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BAT PANG THU'C BIEN PHAN POI VOI HQ CAC ANH XA
S - DPON PIEU TRONG KHONG GIAN BANACH

Nguyén Manh Hing', Nguyén Xuin Thuan’
TOM TAT

Bai bao dwa ra mot so ket qua moi vé sy ton tqi nghiém cua bat dang thirc bién
phdn phi tuyén doi voi ho cdc danh xa S - don diéu, twong thich véi nhau trén khong gian
Banach phan xa.

Tw khéa: Anh xa kiéu don diéu, gidi tich phi tuyén, bat ding thire bién phan.

1. DAT VAN BE

Gia sir X,Y la cac khong gian Banach thyc, X~ 1a khong gian ddi ngdu cia X (néu
X =R" hoic X 1a khong gian Hilbert thi ¢6 thé ddng nhit X véi X ). Ky hiu < x*,x >
1a cap ddi nglu gitta x" e X" va xe X ; span(D)- 1a bao tuyén tinh ctia tip D . Goi d 1a

metric dugc cam sinh béi chuan trén X va H 13 metric Hausdorff trén X cam sinh boi
d , nghia la:
Trong do, d(x,E)=inf {d(x, y):ye E} 1a khoang céch tir diém xe X t6i tap con E c X.
Gia st Dc X 1a tap 16i dong, A4: D —>X" 1a anh xa don tri. Bai toén tim u e D
thoa man(Au,x—u) >0, Vxe D (1)
goi 14 bai todn bat dang thirc bién phan hodc, ndi don gian 1a bat ding thirc bién phan
(hay bai toan bién phéan [1]). Chu y rang, bai toan (1) lién hé véi bai toan 61 uu qua dinh 1i sau.
Pinh li 1.1. [7] Gid sit f: X - R la ham kha vi Frechet va D la tdp con 16 trong

X . Khi 6, néu u la nghiém cia bai todn toi wu: min{ f(x):xeD}, thi u la nghiém cua
bai todn bién phin <f'(u),x —u> >0,VxeD.

Phiém ham /:Dc X — R duoc goi 14 16i trén D, néu
Yt e[O,l],Vx,y eD: f(tx+(1—t)y) <Hx)+(A-0)f(v);

va f goi la nira lién tyc dudi trén D, néu f(x)< }11_)mv inf f(y), Vxe X.

Anhxa A:Dc X X" duoc goi la

Pon diéu, néu (Ax—Ay,x—y) =0 va don di¢u ngat, néu (Ax—Ay,x—y)>0, voi
Vx,yeDva X#Y.

Anti-don diéu, néu (Ax,y—x) >0 thi <Ay,y —x> 20, Vx,yeD.

2 Khoa Khoa hoc Ty nhién, T ruong Pai hoc H5ng Duic
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Hemi-lién tuc, néu anh xa ¢ > (A(x +1y),z) lién tuc, Vx, y,zeD.

Tinh lién tuc va tinh hemi-lién tuc 1a dong nhat trén cac khong gian hitu han chiéu.
Trong [8] 1p bai toan bién phan dang

<T(y)—T(u),y—u>ZO, VyeD, (2)

da dugc xét cho 16p toan tir don di€u, ntra don digu trén khong gian Banach. Mo
rong hon, bai toan (2) duoc giai cho 16p anh xa ngau nhién kiéu don diéu, nira don diéu
yéu va don diéu cuc dai chinh qui ([3.,4,5]).

Trong ([7], Pinh li 3) bai todn bién phan dang

duogc giai ddi véi 16p anh xa 7, M déng tho1 Hemi-lién tuc, don di€u va anti-don diéu.

Gan day, mo rong dinh 1i 3 ([5], trang 971), bai toan (1) duoc giai déi véi 16p anh xa
S- don diéu 7, M. Trong bai bao nay, ching t6i dé cép t&i bai toan bién phan (3), dbi véi
ho cdc anh xa S-don diéu {A;V,M I f/1} oo tong thich v6i nhau trén X, trong d6
A,,M,:D, = X — X" la cic anh xa S-don diéu va f,:D, = X —>R la ho phiém ham
16i, nira lién tuc dudi.

