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CAU TRUC CUA IPEAN NGUYEN TO CUA VANH PA THUC
Pham Thi Bich Ha'
TOM TAT

Bai bado gioi thiéu vé cau truc cua idéan nguyén to bat ki trong vanh da thirc mot

biéen va idéan nguyén to don thirc trong vanh da thirc nhiéu bién.

Tw khéa: Vanh, idéan nguyén 16, vanh da thirc.

1. DPAT VAN BE

Cho R 14 vanh giao hoan c6 don vi. Mot idéan [ thyc sy cua R 13 idéan nguyén td
néuvéimoi a,beR va abel suyra a € hodc b €. Viéc tim hiéu tinh chit va ciu
trac cia idéan nguyén té ctia mot vanh cho trude duge nhiéu ngudi quan tim nghién
ctru. Cac van dé nay duoc trinh bay trong [1], [2], [3], [4] va [5].

Muc dich chinh ctia bai bao nay 1a hé théng lai va trinh bay chi tiét cic ching minh
cho viéc mé ta ciu trac ctia idéan nguyén td trong vanh da thic. Cac két qua nay duoc
trinh bay trong [2], [3], [4] va [5] dudi dang cht y va bai tap.

Ngoai phan gidi thidu, bai bao chia thanh hai myc. Muyc 2 mé ta c4u triic cia idéan
nguyén t6 bat ki trong vanh da thitc mot bién (Pinh 1y 2.2). Muc 3 mé ta cdu trac cua
idéan nguyén t6 don thirc trong vanh da thirc nhiéu bién (Pinh 1y 3.4).

2. VANH PA THUC MOT BIEN

Trong muyc nay, chung ta lubn gia thiét K [x] 1a vanh da thtrc bién x trén truong K.
Trudce hét, ta nhic lai mot két qua quen biét sau:

Ménh d@é 2.1.

Vanh K [x] la vanh cac idéan chinh, nghia 1a moi idéan déu sinh bai mot da thic.

Dua vao ménh dé trén ta co thé chirng minh duoc két qua chinh cia muc nay
nhu sau:

Dinh Iy 2.2.
Gia str / la idéan ctua vanh K [x] Khi d6, 7 1a idéan nguyén t6 khi va chi khi
I=(g(x)), trong 6 g(x) la da thirc bat kha quy hogc da thirc 0.

! Gidng vién khoa Khoa hoc Ty nhién, Truong Dai hoc Héng Puic
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Chirng minh:

"=" Néu I =0 khidotacd I =(0). Néu I =0, theo Ménh d& 2.1 ta co thé viét
= (q(x)), trong do q(x) #0. Gia su q(x) khong bit kha quy, nghia 1a ton tai hai da
thtc ¢, (x) va gq,(x) sao cho ¢(x)=g,(x).q,(x), deggq (x)<degg(x) va
degg, (x)<degg(x). Giasir ¢, (x) eI khi d6 ta co thé viét ¢, (x)=h(x).g(x), trong
d6 h(x)e K[x]. Suyra deggq,(x)>degg(x), mau thudn véi deggq, (x)<degg(x) do
d6 g,(x) ¢ . Chiung minh tuong tu ta cling c6 ¢, (x) I . Nhu vy ¢,(x).q,(x) el ma
¢, (x)21 va q,(x)2 nén I khong phai 1a idéan nguyén t6. Diéu ndy mu thuan véi
gia thiét 7 1a idéan nguyén t. Vay ¢(x) la da thirc bat kha quy.

"«<"Néu / =(0) thi 7 nguyén t5. Néu idéan [ #0, theo Ménh d¢ 2.1 ta co thé
viét 1=(q(x)) v6i g(x)#0 va q(x) bat kha quy. Gia st f.f,€l, trong d6
fi-fo €K[x]. Tontai f;(x)eK[x] théaman f(x).f,(x)=/;(x).q(x). Vi g(x) bét
kha quynéntacd f;(x):g(x) hodc f,(x):g(x).Nghiala f;(x)el hodc f,(x)el
hay 7 1a idéan nguyén to.

Néu K 1a truong so phuc thi ta co két qua quen thude sau:

Bo dé 2.3. Gia st C[x] 1a vanh da thtc trén truong s6 phie C . Khi d6 da thie
/(x) khac da thirc 0 cua C[x] bat kha khi va chi khi c6 dang f(x)=ax+b, trong do
a#0.

