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MOT UNG DUNG CUA LY THUYET NHOM PHAM TRU
PHAN BAC BEN

Pham Thj Cuc!
TOM TAT

Trong bai bdo nay, ching t6i dwa ra mét vmg dung ciia 1y thuyét nhom pham triy
phdn bdc bén doi véi bai todn mé réng dang bién ciia Vanh-Nhém giao hodn.

T khoa: Nhém pham trii phdn béc bén, mé rong ddng bién cia Vanh-Nhém.

1. PAT VAN BE

Nhom pham trit bén dugc gidi thiéu 1an dau trong cong trinh ctia A. Joyal va R.
Street [4] nhu mdt md rong cua pham tru Picard, trong d6 cac nhom pham tru bén da
dugc phan 16p boi nhém ddi ddng diéu aben chiéu 3. Sau d6, cac nhom pham trii phan
bac bén va truong hop riéng cua no, pham tru Picard phan bac, da dugc A. M. Cegarra
va cong su nghién ciru 1an luot trong [2; 3]. Trong d6, bai toan phan 16p dong luan cac
nhém pham tru phan bac bén va cac pham tru Picard phan bac dugc thuc hi¢n b?mg
phuong phap su dung pham tru khung.

Nhén thay su phire tap cia phuong phap pham tra khung, trong bai bao [5], N. T.
Quang da gidi thidu mot cach tiép can méi cho bai toan phan 16p cac nhom pham tri
dua trén phuong phap hé nhan tir. Sau d6, phuong phap nay da dugc N. T. Quang va P.
T. Ctc st dung dé thu duoc két qua vé su phan 16p cac nhém pham tri phan bac bén
bang con dudng ngin gon hon. Trong bai bao [6], N. T. Quang va cac cong sy di chi ra
su trong duong gifta pham tri cdc nhdém pham trii [-phan bac bén chit ch& va pham tru
cac [-modun chéo bén, dong thoi gisi thidu mot tmg dung cia 1y thuyét nhém pham tri
bén phan bac vao bai toan mé rong cac I- modun kiéu [-modun chéo aben.

Muc tiéu ctia bai bao nay 1a tim kiém thém tng dung cta 1y thuyét nhém pham tru
phan bac bén. Ngoai phan gidi thiéu, bai bao gdm hai phan. Trong phan 2, chung t6i
nhéc lai mot sé khai niém vé nhom pham tru phan bac bén dua theo [2; 3] va nhém
pham tru phan bac chat ch€ bén dya theo [6]. Trong phén 3, chung t6i gidi thi¢u mot
tmg dung cua 1y thuyét nhom pham trit phan bac bén vao bai todn mé rong dang bién
ctia Vanh-Nhom giao hoan. Bai toan mé rong dang bién cua Vanh - Nhom trong trudong
hop khéng giao hoan d3 duogc giai quyét trong [1] nho cac két qua cua 1y thuyét nhom
pham tru phan bac.

! Gidng vién khoa Khoa hoc Ty nhién, Truong Dai hoc Héng Puic
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2. NHOM PHAM TRU BEN PHAN BAC

2.1. Nhém pham tru phan bac bén

Gia str I 12 mot nhom cb dinh. Ta xem I'nhu 1a mot pham tri véi chi mot vat «,
mili tén 1 cac phan tir ctia I'va phép hop thanh 13 phép toan nhom. Pham tri G duoc goi
1a T- phdn bdc néu coé mot ham tir gr : G — T (dugc goi 1a mot phdn bdc trén G). Phan
bac gr duoc goi 1a én dinh néu véi mdi X eObG va mdi ol déu ton tai mot mili tén
dang ciu u trong G v6i ngudn X sao cho gr(u)y=o.

Mot pham tru monoidal phan bac bén [2]1 G = (G, gr,® , 1, a, r, 1, ¢) bao gém mot
pham tri G, mot phan bac 6n dinh gr:G —» I', cac ham to tenxo phan bac
®:G x. G —» G val:I' > G vacic tuong duong ty nhién phan bac dugc xac dinh boi
cac dang cdu ty nhién bac 1, 2, , (X ®Y)®Z SX®Y®Z), 1,19 x 5 X,
r,X®I5 x valCyy : X®Y S5Y®X théa min céc didu kién khop ciia mot pham
tru monoidal bén.

