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HE SO HILBERT CUA MOPUN PHAN BAC LIEN KET VA
NON PHAN THO CUA MODPUN LQC PHAN BAC

Lé Xuin Diing'
TOM TAT
Bai bdo chimg minh dwoc hé sé Hilbert ciia médun phan bdc lién két va ciia nén phdan
tho cua mot modun loc phdan bac bi chan theo bdc déng diéu ctia médun phan bac do.

Tw khoa: Modun phéin bic, médun phdn bac lién két, nén phén thé, hé sé Hilbert.

1. DAT VAN DE

Trong bai viét, luén gia thiét R=@® _ R, 1a dai s6 phan bac chuan Noether trén
vanh dia phuwong Artin (R,,m,)va khong mét tinh tong quét ta ¢ thé gia thiéc R,/m, 1a
truong vo han. Ki hi¢u m:=m, ® (@, R,) la idéan cuc dai thuan nhat cta R.

n=l

Goi M 1a R-modun phan bac hitu han sinh chiéu d. Sau ddy 1a mot s6 khai niém va ki
hiéu quen thudc lién quan dén modun phan bac M.

Véi 0<i<d, dit a (M)=sup{n|H, (M) #0}, trong d6 R, =, R, va
ng (M )” 13 modun ddi dong diéu dia phuong cua M Gng véi gid R, tai bac i. Chi 56
chinh quy Castelnuovo-Mumford ctia M 1a s6 reg(M ) :=max{a,(M)+i|0<i<d}.

Gia str 7 1a idéan m-nguyén so thudn nhit cua R, mot ddy cidc médun con phan bac
ctia M M:M=MoM>--2oM >

duoc goi la 1a I-loc cua M néu I M c M, v6éi moi i. Mot I-loc dugce goi la mot /-
loc tét néu I M =1M_ véii>0. Modun M c¢6 mét I-loc duge goi 1a modun /-loc phan
bac hay moddun loc phan bic. Néu N & moédun con cia moédun loc M thi day
{M,+N/N} lamot I-loc tot cia M /N duge ki hidu la M/ N.

Modun phan bac lién két tng vé6i loc Ml (modun phan bac lién két cia médun loc M)
dugc cho béi cong thirc GM)=®M,/M,,.

n=0

Piay 1a moédun phian bic hitu han sinh trén vanh phin bic chuin

G,(R)=®["/I"". Dicbiét, néu M1a {I"M3},., thita viét G(M)=G,(M).
n=0 -
S rut gon ctia I-loc tot 14 s6 r(M) =min{t 20| M, =IM,.,V n=>t}.
Ki higu HR,(z):=HF,, (). Ta goi Hy(n):=((M/M,,) la ham Hilbert-

Samuel cia M ung véi loc M. Véi n du 10n ta ¢6 ham Hilbert-Samuel cia M ting véi

! Khoa Khoa hoc Tw nhién, T ruong Pai hoc Hﬁng Puc
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loc M trd thanh mot da thuc goi 1a da thirc Hilbert-Samuel cia M tng vdi loc M, da
thirc d6 duoc viét nhu sau:

d . —7
RS0y e 0"

céc sb nguyén e (M) v6i i =1,d duoc goi 1a hé sb Hilbert ctia M tng véi loc M hay
1a hé s6 Hilbert cua modun phan béc lién két G (M). Khi M= {I"M3},.,. Hy (n),By(n)
va e (M) twong tmg thuong dugc ki hiéu boi H, (n),P,,M (n) va e (],M).

Gia st g 1a mot idéan thuan nhat chia 7. Non phan thé cia M ung véi idéan ¢
duoc xac dinh nhu sau:

F,(M)=®,,,M,/qM,.

Ki hiéu

gM:M o gM 2gM, 2gM 2 2qgM, 2

Néu M 1a mét I-loc tdt phan bac thi gM ciing 1a mot I-loc tot phan bac va co
r(qM) < r(M)+1.

Ta thay H £ S (J\/ln / qM) httu han va dugc goi la ham Hilbert cua nén phén
thd F, (M), da thire Hilbert cua £ (M) duoc xac dinh nhu sau:

"‘ n+d—i—1
F(M) l=0 d_l_l ’

cac sO nguyén f;( ) voi i =1,d —1 dugc goi 1a hé s6 Hilbert cua F,.(M).

Hé s6 Hilbert ctia M tng véi loc M va hé sé Hilbert clia nén phan thé F, (M) la cac
bét bién thong dung, né cung cip nhiéu thong tin vé médun M.