H¢ qud 2.4. Gia st ] 1 idéan cua vanh C[x]. Khi d¢, 7 1a Idéan nguyén t6 khi va
chi khi 7 =0 hodc / =(ax+b), trong d6 a=0.

Chirng minh:

Theo Pinh Iy 2.2 va B6 dé 2.3 ta nhan duoc didu phai chimg minh.

3. VANH DA THUC N BIEN

Trong muc nay, chung ta luén xét K [xl yeres xn] 1a vanh da thirc » bién (n>1) trén
truong K. Dé cho gon ta viét K[xl,...,xn] = K[X]. Céc két qua trong muc ndy dugc
trinh bay trong [2], [3] va [5].

Vanh da thitc »n bién v6i n>2 khong phai 1a vanh chinh. Do vay viéc mé ta céu
trac cua idéan nguyén tb trong vanh da thirc nhiéu bién 1a khong don gian nhu vanh mot
bién. Trong pham vi bai bao nay chiing t6i chi xem xét d6i véi 16p idéan don thirc.

79



TAP CHI KHOA HQC, TRUONG PAI HQC HONG PUC - SO 29. 2016

Dé tiép can va giai quyét duoc van dé nay, trude hét chung t6i xem xét trén vanh
mot bién. Ta thdy rang idéan don thirc trong vanh mot bién c6 dang I = (x“ ) . Theo Dinh
1y 2.2 ta co I nguyén t khi va chi khi x* bat kha quy. Do d6 a =1, nghia 1a I = (x)
Chuing t61 gidi thi¢u chirng minh sau tuy dai hon so v6i cach chirng minh trén nhung
giup chung ta tiép can dugc bai toan trong truong hop nhi¢u bién. D6 1a ndi dung chinh
cua dinh 1y sau:

Dinh Iy 3.1. Gia st [ #0 1a idéan don thirc ciia vanh K [x]. I 1a idéan nguyén to
khi va chi khi 7 =(x).

Chirng minh:

"=" Giast [/ =(x).Lay tuy ydathic f=a,+ax+..+ax"el.

Khi d6 ta c6 thé viét f = g(x).x , trong d6 g =bh,+bx+...+b,x" . Tanhdn dugc:

a,+ax+..+ax" =, +bx+..+b,x")x

Dong nhét thirc hai vé ta dugc a, = 0. Do d6 f(x) € [ khivachikhi f (x) c6 dang:

f=ax+..+ax"

Léy hai da thirc bat ky:

f(x)=a,+ax+..+ax",g(x)=b,+bXx+..+b,x" € K[x]
sao cho f(x).g(x)e!.Taco:

f().g(x) = agby+(ab, +ayb)x+...+ Zk: Aajbkx" +..+(ab, )x""
J+k=i

Vi f(x).g(x)el, nén ab,=0.Do a,b, €K, nén ta nhan dugc a, =0 hodc
b, =0, nghia la f(x) €l hodc g(x) e 1. Vay I'1a Idéan nguyén to.

"=" Giast [ =(x%), trong 6 a>1.Khido x* = x.x*"

Tacod x* e nhung x ¢/ va x“" ¢ I . Dan dén mau thuin véi I nguyén td. Vay
a =1 hay I =(x).

Bay gid ta xét trén vanh da thirc nhiéu bién (n>2). Trudc hét ta can mot sb két
qua bo tro. Khong mét tinh téng quat, ta co thé gia su thir tu cac bién 1a X5 X 5err X, -

Kihigu: X, =(x, ,...,x,) v6i 0<h<n-1.Trong d6 X, =(x,...,x,) hay ta co
X, =X.

Bo dé 3.2. Cho f(X) 1ada thic trén vanh K [ X |. Khido f(X) ludn viét duge

dudi dang sau:
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fX)=g (X)x, +..+ g, (X, )x, +g,.,(X,)

trong do: 1<k <n va g (X, )eK[X, ] voi 1< j<k+]1.
Chirng minh:
Giast f(X)= > a,X”

aeN"

Buéc 1: Nhém tit ca cdc tir cia f(X) chtra bién X, ta duoc:

S(X) =g (X)x, + fi(X,) (1)
Buée 2 : Nhom tat ca céc tir ciia f] (x,) chua bién X, ta dugc:
HX) =g,(X,))x, + [,(X,) )
Tiép tuc 1am nhu vay dén bude k ta dugc:
Jia (Xik,l) =& (XiH )xi,c + 8iui (Xik ) (k)