2. CAC KET QUA

Pinh nghia 2.1. Gia st X, Y 1a cac khong gian Banach thuc. Anhxa I X — 7Y la

anh xa S- don diéu (S- anti-don diéu) néu ton tai 4nh xa S Xx X —>Y sao cho :

1) T(x) =Sk, x), VxeX.

2) Véimoiy€eX, anh xa S : xS (x)=S(x,y) la don di¢u (anti-don diéu) va
hemi-lién tuc, Vx e X .

3) VéimdixeX, anhxa S, : y > S (3)=S(x,») la hemi lién tuc, Vy € X .

Nhén xét 2.2. Trong dinh nghia 2, anh xa x — S(x,x) =7(x) 1a hemi-lién tuc.

Pinh nghia 2.3. Gia sit X, Y la cac khong gian Banach thyc, A:Dc X —7Y va
{Dﬂ}ﬂdcR 1a ho cac tap con khac rong trong X . Ho cac anh xa A,:D, c X =Y dugc
goi la tvong thich trén X , néu

1) lx{% H(D}V,D) =0.

2) Néu x,eD, va limx, =ueD, thi lim4,x, = Au.

Bo d@ 2.4. Gida sir D la tdp con khac réng, 16i, dong trong khong gian Banach phdn
xa tdch dwoc X va cde danhxa T,M: Dc X — X' lan lwot Ia la S-don diéu va S-anti-don
diéu,; [ :D—>R- 1 phiém ham 16i, nira lién tuc dudi . Khi d6, hai bai todn sau twong dicong

JueD, <T(u),x—u>+f(x)—f(u)2<M(u),x—u>,VxeD 4
JueD, <T(x),x—u>+f(x)—f(u) Z(M(x),x—u),‘v’x eD Q)
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Ching minh. Ta chirng minh
(). (4)=>(5). Suy ra truc tiép tlr tinh S - don diéu va S - anti -don diéu cua T, M.
(i1). (5)=(4). Gia st u e D thod man (5). Nghia la

<T(x),x—u>+f(x)—f(u)2<M(x),x—u>, VxeD (6)

Tur (6) va tinh hemi-lién tuc cua x> T(x),x > M(x); tinh 16i cta f, véi moi
t€[0,1],y € D, trong (6) thay xboi ty +(1—-t)u € D, taco

<T(Z}f’+(l—t)u),l}f’+(1—t)u—u> +f(ly+(l—l)u)—f(u) Z<M(ty—|—(1—t)u),ly—|—(1—t)u—u>,Vy eD
Suy ra: Z<T(Zy+(1—l)u),y—u>+tf(y)—tf(u) > t<M(z‘y+(l—t)u),y—u>,Vy eD
Triét tiéu ¢ & hai vé sau d6 cho ¢ — 0", ta duoc
(T().y—u)+ [()= [ () 2(M(u),y~u),¥yeD, (7)

Hay  (T(u).x—u)+f(x)— f(u)2(M(@u),x—u),VxeD.

B6 dé duoc chiing minh.

Tir y twong trong [6] (Ménh dé 1.1.7, trang 4), néu {Ka}aej ,K,: X =Y laluéicac
toan tr compact va K, hoi tu déu t6i toan tor K trén tap bi chan D X khi N0, thi
K 13 toan ttr compact. Ta co thé xét tap ®(S,)cdc ho anh xa {E,Mﬂ,fﬂ}zd tuong thich
trén X (theo Dinh nghia 2.3), trong d6 T,,M , la cic ho anh xa S-don di¢u, f,1a ho cac
phiém ham nira lién tuc dudi va goi

S@)={ueD:(T@),x—u)+f(x)— f@)2(M(u),x—u), VxeD|

Khi @9, ta ¢6 nhan xét sau

Nhan xét 2.5. Vi tip ®(S,)cdc ho (tiy ¥) danh xq twong thich trén X , thi
S(u) # Q. Hay, cé thé néi, (S, )co tinh chatS(u).