Trong truong hgp M 1a moédun hitu han sinh trén vanh dia phuwong Noether R voi
idéan cuc dai m, I 1a idéan m-nguyén so, nim 2007 Linh [L2] dd chan dugc hé sb Hilbert
cia modun M ung vdi loc I-adic theo bac mé rong cua M Gng véi idéan 7, khai niém nay
duge gidi thiéu trong [RTV] va [L1]. Vi M I-loc tot cac modun con cua M, ndm 2012,
Hoa-Diing trong [HD1] d4 chiing t6 cac hé so Hilbert ctia M mg véi loc M va hé s
Hilbert ctia non phan thé F, (M) ciing bi chan boi bac mé rong cua M Gng véi . Pén nam
2015 [GZW] da chi ra duoc cac hé s6 Hilbert ciia M tng véi loc ML bi chin boi bét bién
khéc 1a cac d6 dai caa mot s6 médun ddi déng diéu dia phuong lién quan dén médun M.

Xét truong hop phan bac, mot két qua thi vi cua Hoa-Diing trong [HD1] da chi ra 1a
str dung bac dong diéu ciia M ta c6 thé chin duoc chi sé chinh quy Castelnuovo-Mumford
cua médun phan bac lién két G(M) va cua non phan thd F,(M). Do dé, mot van dé tyu
nhién duoc dat ra 1 “Hé sé Hilbert cia modun phan béc lién két G(M) va hé sb Hilbert
ciia nén phan thé F, (M) co thé chin duoc boi bic ddng diéu ciia M hay khong?”
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Muc dich chinh ctia bai bao nay 1a giai quyét cau hoi trén trong trudng hop 7 1a idéan
thuan nhét sinh béi cdc phan tir ciing bac.

Ngoai phan mo dau va két luan bai béo chia thanh ba phan. Muc 1, giéi thiéu vé bai
toan can giai quyét. Muc 2, gi6i thiéu mot sb kién thirc chuan bi cho chirng minh cic két
qua chinh. Muc 3, chirng minh céc Kkét quéa chinh cua bai bao xem Pinh li 7 va Pinh 1i 9.

2. KIEN THUC CHUAN BI

Céc két qua sau dd duge ching minh trong truong ho’g dia phuong va V?lr} con fh’mg
trong truong hop M 1a R-modun phan bac hitu han sinh chiéu d, 7 1a idéan thuan nhat m-
nguyén so ctia M va M 1a I-loc tot cac médun con phan béac ctia M.

Bé @ 1. (Xem [D, B6 dé 1.4.9]) Hy, (n)= PRy (n) véimoi n=reg(G(M)).

Bo dé 2. (Xem [RV, Proposition 1.2]) Gia stt x € 7 \ m/I sao cho phan tir khai dau x°
ctia G(R) 1a mot phan tir loc chinh quy trén G(M) Khi do

(1) dim(M/xM) =d—1,

(i) e, (M) =e, (M/xM)véimoi j=0,....d -2,

(ifi) e, (M/xM)=e, (M) +(-1)*"¢(0:,, x).

B6 dé 3. (Xem [DHI, Lemma 1.7 (i)]) Gia st 7 1a idéan m-nguyén so. Khi d6

K(M/MM)S[n;dJE(M/QM),

trong d6 Q la mot idéan rut gon t6i thiéu cta 1( A4/ Ann(M)).

B0 dé 4. (Xem [DHI1, Lemma 2.6]) Gia st x € / \m/ 1a mot phan tir thuan nhat. Giu
st phan tir khoi dau x” cia G(R) 1a mot phan tir loc chinh quy trén G/(M). Khi d6 ta ¢6 x
1a m6t phan tir loc chinh‘ quy t,rén M. , ‘ .

Gid stir R la anh dong cdu cua dai s6 Gorenstein phan bac, bac dong diéu ciia modun
M, ky hiéu 1a hdeg(M), bang quy nap theo d nhu sau:

Khid=1, hdeg(M):=((M).

Khi d >0,vi dim(Ext;""™(M,S))<d—i—1nén ta djt

d-1

hdeg (M) =e(m,M )+ Z(d i_l}hdeg(m, Ext} '™ (M,S)).

i=0

Néu R khéng 13 anh ddng cu cua vanh Gorenstein thi ta dat

hdeg(M )= hdeg(m, M®, R)

trong d6 R 1a ki hiéu ctia vanh m-adic diy du cua R.
Khi d6, Dung-Hoa trong [HD1] da chin trén duge reg(G(IM)) theo hdeg (M ) nhu sau:
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Pinh li 5. (Xem [DHI, Theorem 2.2]) Cho M 1a I-loc tét ctia R-mddun phan bic M
chiéu d >1. Khi dé
(i) reg(G(M)) < £(R/ I')hdeg(M)+r(M)—1 néu d =1.

