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BAO TOAN GIOI HAN THUAN QUA LAY TONG TRUC TIEP
Lé Quang Huy!
TOM TAT

Bai bdo chi ra dwoc sy bdo toan cia giéi han thudn qua phép ldy tong triec tiép
cua cac ho A-modun trai trén cung mot dinh huong.

Tw khéa: Gioi han thuan, A-modun trdi.

1. DPAT VAN BE

G161 han thuan la mdt khai niém quan trong trong cac linh vuc thudc chuyén nganh
dai s6. Khai niém va mot s6 tinh chét co ban ctia né duoc trinh bay trong [1], [2] va [3].
C6 thé noi gidi han thuan nhu 1 mot khai niém tong quat ctia phép liy hop ciia mot ho
cac phan tir, tuy nhién gii han thuin khong phai lic nao ciing ton tai trong mot pham

tro tiy ¥. Gia st {G,} _, 1a mot ho cac A-moddun trai (goi tét 1a A-modun) va {G.} _ 1a

mot hé thuan trén tap sép thir tw bo phan A, khi @6 gidi han thuén ctua {Gl. }ie N luén ton
tai (Xem [3, Theorem 2.6.15] va [2, Proposition 5.23]). Do vy ngoai viéc tim hiéu cau
truc cua modun gidi han thuédn, cac nha toan hoc ciling quan tdm va nghién ctu su bao
toan cua gidi han thuan qua mot s phép toan co ban ctia modun ching han nhu sy bao
toan qua lay tich Tensor xem [1, Exercise 20] va [2, Theorem 5.27] va bao toan qua lay
modun thuong.

Muc dich chinh cua bai b4do nay la chiing t6 gioi han thuan cling dugc bdo toan
qua phép 14y téng truc tiép cac moédun con ciia mot modun cho trude.

Ngoai phﬁn gidi1 thi€u, bai bao chia thanh hai muc. Muc 1 gidi thi€u lai khai niém
va cu tric ctia modun gi61 han thuan. Muc 2 chi ra dugc su bao toan cia gidi han thuan
qua ly tong tryc tiép cta cac ho modun con trén mot tap dinh hudng (Pinh 1y 3.3). Pay
cling 1a két qua chinh cua bai béo.

2. CAU TRUC CUA GIOI HAN THUAN

Trong bai viét ludn gia thiét 4 1 vanh va M 1a A-modun trai (goi tit 1a 4-modun).

Gia su / la mot tap sép thur tu b phan, khong mét tinh téng quat ta ki hi¢éu quan hé
dola "<". Mot tap sép thtr ty b phén 7 duogc goi 1a mdt tap dinh hudng néu v6i moi
i,jel luontdntai kel saocho i<k va j<k.

! Gidng vién khoa Khoa hoc Ty nhién, Truong Dai hoc Héng Puic
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Pinh nghia 2.1. ([3, Section 5], [3, Definition 2.6.13] va [1, Exsercise 14]) Gia su
{Gi}iel 12 mot ho cac A-modun va 7 13 mot tap sip tht tu bo phan. {Gi}iel goi la mot hé
thuan cac A-modun Gng véi tap chi s6 I néu v6i moi i, jel saocho i< j luén ton tai
mot dong cdu v/ : G, — G, thoa man hai diéu kién sau:

i) ¥ :G, > G, 1a dong cau ddng nhat véi moi i € 1.

ii) Néu k e sao cho i< j<k thi y, =y, nghiala biéu d6 sau giao hoan:

Hé thuan duoc dinh nghia nhu trén ki hiéu 1a G = {Gl.,(//j.,i <j }

Pinh nghia 2.2. ([3, Section 5], [3, Definition 2.6.13] va [1, Exsercise 14]) Gia su
G 1a mdt h¢ thudn cac A-modun ing vai tap chi s6 1. Gidi han thuan cua hé G, ki hiéu la
lim,_,G. hoic limG,, 1a mot A-mddun va mot ho dong cau cac 4-modun ¢, : G, — limG,
sao cho o, =« jt//j, trong do i< j, théa man tinh chat: véi moi A-modun X va ho céac
dongcau g.:G. — X saocho g, =g jl//; , t0n tai duy nhat mot dong cdu g:limG. — X

lam cho biéu d6 sau giao hoan:

Trong pham tru cdc 4-médun mét h¢ thuan bét ki ludn ton tai gidi han thuan va
cAu truc ciia né duge mé ta nhu trong dinh 1y sau:
Pinh ly 2.3. ([2, Proposition 5.23 va Lemma 5.30]) Gioi han thudn cua mot hé

thudn {Ml.,¢j[.,i < j}1 cdac moé dun A-modun trén mot tap chi 56 scfp thir tw luén ton tai
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va lImM,=(@®M,)/S, voi S={ﬂg/¢;(mi)-/1i(mi)|i,jeI,iSj,mieMi} va
A M. —®M. la dong cdu nhing thir i.