Mot nhom pham trie L-phdn bdc bén [2] 1a mot monoidalgroupoid I-phan bac bén
sao cho v&i mdi vat X ton tai vat X° cung voi mii tén bac 1: X ®X'—> 1. Néu bén ¢ la

mot rang budc dbi xtng, nghia 1a né théa man diéu kién € xy°Crx = idy ey thi G dugc
goi 1a nhém pham tru [-phén bac doi xitng, hay pham trit Picard phdn bdc [3].

Gia sir (G, gr) va (G, g”) 1a hai nhom pham tru I- phan bac bén (ddi xing). Mot
T-ham tir monoidal ddi ximg tir (G, gr) dén (G°, gr”) 1a mét bo ba (F,F,F), trong do
F:(G,gr)— (G'gr') la mot ham tir T-phan bac, F,,: FX®FY »F(X®Y) la
nhiing dé“ing cAutu nhiénbac 1 va F,: 1'— F7 la mot dé“ing cAu bac 1 thoa man cac diéu
kién khop cua mot pham tri monoidal.

Néu (F ,]?' ), (F ,]?" ,F.")1a hai I-ham tir monoidal dbi xtmg, thi mot frong

dwong tw nhién monoidal doi xvimg (hay dong ludn) 6 : F > F' 1a mot tuong dwong tu
nhién phan bac sao cho voi moi vat X, Y cia G, cac diéu kién khép sau ding:

Fyy 0y ®6,) =00, Fyy, OF.=F. (1)
nghia [a mot twrong duong tu nhién monoidal.
2.2. Nhom pham tru phan bac chat ché bén
Ly thuyét nhém pham tru phan bac, nhém pham tru phan bac bén da dugc A. M.

Cegarra va cac cong sy nghién ctru, trong d6 bao gom ca vi¢c tim kiém ing dung cia
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cac 1y thuyét nay [1; 2]. Gan day, nhoém nghién ctru ciia N. T. Quang d3 gi6i thiéu cac
khéi niém nhém pham tru phan bac chat ch€ va nhém pham tru phan bac chat ché bén
[6] dua trén khai niém hé nhan tur. Sy ra doi cua céc khai niém nay khong nhirng da giap
két ndi cac kiéu dai s6 pham tri d6 véi cac kiéu modun chéo tuong tmg, ma con gitp
giai quyét duoc mot loat cac bai todn md rong. Dudi day, ching toi nhéc lai khai niém
nhom pham tru phan bac chat ché bén dua theo [6].

Trude hét, mot ham tr monoidal dbi ximg (F ,ﬁ) :G— G duoc goi 1a chinh quy
[6] néu n6 thoa mén cac diéu kién sau véi moi X,y €ObG, b, ¢ € MorG.

1) F(x)® F(y)=F(x® y),

ii) F(b)® F(c)=F(b® c),

iii) F,, =F, ..

Mot hé nhan tir dbi xtmg (F,0) trén I voi cac hé tir trong nhém pham tri bén G 1a
chinh quy [6] néu F ° 13 ham tir monoidal d6i xtmg chinh quy va 0°° =id voi moi
o,trel .

Pinh nghia. [6] Nhém pham trii phan bac bén (G, gr) dugc goi 1a chat ché néu
KerG 1a mt nhom pham tru chét ché€ bén va G cdm sinh mgt h¢ nhan tir chinh quy
(F,0) trén I véi cac hé tir trong KerG.

Trong [6], cac tac giad cling da xay dung dugc mot nhém pham tru phan bac chat

ch@ bén tir mot [-modun chéo bén cho trude, va ngugce lai.

3. MO RONG PANG BIEN CUA VANH-NHOM GIAO HOAN BOI CAC
I[-MODPUN

Mot Vanh-Nhom 1a mot cap [R, M] bao gém mot vanh R ¢6 don vi cung voi mot
nhém con M cua nhom R” tit ca céc phﬁn tor kha nghich cta R. Khi do, mot d5ng cdu
Vanh-Nhém f :[R,M]— [S,N] 1a mot ddng chu vanh f:R — § saocho f(M)c N .

Céc dinh nghia va khéi niém dudi day duogc trinh bay theo [1].