(i) reg(G(M)) <[£(R/1)" hdeg(M)+r(M)+11" " —d néu d > 2.

3. HE SO HILBERT

Trong muc nay, ta ludn gia thiét 7 1a idéan m-nguyén so thudn nhét sinh béi cac phan
tir cung béc.

Tor B6 dé 4, ta luon chon duoc mot day cac ph?m ¢ thudn nhat cung bac
X,»X,,...,X, € I \mlI 1a diy loc chinh ctia M sao cho day céc phan tir khoi dau x7,x3,..., x)
cua GAR) 1a mot day loc chinh quy trén G(M) Do d6, két qua [HD2, Proposition A] van
con dung cho truong hop M 1a médun phan bac va 7 1a idéan m-nguyén so thuin nhat.

Ménh dé 6. Gia st X, Xy,..., X, €1 \ml 1a day loc chinh cia M sao cho day cac
phan ti khoi dau X, ,%5,..,X, cia G(R) la mét day loc chinh quy trén G(M) bat
B=0(M/(x,x,,...x;)M) . Khido ta co

(i) ¢, (M)<B.
(if) |, (M) |< B(2reg (G (M))+2) véimoi 1<i<d.

Chirng minh.

Dé cho gon ta dit a =reg (G(M))va ¢, =e (M). Khido ¢, < B. Theo B6 d&¢ 1, ta c6
d i a+d—i

CAO RO YE I vl S
i=0

© s a+d

Tur B6 dé 3 ta nhdn duoc Hy, (a) =£(M/MQ+I)SB( J j

Bay gid, ta chirng minh dinh li bang phuong phép quy nap theo d.

Truong hop d =1.

|€1| = |HM (a)—eo (a+1)| < max {B(a+1),e0 (a+1)}=B(a +1).

Truong hop d > 2.
Trude ta chirng minh cho 0<i<d—1. Gia sir depth(M) >0, ta ludn c6 thé gia su

x, 1a phan tr chinh quy khi d6 M /xM la R-mdédun phin bac c6 chiéu
dim(M / x,M)=d -1, theo B6 d€ 2 ta ¢6 ¢, (M) =e, (M/xM) véi moi i <d—1 va tir
[HD2, Lemma 1.9] ta thiy reg(G(M/ xM )) <a. Khi d6 4p dung gia thiét quy nap cho

modun phan bac N =M /x M vaday x,,...,x, ta nhdn duogc
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e, (VD) =[e, (ML/ 2 M) < (N / (5,100, )N) (2re (G (M 3, M) +2) < B(2a+2) .
Gia st depth(M)=0. Pat M =M /H’ (M), M=M/H’ (M), khi d6 ta co
ei(M):e[(I\_/JI) v6i moi i<d -1, f(ﬂ/(xl,...,xd)M)SB va reg(G(I\_ﬂ))Sreg(G(M))za
Suyra

|el. (M)' :'ei (M)‘ < f(ﬂ/(xl,...,x{i)ﬂ)(2reg(G(l\Tﬂ))+2)1 < B(2a+2)".

Cubi cling ta can ching minh cho e 4 (M) Tl cong thirc (1), ta co

e ()= (- S )0 7 )

Suy ra

|ed| =

& (at+d-i
Hy (a)-) (-1) e[[ e J<
d-1 . —7
<B(a;d)+822’(a+l)’ (a;d‘ ZJSBZ" (a+1)".
1

i=0 -

ing

T
=

Vay ménh dé duoc chirng minh xong.
Pinh li 7. Gia st J sinh boi cic phan ti thuin nhit cling bac. Gia su
X5 Xy,...,%, €1 \ml 1a day lgc chinh ctia M sao cho day cac ph?m tr khoi dau xf,x;,...,x:

cua G/(R) la mgt day loc chinh quy trén G(M) bat B=0(M/(x,,x,,...,x,)M). Khido
le,(VD)| < BL£(R/ 1) hdeg (M )+ r(M) +1"“ " voi moi 1<i <d.
Chirng minh.
Theo Ménh dé 6 (ii), v6i moi 1<i<d ta c6|e,(M)|< B(2reg(G(M))+2)i, két
hop véi dinh i 5 (i), ta nhan dugc

e, (MD)| < B(2reg (G(M))+2) < B([¢(R /1) hdeg (M)+r(M) +1]* " —d+1)i

<BlL(R/ 1) hdeg (M )+r(M)+17""".
Vay dinh li dugc chung minh xong.
Rossi-Valla trong [RV] da tim duoc mbi lién hé giita hé sé Hilbert cia non phan thé