Hon nita, néu I la mét tap dinh huong thi:

(i) M6i phan tir ciia imM, luén viét duwoc duéi dang A.(m,)+S.

(ii) A, (m,)+S =0 khiva chi khi tontai tel saocho i<t vd ¢ (m)=0.

Nhu vy, dinh 1y trén cho thay néu 7 1a mot tap dinh hudng thi gioi han thuan cta

mot ho cac 4-modun dugc mo ta don gian hon rat nhiéu.
Vi du 2.4. ([3, Example 5.32 (i)] va [1, Exsercise 17]) Cho A-mddun M va tap sdp

thtr ty toan phan /. Xét ho moédun con {Mi,¢;,i Sj}; cia M, trong d6 néu i< j thi
M, M, va ¢ 1a phép nhiing. Khi d6 {M,.4/,i < j}l 1a mot hé thuan trén tap dinh

huéng I va ¢6 limM, =| ]  M,. Thét vy theo Pinh 1y 2.3 ta co:
limM, = (®M,)/ S ={A(m)+S|icl,m e M}
Khi d6 ta co toan cau:
f:U M, - imM,, f(m)=2,(m)+S
Giastt f(m)=0 hay A(m)+S =0. Theo Pinh Iy 2.3 (ii) ton tai € I,i <t sao
cho m, = ¢/(m,) = 0. Vay ta nhan dugc limM, = J M,

Vi du 2.5. ([3, Example 5.32 (iii)]) Gid st / ={N | N 1a mddun con hitu han sinh
cia M}. Tanhan théy I cung véi quan h¢ bao ham "< " 1a mot tap dinh hudng. Ta xem
1 cling chinh 1a tap chi s6 trén chinh 7. Khi d6 {N , ¢]C'., NcN '}I 1a hé thuan trén tap dinh
huéng 1, trong d6 4. 1a phép nhing tir N vao N’ va c6 limN = M. That vay theo Dinh
1y 2.3 ta co:

imM, =(®N)/S={4,(m,)+S|N el,m, € N}

Khi d6 ta c6 toan ciu:

fiM = limN, f(my) = 4, (my)+ S

Gia su f(my)=0 hay A,;(m,)+S=0. Theo Pinh ly 2.3 (ii) ton tai
N'el,N c N' sao cho m, =g,.(m,)=0. Vay ta nhan dugc limN = M.

Vi du 2.6. ([3, Example 5.32 (ii)]) Gia st {M,}  1a mot ho cac mddun con cia
M. Dat:

[={N=M,®-®M, |ieAt=1tteN}
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Trén tap / ta xay dung mot quan h¢ "<" nhu sau: N=M, ©---OM, <N' néu
N’codang N'=M,  ©--OM, ®©M, ©---OM, ®M, ©®---®M, , trong do a,b 1a
cac s ty nhién. Khi d6 7 cing v6i quan hé "<" 1a mot tap dinh huéng. Ta xem I ciing
chinh 14 tap chi s6 trén chinh 7. Khi d6 {N,gy., N < N'}I 1a hé thuén trén tap dinh huéng
I, trong d6 ¢, 1a phép nhing va c6 limN =@ _, M,.

That vay theo DPinh 1y 2.3 ta c6:

limM, =(®N)/S ={A,(my)+S|Nel,m, €N}

Khi d6 ta co dong cau cac A-moddun:

f @M, > lmN, f(...,0,x,,...,x,,0,.) =4, (x, ..., )+ S,N=M, ©---®M, , x, eM,

Lay mot phan tir bt ki y € limN. Theo Pinh 1y 2.3 (i) ton tai N e va m, € N
sao cho y=A(m,)+S. Vi Nel, nén ton tai i €A, t=1t teN sao cho
my =(x,,-++,x,). Chon x=(..,0,x,,..,x,,0,..) tacod y=f(x). Dod6 f latoan cau.