Cong (1) ... (k) ta dugc:
J(X) =g (X)x, +..+g (X, )x, +8.(X,)
Vay bd dé dugc chirng minh xong.
B d@é 3.3.Cho f(X)eK[X]|va I=(x,...,x,).Dathic f(X)el khiva chi
khi f(X) viét duoc dudi dang nhu sau:
JSX)=g(X)x, +..+ g (X, )x, voil<k<n
trong do gj(Xl.j_l) € K[X,.j_l] voi 1< j<k.
Chirng minh:
"=" Liy tly y da thitc f(X)el. Theo B6dé 3.2taco
F(X)=g(X)x, +..t g (X, Ix, +g,,(X,)
suy ra: (X)) = f(X) - g, (X)x, g, (X, Vel
Theo [2, BO dé 4.2 va B6 dé 4.3], ta c6 cdc tir clia da thirc g,,,(X, ) phai chia hét
cho mot trong cac bién X vol (j = l,k——l) . Vida thue g, (X, ) khong chira cac bién
X, ,....X, ,nén céc tir cia g, ,(X,) phai bing 0, do d6 g,.,(X,)=0.
Vay ta nhan dugc f =g, (X)x, +....+ g, (X,

S

)X, .

"<"Giasw f=g(X)x, +...+g (X, )x, theo dinh nghia cua id€an sinh boi

tap {x,.n,...,xl,k} tacod f(X)el.
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Van dung cac B d8 trén ta chimg minh dwogc két qua chinh cta bai bao nhu sau:
Dinh Iy 3.4. Gia st [ 1a idéan don thirc trén vanh K[ X]. Khi d6 /1a idéan nguyén
t6 khi va chi khi / sinh béi tap c4c bién, nghia la 7 =(x,,...,x, ), trongd6 1<k <n.

Chirng minh:

"<"Giasu: [ =(x,...,x, ) v6i 1<k <n.Khong mat tinh tong quat, ta c6 thé gia
sir thtr tu cac bién 1a X gens X, Lay hai da thirc g(X) va h(X) tiy ¥ thudc K[X]. Theo
B6 dé 3.2, ta ¢ thé viét:

g(X)=g(X)x, +..+ g (X, Ix, +ga(X,)
h(X) =h(X)x, +...+h (X, )x, +h (X))
trong do: gi(Xl.j_1 ),hl.(Xl.j__l) € K[Xl.j_1 1,1<j<k+1. bat:

g(X)x, +...+g, (X, )x, =B

=] 4

Khido: g(X)=B, +g,,(X,) vi h(X)=B, +,(¥,)

va h(X)x, +...+h (X, )x, =B,

Suy ra:
g(X).h(X)=[B, + g (X )LIB, + 1, (X,)]
=B,.B, + B,y (X, )+ B,g,., (X, )+ g (X )y (X))
Dan dén:
(X D (X, )= f(X)g(X)-B,.B, - B,h,, (X, )—B,g,..(X,)
Gia st g(X).h(X)el Khido g, (X, )h (X, )el.
Theo B6 dé 3.3, ta ¢6: g, (X, )/,,(X,)=0
Vi K[X,] la mién nguyén, nén g (X,)=0 hodc A (X, )=0, nghia la
g, (X) el hodc A, (X)el.VayIlaldéan nguyén to.
"= " Giastr / =(A), trong d6 A la hé sinh tdi tiéu cia I.

x. ¢l

\ CNTAL 2A . ‘e , J a1
Truong hop 1: Néuton tai x7 € 4 voi a>1 . Taco { nhung x,.x7 " €/

a-1
X

mau thuan voi tinh nguyén t6 cua /.
Truong hop 2: Gia sur sinh A chi chira cac bién x, ,...,x; va A chira don thirc dang
a aQ, \ Al A 2R A 7 o \ a, a, A
XX (tSn). Do A la hé sinh t6i tiéu nén ta co X, ¢ A va X, ") gA.Vayl
Jt o v t

khong phai 14 idéan nguyén t6. Hay 4 phai c6 dang la {xiﬂ yeees X, } voi (1 <k< n)
Vay dinh ly dugc ching minh xong.
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THE PRIME IDEAL STRUCTURE OF POLYNOMIAL RINGS
Pham Thi Bich Ha
ABSTRACT

This paper introduces arbitrary prime ideals structure of polynomial rings in an
indeterminate and prime monomial ideals structure of polynomial rings in the
indeterminates.
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