Pinh nghia. Cho [R, M] la m{t Vanh-Nhom va G 1a mot nhém thi mdt mo rong
cua [R, M] béi G 1a mot cap:

£ ((R.M]>[S.NL. N > G) ()

trong d6 i 1a mot don ciu Vanh-Nhém va p 1a mot toan cdu nhom sao cho cac diéu kién
sau day dang:

i) Tac dong cua N 1én S béi cac tu dang cdu trong duoc han ché thanh tac dong
cua N trén R.
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i P
i1) M > N - G 1a mft m¢ rong nhom.

iii) S phan tich duoc thanh tong truc tiép ciia cic nhom con S = @ S, trong do
xeG
re R . =1 \ ~ , . v A , A
v6imdi x e G thi S, =Rp (¥)R 1a (R,R)-song mddun con ctia S sinh béi tap cdc phan

tir p(X) ctia N.

Néu € va & 1a hai mé rong ciia Vanh-Nhom [R, M] béi nhom G thi ta néi chung
1a fuong dang néu ton tai mot dong ciu Vanh-Nhém g :[S,N]— [S', N'] sao cho i = '
Vi p' = p.Rorang, B 1a mot dang chu Vanh-Nhom.

Cho I 1a mot nhom b dinh bét ky. Mot [-Vanh-Nhém 1a mot Vanh-Nhom [R, M]
ma trén d6 I tac dong boi cac tu ding cdu Vanh-Nhom, nghia 13 cho mot ddng cau
I'— Aut[R, M]. Chu y rang khi d6 R 12 mot I-vanh va M 13 mot nhom con dang bién
ctia [-nhom céc phan tir kha nghich R".

Cho mot I-Vanh-nhém [R, M] va mot [-nhém G. Khi 46, mot md réng ding bién
cua [R, M] boi G 1a mdt mo rong & cua Vanh-Nhom [R, M] boi nhom G nhu trong (2),
trong d6 [S, N] dugc trang bi mot [-tac dong, nghia 1a [S, N] 1a mot [-Vanh-Nhém sao
chocahaianhxa i:R—>S va p: N —» G déu la dang bién.

O day, chung t6i nghién ciru cac mé rong dang bién cua I-Vanh-Nhom giao
hoan [R, M] (nghia la R 12 vanh giao ho4n) boi [-nhém giao hoan G (nghia 1a [-mo6dun
G). Ky hiéu Extr J(G,[R,M]) 1a tp cac 16p mo rong ding bién twong dang cua I-
Vanh-Nhom giao hoan [R, M] bi [-médun G. Bai toan mé rong dang bién cua I-
Vanh-Nhém giao hoan [R, M] béi [-médun G 1a xay dung tat ca cac md rong & khi da
cho [R, M] va G.

Duéi day, chung ta s& 4p dung Dinh 1y 3.12 [3] dé thu dugc két qua vé mé rong
dang bién cua [-Vanh-Nhom giao hoan boi cac [-modun.

Trude hét, ta lan luot xay dung hai pham tra Picard I-phan bac Dis -G vaRed
J[R,M ] tt I-mddun G va I-Vanh-Nhom [R, M] nhu sau.

Pham tru Picard I-phan bac roi rac Dis . G duge xac dinh boi I-modun G ¢6 cac
vat 1 cac phan tr ciia nhom aben G, cic mili tén o :x —>  1a cac phan tor o€l sao
cho ox =y . Hop thanh ctia cdc miii tén la phép nhéan trong I. Ham tr phan bac gr: Dis

-G — T duoc cho boi gr(o) = o . Tich tenxo phan bac duoc cho boi:

(x5 ) ® (x'> y') = (xx"> ")
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Ham tir phan bac don vi /:I'— Dis .G cho béi I(*—U> *) = (1—6> 1) . Cac rang
budc két hop, giao hoan va don vi 1a dong nht.

Pham trii Picard [~phan bac thu gon Red [R, M ] v6i mot vat duy nhat, dugc xac
dinh boi [2Vanh-Nhom [R, M] nhu sau. Groupoid nén 14 nhom tich ntra truc tiép M = I,
moto - mii tén la mdt cap (m,o) voi me M, o€l’. Hop thanh cta hai mii tén
duoc cho bdi (m,o)(n,7) = (m.on,or) .

Ham tir phén béac gr: Red .[R, ] — ' duoc cho boi gr(m,o)=0c . Tich tenxo
phéan bac: (m,o0)® (n,0) = (mn, o). Ham tir phan bac don vi /:I'—>Red [R,M ] cho
boi (o) = (1,0) . Cac rang budc két hop, giao hoan va don vi 1a dong nhat.