Gia su f(...,0,x,,...x,,0,...)=0 hay A,(x,,...x,)+S=0,N=M, ©---®M, .
Ay (X, X, )+ S =0, N=M, ®---@M, . Theo Dinh 1y 2.3 (ii) ton tai N'e [, N < N’
sao cho ¢D]}[,(xil,...,xi’):(0,..,0,xl.l,...,xl.’,0,...,0):(0,...,0). Suyra x, =---=x, =0. Vay

ta nhan dugc IimN =®,_, M.

ieA

3. TONG TRUC TIEP CUA GIGI HAN THUAN

Trong muc nay, ludn gia thiét M 13 4-modun va {Mi,¢;,i < j}l ,va {Nl.,go;.,i < j}[
12 hai hé thuin cac moédun con cta M trén tap dinh hudng /.

B6 dé 3.1. Ton tai ho dong cdu 6 :M,®N,>M &N, (i<j) sao cho
{M,®N,.6,,i< j| 1ah¢ thuan trén tp .

Chirng minh

Xét tuonging 0,:M,®N, >M, ® N, 0.(a,b)=(¢.(a),¢, (b)), trong d6 i < j.
D& dang nhan thay &' 1a mdt dong céu A-modun. Ngodi ra ta co:

0i(a.b) = (¢ (a).9} (b)) = (a.b)

hay y; 1a céc dong cau dong nhat. Mt khac, voi kel thoamin i< j<k ta

cling co:

6,.0,(a,b) =0, (¢;(a). 0, (b)) = (4] $,(a), 9/ 9, (B)) = (§.(), 9, (b)) = 6 (., D)
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Vay {M,®N,,0,,i< j} 1ah¢ thuan trén tap chi s6 1.
Nhu vay theo bo dé trén luén ton tai lim(M, @ N.). Theo Pinh 1y 2.3 ta co:
imM; ={a (m)+S, |iel,m e M}, trong dd

oM, ->® M, a(m)=(.,0,m,,0,..)

S, = {a_/¢_;(m[)_ai(mi) liel,m eM,i<j}
ImN, ={f (n,)+ S, |i€l,n €N}, trong do:

BN —->®_N, (n)=(.,0,n,0,..)

S, ={.4;(n)-p.(n)|iclneN,i<j}
Két hop v6i B6 dé 3.1 ta nhan duoc
Iim(M; ®N,)={y (m,,n)+S|iel,(m,n)eM ®N,}, trongdo:

Vit M, ®N, >, (M, ®N,), y,(m;,n)=(...,0,(m;,n,),0,...)
S={y,0,(m,n)-y,(m,n)|iel,(m,n)eM ®N,i< j}
Khi d6 ta c6 thé xay dung dugc mot anh xa tr A-modun limM, @ limN, vao 4-
modun lim(M, @ N,) nhu sau:
B6 dé 3.2. Tuong tng sau 13 mot anh xa:
£+ imM, ® imN, - lim(M, ® N,)
flo(m)+ 8, B,(n))+8,) = y,(m;,0)+y,(0,n;) +S
Chirng minh
Gid su (a,(m)+S,, B;(n)+S,)=(a,(m,)+S,,B,(n,)+S,). Khido ta co:
a,(m)-a,m,)+S8 =0,B,(0,)-p,0n,)+S,=0

Vi 1a tap dinh huéng, nén ludn ton tai k € I sao cho i<k, j<ku<k vav<k.
bat:

m =g (m)~ ¢ (m,) e M, n, =@/ (n,)~@,(n,) €N,
Suyra a,(m,)+S,=0,8,(n,)+S, =0.
Tur Dinh 1y 2.3 (ii), ta thdy luon ton tai re/,k<t sao cho ¢'(m,)=0 va
¢! (n,)=0.
Dan dén ¢/ (m) =g (m,), ¢/(n,) =@ (n,).
Dan dén y, (¢ (m,), ¢/ (n,)+S =7,(8' (m,), ¢ (n,))+.
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Mat khac:
7.(8(m). @ (n )+ S =7,(4/(m,),0)+7,(0,¢] (n,)) + S
=7,(¢/(m,), 4 (0) +7,(¢/ (0), ¢ (1) +S
=7.6,(m;,0)+7,6/(0,n)+S
=7(m,0)+y,;(0,n,)+S
Tuong tw ta c6 7,(4 (m,),¢ (n,))+S =7,(m,.0)+7,(0,n,)+5. Do viy:
fa;(m)+S,,5,(n))+S,) = f(a,(m,)+S,,B,(n,)+S5,)
Vay f 1a mot anh xa.
Tir cac bd dé trén ta co thé chimg minh dugc két qua chinh cia bai bao. Noi dung
cua két qua nay la dinh 1y sau:
Pinh ly 3.3. Vi cac dieu kién duoc xac dinh nhu Bo dé trén ta co:
lim(M, ® N,) = imM, ® Lim,
Chirng minh
Theo Bo6 dé 3.2 ta ¢6 anh xa:
£ imM, @ imN, — lim(M, ® N,)
Sla,(m)+S,B,(n)+S8,)=y,(m,0)+y,(0,n,)+S
Béy gid ta can chimg to duge f 1a mot dang céu cac 4-modun.
That vay, dé cho gon ta ki hiéu:
xj =(o,(m)+S,,B;(n,)+8,),y, =(,(m,)+S,,,(n,)+S,). V&imoi 1,1, € 4
Ta co:
fox,+ny)) = f(ha,(m) + na, (m,)+S,1.8,(n)+1,5,(n,)+S,)
= 7/l.(if1al.(mi)+rzau(mu),O)+yj(O,ifl,Bj(nj)+rz,6’V(nv))+S
= 1 [7:(a;(m;),0)+ 7,0, 8,(n,) + S1+ 17, (2, (m,),0) +7,(0, 5,(n,) + S]
= f )+ ().
Vay f la dong ciu.
Véimoi y (m;,n)+S elim(M,®N,), taco y (m;,0)+y (0,n,)+S.
Khi do:
fla;(m)+ S, B(n)+S,)=y,(m,n)+S
Vay f 1a mot toan cau.
Gia st f(a,(m)+S,,B,(n)+S,)=y,(m,0)+y,(0,n,)+S5=0. Vi [ la tdp dinh

hudng, nén ton tai k €I saocho i<k, j<k.
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Khi do ta co:
7:(m,0)+y,(0,n,)+S = 7/k9,i(mi,0)+7/k9,f(0,nj)+S
= 7,(.(m,),4.(0)) + 7, (9/ (0), ] (n,)) + S
=7, (¢ (m;),0)+7,(0,0/ (n,)+ S
=7(4.(m), 0/ (n,))+S
Theo Dinh 1y 2.3 (ii), ton tai tel, k<t sao cho 6/ (¢ (m,),p/(n,))=0 hay
(¢ (m,), 0 ¢/ (n,))=0. Suyra ¢ (m)=0 va ¢/(n;)=0.
Bén canh do, a,(m,)+S, =-a,4 (m)+S, va f,(n)+8,)==f¢/(n,)+S,. Do
vay (a;(m)+S,,B,(n;)+S,)=(0,0). Nghiala f la don c4u. Vay dinh 1y duoc ching
minh xong.

Trong truong hop {M i,¢;,i <j }1 la ho cic modun con cua modun M, va
{N,- , goj.,z' <j }1 13 ho cac modun con ciia modun N, trong d6 714 tap sap thi ty toan phan.

Khi dé, ta c6 két qua sau:
He¢quadd. [ J Mol N = 0, enN).

J
Chirng minh
Theo Vi du 2.4 ta c6 lim(M, ®N) =] (M, ®N,), limM, = ] M, va

limN, ;Ude..

J
Bang phuong phap quy nap ta d& dang chtirng minh duoc két qua ctua Pinh 1y 3.3
cling ding cho 7 hé¢ thuan bat ki.
H¢ qua 3.5. Gia st M 1a A-mddun va {M,. 4 ,i < j}l L k=Ln (k=1n)la n hé
thuan cac modun con cua M trén tap chi s6 dugce I duoc sép thtr tu bo phan. Khi do ton
tai ho cac dong ciu Y @M, —>®;_ M, (i< j) sao cho {@Zlekl.,j/j,i < j}I l1a mot

hé thuén trén tap chi sb 1 va co:
im(®;_ M) =&, imM,
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DIRECT SUM PRESERVES DIRECT LIMITS
Le Quang Huy
ABSTRACT

In this paper, we show that direct sum of left A -modules preserves direct limits.
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