F,(M) va cic mddun phan bac lién két G(M),G(¢M) duge xéc dinh nhu sau:
Lemma 8. ([RV, (5.5)]) Gia st ¢ 1a mot idéan thuan nhét chta 7, khi d6 ta co
S (M) = e (M)+e,, (M)—e (¢M)

voimoi i=1,d.
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Theo [RV, Remark 1.1], két hop véi B dé 4, ta ludn chon duoc Xy Xyyeeen X, €1 \ml
14 day loc chinh ctia M sao cho diy cac phan tir khoi dau xl* ,x;, ves xz cua G/R) 1a mot day
loc chinh quy trén G(M) VéG(qM).Mét khéc theo Dinh Ii 7, hé s6 Hilbert ciia modun
phan bic lién két cua G(M)va G(gM) chin dugc qua hdeg(M), do d6 két hop vdi
Lemma 8 ta s& chan dugc cac hé s6 Hilbert ctia nén phan thd theo hdeg (M ) .

Pinh 1i 9. Gia st 7 sinh boi cac phan tir thudn nhat ciing bic, ¢ 13 mét 7 déan thuin
nhat chira 7. Gia su X(X5,..., X, €1 \ml 1a diy loc chinh cua M sao cho day céc phan tir

khoi  dau xl* ,x;,...,x: cia GAR) 1la mot day loc chinh quy trén G(M) bat
B=0UM/(x,x,,...,x,)M). Khidd
|/,(MD| < 2BL(R/ T)" hdeg (M) + (M) + 21" véi moi 0<i<d 1.

Chirng minh.
Theo B6 dé 8,tacod f, (M)=¢ (M)+e_ (M)—¢ (¢M) suyra
[ (1) <, (1) e, (22 e ()
Ap dung Pinh 1i 7 va két hop véi r(¢gM) <r(M)+1 ta nhan dugc
|/ (M)| < BLL(R/T)" hdeg (M) + (M) + 17 +
+Bl(R/1)" +hdeg (M )+r(M)+1P¢ 0
+B[¢(R/ 1) hdeg (M )+r(M)+ 2]
<2B[((R/T)" hdeg(M )+ r(M)+2]"“ """
Vay DPinh li dugc chirng minh xong.
4. KET LUAN
Goi M 1a R-mddun phan bac hitu han sinh chiéu d. R=6®, _ R, 1a dai s phan bac
chuan Noether trén vanh dia phuong Artin (R,,m,),m:=m, ®(®,. R,). Gid sit / 1a idéan
m-nguyén so thudn nhit cia R, va M 1a mot I-loc t6t. Bai bdo dd chian duogc hé sd Hilbert
cia modun phan bac lién két G(M) va hé sé Hilbert ctia nén phan thd F, (M) theo bac

dong diéu cua M va mot sO bat bién khac lién quan dén modun M nhu sau:
Gia st / sinh bdi cac phan tu thuan nhat cung bac. Gid st x,X,,....x, € [\ml 1a

day loc chinh ctia M sao cho diy céc phan tir khoi dau xf ,x;,...,x:, cua G(R) la mot day
loc chinh quy trén G(M). Dat B=4(M /(x,,x,,...,x,)M) . Khi d6
le,(MD| < BIL(R/ 1) hdeg (M) +r(M)+11""7 voi moi 1<i <d.
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Gia str [ sinh boi cac phan tir thuan nhat cung bac, ¢ 1a mot 7 déan thuan nhét chira 1.
Gid sur x,,x,,...,x, €/ \ml 1a day loc chinh cua M sao cho diy céc phan tir khéi dau

xf,x;,...,x; cua GAR) la mét day loc chinh quy trén G(M). Dat B=L(M/(x,,x,,...,x,)M).
Khido | £;(MD]| <2B£(R/T)" hdeg (M )+ r(M)+2]"“ véi moi 0<i<d 1.
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HILBERT COEFFICIENTS OF ASSOCIATED GRADED MODULES
AND FIBER CONE OF GRADED FILTERED MODULES

Le Xuan Dung

ABSTRACT

In this paper, we give bounds on the Hilbert coefficients of associated graded
modules and fiber cones of graded filtered modules in terms of the homological degree of
the grade modules.
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