ( ij XGKS};Y;J')<8'

=1 j=1

Do d6 Ed

Vi (C ) dat M = max

1<t<p

ct‘ ,taco
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=1 j=1 t=1 =1 j=1 t=1

zz ~P(Y, =)}

o e ‘)

Hmn

J,

Do d6

m n 1 m n

Feo DM NLNTED ) HIE >]

Noi=1 j=1 =1 mn =1 j=1 =1

m (3

LZZ

17 T

22|

=1 j=1

2
L B(Y =) <MY —E

=1 Mmn

=} P<Yu - Ct)]

1/2

< Mp (mn)il/2 .

1 2 m
dH[EZ rctIP’<YZ.]—c> ZZZCOCP< >
i=1 j=1 t=1 i=1 j=1 t=1
Sid}l[%ZZCtP(Y@ ) ZZCOC]P( )
t=1 i=1 j=1 i=1 j=1

Véi (C)) , boi cach xay dung YU ,tacod

[ngZECOY _Z ECOXU]{XLGKE}]

? J=1 mn =1 j=1
1 m n T n
d, |BoY,: BeoX I — Bd '
< mntzlj - H( CO CO { o ) ;; ( ij {/\.GKS})<€
V6i (C,), ta co
[ iZEcoXI —ZZECOX]
mn = 5 i X, ek mn»1,1
1 m n
<— dy | BeoX, 1 <2 alx _
m";; (CO gKf’{ }) mn,z;“ ‘ i {x, ek} =€

Két h0’p cac danh gia ¢ trén, ta thu dugc
m n m n _1/2
Zz —ZZECOX S58+Mp(mn) .
mn =1 j=1 Y mn ;=1 j=1

Cho m V n — oo, béi tinh tiy y cua €, ta thu duoc didu phai ching minh.
Trong két qua tiép theo, chiing ta thiét 1ap sy hoi ty theo trung binh va luat yéu s6
16n cho mang kép cac tip ngau nhién mo.
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Pinh ly 3.3.Gia sur {XW_ 12152 1} la mdng kép cdc tdp ngdu nhién mo trong F (E)
doc lap doi mot va CUI va voi méi € > 0 ton tai phan hoach hitu han () = a, <o <<a = 1

cuia [0;1} sao chovéimoi 1 21,52 1: max kd, (L+ X,,'L X,.> <e

1<k<p

Khi do d, ( Zl ) ZJ i mnz Z E(,OXU) - 0khi m vn - o
m [ m J P
va‘doa’*o’dw[ ZZ —ZZECOX )—)O khim v n — eo.

=1 j=1 =1 j=1

Chirng minh. Vi mdi €>0, ton tai phan hoach hiru han 0= a, <o <..< a = 1

cua [O; 1] sao chovéimoi 7> 1,5 > 1: 11%%); Ed, (LZqu;j;LkXy;j) <e
Ta co
sup ZZLX —ZZL EcoX
@ <asq =1 =1 M= =1
ZZLGXU—ZZF FeoX |44, izq XU—Zm:ZL EcoX]
-1 -1 Nz =1 nia = N = =
ZZL X —ZZL ECOX —I-d ZZF X —ZZF ECOX]
mnzl]l 21]1 11]1 11]1
12 [ YL BoX —zmsz EcoX]
mn - J=1 =1 j=1
LYYL X —iiL BeoX | +d, ZZL* X ZZL* EcoX]
mnzl]l 2171 11]1 zl]l -
+2— Ed L X L X
ng; [ LX)
<d LX— LEX —I—d L+X L+ ECOX + 2e.
B mn;; mn;; © ;; mn;; -
Do do
L3 xS Y Beox |=max swp d | =S YLX LY ST BeoX,
“\mniE A Y mn TS ! 1<k g, <osa, mnism U mniSE 0 !
1 m n 1 m n
< d |— L X :— L EcoX.
I}Slli;( H mn;; o, U’mn i:l; o, Y 1]
1 m n N 1 m n
+111$1kzg<dH %;;L%_l)( mn;;L%EcoX +2¢.
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Tt d6 suy ra
1 m n 1 m n
Ed_ X — EcoX < Emaxd |— L E(:OX
m ;le‘ mn ;le‘ ) leksp (mn =l j g j=1 )

1 moon 1 nmoon
+ Fmaxd E L X ;— L' EcoX . [+2¢
i<ksp M mn 3 = % Y mn pur Oy g

P moon

<Y Ed, 22 X ZZL EcoX]

k=1 7171 i=1 j=1
n

iiﬁ ,L ) L+EcoXU)+ %€.

k=1 nia g U mn g o %

Véi k =1, p, ap dung Dinh 1y 3.2, ta ¢6

Ed, —22 X ZZL EcoX. )%0 khi mvn — oo
Zl]l nll/l

Ed,|—3 3L X, —ZZE EeoX, )—> Okhi m v 1 — oo
mn,;=1,1 Zl]l

Boi tinh tiy y cia €, ta thu dugc diéu phai chirng minh.

4, KET LUAN

Két qua chinh cta bai bao 1a Pinh 1i 3.2 va Dinh 1i 3.3. Dinh 1i 3.2 thiét lap diéu kién
du cho sy hoi tu theo trung binh va do dé kéo theo luat yéu sb 16n cho mang kép céc tip
ngau nhién trong khong gian cac tap con compact khac rong ctia khong gian Banach, sy hoi
tu & day du oc xét theo metric Hausdorff. Dinh Ii 3.3 thiét 1ap su hoi tu theo trung binh va
luat yéu s6 16n cho mang kép cac tdp ngiu nhién mo trong khong gian Banach, sy hdi tu &
day duoc xét theo metric do .
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MEAN CONVERGENCE AND WEAK LAW OF LARGE NUMBERS
FOR DOUBLE ARRAY OF RANDOM SETS AND FUZZY RANDOM
SETS IN BANACH SPACE

Pham Tri Nguyen
ABSTRACT

In this paper, we establish mean convergence and weak law of large numbers for
double array of random sets and fuzzy random sets in Banach space.

Keywords: Mean convergence, weak law of large numbers, banach space,
compactly uniformly integrable.
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