Ky hiéu Hom r,s[ Dis _G,Red [R,M 1] 1a tap cac 16p dong luan cia cac ham tur
monoidal ddi xtmg phan bac tir Dis -G té1Red [R,M ], ching t61 thu dugc dinh 1y sau.

Pinh 1y 3.1. Ton tai mét song dnh

Q:Ext,(G[R,M])—> Hom [ Dis, ¢, Red .[R, M ]]

Churng minh:

Bu6c 1. Mbi mé réng dang bién (2) cia I-Vanh-Nhém giao hodn [R, M) béi I~
médun G cam sinh mét ham tir monoidal doi xvimg I-phdn bdc tir Dis . G toi Red
r[R,M]

Véi mdi x € G, chon phin tir dai dién %, €N sao cho p(u,)=x, , =1. Mdi
phan tir trong N ¢6 thé biéu dién duy nhat dudi dang MU, voi m € M, x € G . Mitkhac,
uu, thugc cung mot 16p voi U, va OU, thudc cang mot 16p voi U, nén ton tai cac phan

tr f(x,y), f(x,0) e M sao cho:

uu, = fxyu,, ou, =f(xou, 3)

Nhu vdy, tacoham f:GxGuU(GxT)—> M.

Do u, =1 nén ta co:

S =1=f(y) 4)
Tinh két hop va giao hoan cua phép toan trong N lan luot cho ta:
S f(y,2)= f(y,2)f(x,y2), f(x,9)=[f(x) (5)

Do [S,N] 1a mot [-Vanh-Nhém giao hoan nén N 1a mot [-modun, vi vay céc

diéu kién o(uu,)=(ou )(ou,), (o) =(ro)u, lan lugt kéo theo:
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of (x, ) f(x + y.2) = [ (x,0) [ (3,0) f (ox,09) 6)
f(x,07) = of (x,7) f (,0) )

Bay gio, ta dung ham tir monoidal dbi ximg (F,I?') Dis .G — Red.[R,M ]

nhu sau:
F(0)=(f(x,0),0), F,, =(f(x,»).)
Vi cach dit nhu vay, (£ ,f ) 1a mot ham tir monoidal dbi xting phan bac gitra

cac pham tru Picard phan bac. That vy, cac hé thic (4), (5) 1an luot chiung to (F, F )
tuong thich voi cac rang budc don vi, két hop va d6i xtng cua cac pham tru Picard, diéu
kién (7) chimg t6 ham tir F bao toan phép hop thanh cta cac miii tén. Biéu dd vé tinh tu
nhién cua I?x,y tuong duong véi hé thuc:
(f(x,0),0)e(f(x,y)])=(f(ox,0p), 1) e (f(x+y,0),0)

Diéu nay duoc suy ra tir hé thic (6).

Buée 2. Hai mé réng dang bién va & cia L-Vanh-Nhém [R, M) boi T-médun
M la twong déng khi va chi khi cac ham tir monoidal doi xitng cam sinh F., F, la
dong ludn.

Trude hét, ta chi ra ring mdi mé rong dang bién & caa [-Vanh-Nhom [R, M] boi
[-médun G twong dang v6i mot mo rong tich chéo hdn hop dang bién nhu sau.

Theo Buéc 1, mdi mé rong £ cam sinh mot ham 7 :GxG U (GxT) > M duoc
xé4c dinh boi (3) théa méan cac didu kién (5) - (7).

bat S, =Re, G= G:JR x{x} la mot R-moddun trai ty do vdi co s¢ {(1,x),x € G},
phép nhan duoc cho bai quy tic: (r,x)(s,y) = (rsf (x,), xp).

Nhom tich chéo N, =M x, G chinh 1a nhém con cia M x G cua (R® G) . T-tac

dong lén [Re, G,M %, G] dugc cho bsi o (r,x) = (o7f (x,0),0%).

Cac d@)ng cAu dé“ing bién i, p 1an luot duoc xac dinh boi:
i(r)y=(r,1), p(r,x)=x

V6imdi xe G thi Rp'(X)R=Rx{x}.
Tinh két hop va giao hoan ciia phép nhan trong S, dwoc suy ra tir (4). Phin tir
don vi 1a (1, 1) do (4). Hon nita, nhd (6) va (7), K 1a mot I-vanh vi

o(r,x) = (orf(x,0),0x).