Dinh Ii sau s& khang dinh diéu do.

DPinh li 2.6. Gia sw {Dz } 1y la ho tdp con khac rong, 16i, dong, bi chin trong khong
gian Banach phan xa tach dwoc X T, M : DgX—)X*, f:D->RvaT,,M,:D, > X" lan
lwot la cdc ho anh xa S-don diéu va S-anti-don diéu va tuong thich trén X; f g :D ', R la
ho plziém hém 16i, nira lién tuc dudi, twong thich trén X. Khi do, t6n tai u € D sao cho

(T(u),x—u)+ f(x)— fu)2(M(u),x—u), VxeD. (8)

Chiérng minh. Tu gia thiét, ta c6 thé chi ra v6i mdi diy {lm}mzl A, N0, thi
H(Dlm,D)ﬂ)O. Gia su X, ,k=1,2,...,m la cac khong gian con hitu han chiéu cua

X, xé4c dinh boi.
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X, = Span{xﬁ1 2 Xy seees Xy }

D, =\J{x,} :x, €D, =X,nD,cD,
Khi dé, D; 1atap con 164, dong, bi chan trong D, . Chuy rfmg, thu hep cua cac anh xa

T,,M,.f, trén D, 1a cac anh xa lién tuc. Do d6, theo Pinh ly 3 trong [7], tdn tai

x, €D, saocho (T, (x; ) x—x; )+ £, ()=f, (5, )2(M, (x; ),x=x; ). VxeD,
Hon nita, véi mdi meZ', D, 1a tap compact yéu, nén diy {x;b } . cé day con

m m m=
{xﬂ” }/1,,>ﬂ,,, ,X, €D, hoi t yeu téi ue X khil, 0. Hon nita, vi Allr\n0 H(D.ﬂn,D):O,

va D 1a tip con déng yéu trong D,,nén ueD vataco

(T, (e ) x=x; )+ £, (0) = £, (6, 2(M,, (3, ).x=x; ). ¥xeD, 9
Cubi cung, tir gia thiét va dinh nghia2.3va T,M: DcX—X", f:D —R la cac

ho anh xa S-don di¢u va S-anti-don di€u, tuong thich trén X nén ta c6 cac gidi han
;11% T, (x,)=T(u), ;hr\r(l) M, (x, )=M(u) va %11\1‘”(1) Si (x;, )=/ (u). T tinh lién tuc cua

phiém ham <,> , tinh nira lién tuc dudi ciia f va (9) ta duogc
<T(u),x—u> +f(x)— f(u) = <M(u),x—u>, Vx e D.

Dinh li dugc chirng minh.
Tiép theo, xét cic ho ham ¢,,p, : D, xD, c X x X >R,

x4c dinh bai (x,y) =, (x,y):= (T,(x),y —x) (10)

va (x,y)l—>1,//_i (x,y):z(Mﬂ(x),y—x> (11)

Trong d6 ¢, (x,x)=0 va y,(x,x)=0, Vx,y € D,. Khi d6, truong hop dic biét cia (8) 1
Tim u € D sao cho ¢(u,y)+ f(v) 2w (u,y)+ f(u), VyeD. (12)

Khi y =0, bai toan (12) tré thanh:

Tim u €D sao cho f(u)é(p(u,y)Jrf(y),VyeD. (13)

Tir d6, ta c6 két qua sau.

Ménh dé 2.7. Gid si {D;L } g la ho tdp con khdc réng, 16i, dong va bi chdn trong
khéng gian Banach phan xa tich dwoc X . Cac danh xa T, f, T,, f, dwoc gid thiét nhie
trong Pinh li 2.6 va ho ham ¢, dwoc xac dinh ¢ (10). Khi do, véi moi x,y € X.

1) Bai toan (13) c6 nghiém.