55



TAP CHI KHOA HQC, TRUONG PAI HQC HONG PUC - SO 29. 2016

Khi dé, ta thu dugc mo rong dang bién:

i P
£, (RM]>[Re, G.Mx,Gl, Mx, G—>G)
Vo1 i(n) = (n,0), p(n,x) = x .
Hon nita, dé thiy &€ tuong dang vé6i & boi I-dang cau.

By: [Re, G,Mx,G]—>[S,N], D (r,x)— Zru

Bay gio, gia suv F,, F,,:Dis .G — Red [R,M ] la hai ham ti ddng luan bai
0:F, > F,.Khido, ton tai anh xa g:G — M sao cho 6, =(g(x),)) véi moi xeG.
Do vay, tir diéu kién khép (1) cua dong luan 6 ta co:

g =1 fe(x,y)g(xy)=gx)g(y) fe(x,y) (8)

Tinh tu nhién cua Hx kéo theo:

Je(x,0)g(ox) = 0g(x) fe(x,0) )

véimoi x,ye G,o el .

Theo ching minh trén, cic mé rong € va € 1an lugt twong dang véi cac mé rong
tich chéo hdn hop dang bién &, & . Hon nita, cac hé thic (8), (9) chimg t6 anh xa
PR, —)R('), P(r,x)=(rg(x),x)1a mot dang céu giita cac I-Vanh-Nhom, hay & va &'
1a twong dang.

Nhu vy hai mé rong € va £ 1a twong dang.

Nguoc lai, gia str hai mé rong € va € 1a twong dang. Khi do, chung 1an luot twong
dang v6i cac mé rong tich chéo hdn hop ding bién &, & . Hién nhién, & va &' 12 hai
mo rong twong dang, nghia 1a ton tai mot I-dang cdu Vanh-Nhom
B:Rx, G>Rx, G.Khi d6, ton tai ham g:G — M théa mdn g(l)=1 sao cho
(rax) = (rg(x)zx) *

Tinh I-dong cdu cua S kéo theo ham g théa man cac hé thtrc (7) va (8), trong
do f,, f.. tuong ing la cac ham duoc xac dinh tir cic mé rong &, va £ theo cac cong
thuc (2).

Goi F, F’ 1a cic ham t monoidal dbi xtng I-phan bac, véi
F, =(fe(, ), F., =(fo(x,»)]), thiham g : G — M 1a mot ddng luan giita ching.

Tt hai bude trén ta cd Q :[E]+— [F.] 1a mot don anh.

Buée 3. Q la toan anh.
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Gia su (F,F): Dis, G - Red [R,M ] 12 mot ham tir monoidal déi ximg phan
bac. Ta c6 thé gid thiét ring £ =id. Khi 46, ta dit F(o)=(f(x,0),0),
}N?x,y =(f(x,y),]) 1a cac mili tén trong Red .[R, M ], trong d0 f:(GxG)U(GxT)— M.

Ham f'théa man cac hé thic (4) - (7). That vay, tinh twong thich cua (F F ) voi
céc rang budc don vi, két hop va giao hoan kéo theo (4) - (5), tinh ty nhién cua ﬁx, ) dan
dén (6) va tinh bao toan phép hop thanh cua cac mii tén kéo theo (7).

Khi do, theo Buoc 2 ta thu dugc mo rong tich chéo hon hop dang bién £ Hién
nhién € cam sinh (F,F), va vi viy Q 14 toan céu.

Pinh Iy 3.2. Cho I-Vanh-Nhém [R, M| va T-médun G. Khi dé, ton tai mét song dnh:

Extp (G,[R,M])—> Hﬁ’s (G,M).

Churng minh. Theo Dinh 1y 3.12 [3], ta c6:

Homr,s[Dier,Redr[R,M]] o ng’s(ﬂ'o(DiSrG),ﬂl(Redr[R,M])) )

Do 7y(Dis, G) =G, z,(Red [R,M]) = M nénkét hop vdi Dinh 1y 3.1 ta co:

Extr,(G[RM]) < HI%,S (G,M)

Loi cam on. Tac gia xin chan thanh cam on PGS. TS. Nguyén Tién Quang di cho
nhirng nhan xét quy bau ddi v6i ban thao cua bai béo.
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AN APPLICATION OF THE THEORY OF BRAIDED GRADED
CATEGORICAL GROUPS

Pham Thi Cuc
ABSTRACT

In this paper we introduce an application of the theory of braided graded
categorical groups on the problem of equivariant extensions of abel Ring-Group.

Keywords: Braided graded categorical group, equivariant extension of Ring-Group.
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