2) Cdc bai todn cuc tiéu hod f(x) =min! va f(x) + (p(x,y) =min! ¢é nghiém.
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DPic biét, khi X 1a khong gian Hilbert, thi cap ddi ngﬁu <,> la tich trong (,) trén
X. Goi T,M:Dc X — X 1a anh xa phi tuyén trén tp con 16i, dong D; T',M' twong
g 13 dao ham Frechet cia 7', M . Xét cac dang song tuyén tinh lién tuc a,h: X x X >R
(x,y) — a(x, y) va (x,y) - b(x, y), Vx,y € X thoa man diéu kién

2 . 2
Jea, >0,8,>0),,, :{ a(xx)2 a1.||x|| ; bxx) 2 052.||x|| 14)
|a(x, y)| < ,Bl||x||| y| 5 [b(x, y)| < ﬂ2||x||||y , Vx,ye X. (15)
Khi d6, theo [8], tén tai u € D sao cho
a(u,x—u)Z(T'(u),x—u) ,VxeD (16)

(twong tu, ta cling ¢6 b(u,x—u) > (M'(u),x—u),Vx eD)

Trong truong hop D = X thi bai toan (16) twong duong véi bai toan tim # € X sao cho
a(u,x—u)z(T’(u),x—u),VxeD (17)

Tuwong tu, ta cling ¢6 b(u,x—u) = (M'(u),x—u) ,VxeD.

Tu (16), (17) chung ta dé cap tdi bai toan sau

Bai toan. Tim u € D sao cho

a(u,x—u)+bu,x—u)+ f(x)— f(u) = (T'(u),x—u)+ (M'(u),x—u),Vx eD, (18)

v6i f:DcX >R ; T'(u),M'(1) e X); va khi D= X thi bai toan (18) tuwong
duong vdi bai toan

a(u,x—u)+bu,x—u)+ f(x)— f(u)= (T’(u),x—u)+(M'(u),x—u),Vx eD. (19)

Tir (16) va (17), ta c6 bd dé sau

Bo d¢ 2.8. Gia siv D la tdp con khdc réng, 16i, dong trong khéng gian Hilbert X va
cic anh xa¢ T' M '1Ix X% - twong ung la S-don diéu va S-anti-don diéu;
f:D—>R-la phiém ham 16i, nira lién tuc duwoi . Khi do, u € D la nghiém cua bai toan
a(u,x—u)+bu,x—u)+ f(x)— f(u)> (T'(x),x—u) +(M'(x),x—u),Vx eD. (20)

khi va chi khi ue D la nghiém ciia bai toan (18). Trong do, a(.,.) va b(.,.) thoa

man cdc dieu kién (14), (15).
Sau day, ta s& phat biéu dinh li trong ty Dinh li 2.6 trong khong gian Hilbert.

Pinh li 2.9. Gia sw {Dz } e la ho tdp con khac rong, 16i, déng, bi chin trong khéng
gian Hilbert X ;T',M " DcX—>X", f:D->R va T,,M,:D, - X" twong ung la cdac
ho danh xa S-don diéu va S-anti-don diéu, twong thich trén X ; f, : D, - R la ho phiém ham
16i, niea lién tuc dudi, twong thich trén X ; va {a (5,0, (,)} oy la ho cdc dang song tuyén
tinh lién tuc théa man cdc diéu kién (14), (15). Khi do, ton tai u € D sao cho.

a(u,x—u)+b(u,x—u)+ f(x)— f(u) = (T'(u),x—u)+ (M'(u),x—u),Vx eD.

85



TAP CHi KHOA HOC TRUONG PAI HOC HONG PUC - SO 45.2019

Chirng minh. Ap dung tryc tiép B6 dé 2.8 va phuong phap chirng minh ctia Dinh 1i 2.6.

Binh 1i 2.6 va Pinh 1i 2.9 Ia cdc két qua maoi vé su ton tai nghiém cua bat déng thire
bién phdn phi tuyén doi véi ho cdc dnh xa S-don diéu, twong thich véi nhau trén khong
gian Banach phan xa.
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ABSTRACT

In this paper, we present some new results that concern the existence of solution of
nonlinear variational inequalities for a family of S - monotone mappings which are
compatible in reflexive Banach spaces.
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