TAP CHi KHOA HQC TRUONG PAI HQC HONG PUC - SO 35.2017

KHOI PHUC XAP Xi HAM TRONG KHONG GIAN
BESOV BANG B-SPLINES

Nguyén Manh Cwong', Mai Xuin Thio?
TOM TAT

Trong bdi bdo ndy, ching t6i sé mé réng mét sé két qua cua GS. Dinh Diing trong
viée sit dung khéi phuc thich nghi t0i wu doéi véi cdc ham thubc tdp hop
WclL(I),0<g<om,

Tir khoa: Khéi phuc thich nghi, biéu dién gia néi suy, khong gian Besov.

1. DAT VAN BE

Chung ta xét bai toan khoi phuc x4p xi ham s6 xac dinh trén doan [1 = [O, 1] . Ham s6
can khoi phyc thudc tap hop W < L (I1),0 < g < o0 . O déy Lq (1) 1a khong gian dinh chuan
céc ham xac dinh trén [] véi chuan tich phan || . ||q thong thuong cho truong hgp 0 < g < oo,
va khong gian dinh chuan C(I]) cac ham lién tuc trén [T véi chudn max || ||q khi g =00

béng 16p ham Besov c6 modul cua d0 tron bi chan.
Cho B la mét tap hop con trong L , ching ta s€ dinh nghia phuong phap khéi phuc

v6i cac diém gia tri 1y mau va ham sé& khoéi phuc thich nghi tir B theo timg ham feWw.
Dbi véi timg ham f € W ta chon n diém x',..x", dua trén thong tin vé gia tri liy mau
f(x'),...f (x") tachonham g =S/ (f) dékhdi phuc ham f . Khidé S 1a mot phuong
phap khoi phuc thich nghi. Toan tir S” ( f ) duoc dinh nghia chinh xac nhu sau:

Dt 1"1a tap hop bao gdm céc tap hop & trong [ co s6 phan tir khong qua n, V" 1a
tap hop ma mdi phan tir 14 mot bo cac sd thuc a. = {a(x)}xeé ,Ce I”,a(x) eR.

Goi /, 1a mot 4nh xa tr W dén /" va P 1a 4nh xa tir V" dén B. Khi d6 cdp (1, P)

x4c dinh mot anh xa S” tir W dén B cho béi cong thirc

B —
Sn (f)'_P({f(X)}Xejn(f)) (1-1)
Chung ta mu6n chon mot phuwong phéap khoi phuc ldy mau S # ma céc sai sO ctia khoi
phuc nay H f-S? ( f )H cang nho cang tot. R rang mot su lya chon hidu qua can duoc thich
q

nghi voi timg ham sé 1.

12 Giang vién khoa Khoa hoc Tw nhién, Truong Pai hoc Hong Dirc
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Cho B 12 mot ho cac tap con B trong L, khi do sai s6 cua phuong phap khéi phuc
thich nghi t6i uvu dugc do bang dai luong

R, (W.,B )q = inf infsup”f—Sf (f)”q (1.2)

BeB SPrew
Trong d6 S” 1a tat ca cac anh xa dugc dinh nghia ¢ (1.1). Ky hiéu R, (W,B) g bing
e, (W)q néu B ho tit ca cac tap hop con B trong L, sao cho |B| <2", vabang r, (W)q néu

B ¢6 gia chiéu khong qua n. Gia chidu duoc dinh nghia nhu sau: Cho mot tip hop B cac ham
s6 xéac dinh trén tap U , khi d6 gia chiéu cua B dugc dinh nghia 13 s6 nguyén n 16n nhat sao

cho ton tai cic diém a',a’,..a" trong U va beR" dé sb phan tir cta tap hop:

{sgn(y):y:(f(al)+b1,f(a2)+b2,...f(a”)+bn),feB} la 2", & day sgn(x)=1 véi

t>0, sgn(x)=—1 v&i 1 <0 vacho x € R",sgn(x) = (sgn(x,),sgn(x,),...sgn(x,)).
Giastt @ ={g,}, , lahocacham b trong L,. Ching ta dinh nghia ) @ la tap hop

phi tuyén bao gém céc t6 hop tuyén tinh ciia # phan tir bt ky trong @ , c6 nghia 1a:

2, 0= {gp =D.a4,0, 19, € CD}
=1

Chung ta s& nghién ctru cac phwong phap khoi phuc thich nghi ham f € W bang céc

ham s tir an)' Cho mdi ham f € W, chiing ta chon mot diy & = {)c“'}’i1 ctia n diém

trong [[, motday a = {a }::1 cacham trén R" vamotday @, = {gok_} L cac ham trong ©.

s

Ta dinh nghia phuong phap khoi phyc S(®),a,&, / nhu sau:

S(®,.a,&, 1) =D a, (&S S 2,
s=1
Sai s6 ctia phuong phap duoc do boi dai luong

5,(W.), = infsup |/ =5(@,.a.8. 7). (13)

2. BIEU DIEN SONG NHO GIA NOI SUY TRONG KHONG GIAN BESOV
Cho mdt sd nguyén duong 7, goi M 1a mot B-spline trung tdm bac 27 véi gia [—r, r]
va cac ndt 1a cac diém nguyén —7,...0,....r, va dinh nghia B-spline song nho:
M, (x)=M(2"x—s)
Cho mét s6 khong am k va s € Z, thi M 1a tp hop tat ca M 1., kKhong tri€t tiéu trén

[1. Cho 2 = {2 ()}, la day chin hitu han, toc la A(j)=A(-j), ¢ day

eP(u)
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P(u) = {j el: |]| < ,u} va u>r—1.Chung ta dinh nghia toan tir tuyén tinh Q cho ham f

trén R boi o(f,x) :=ZZA( £,8)M(x—5) 2.1)
o day AL9)= 2, ADS =) (22)
Khi d6 toan tir O bi chan trén C(RR) ;a U|TQ( New, 1AM
6 day IAl= 2. [0

Mot toan tr Q duogc xac dinh tir (2.1 - 2.2) tai tao la1 P, duoc goi la mot toan tir gia
ndi suy trong C(R), tic 1a
O(p) = p, Trong dé: peP,
Chung ta s& can dén bat dang thirc di véi chuan cia L » (IT) nhu sau: Néu T 1a mot

s6 thoa man 0 < 7 <min(p,1) thi cho bat ky mot diy cac ham { i } ta c6 bat dang thirc

DA EDI 1

Néu f e L,(IT), khi dé o(f.1), = shlil?HA; /]

;,H (2.3)

pII(Ih)

duogc goi 1a modul tron cap / cua [, & day [1(lh) = {x ‘x,x+lhe H} va toan tir sai

phan cip / duoc dinh nghia boi:
/

ALF(x) = Y (1) C) f (et jh).

j=0

Choham s6 Q:R, — R théa man cac diéu kién:

(i) Q(t)>0,Vt>0,

(i) Q1) <cQ(t),Vt,t eR_t<t,

(iii)) Vy >1,3C = C'(y) sao cho Qyt)<C Q(t),teR,.

Cho 0< p,0 <o, thi khong gian Besov Bffﬁ duogc dinh nghia 1a tdp hop cac ham
S eL,(Il) sao cho chuan Besov sau I3 hitu han

[ se, =171, 11

o day | f | 50 la nira chuan Besov, dugc xac dinh boi
.0

Q
Bpﬂ

_ ( [{or.0, 100} %] 0 <,

Q C
Bp 'y 11

sup{o,(f.0), Q1))  6=c0.

tell

|f
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Gia str Q la mot toan tir gia ndi suy tur (2.1 - 2.2), cho 4 > 0 va mt ham f* xac dinh
trén R, chiing ta xac dinh toan tir Q (.;4) nhu sau:
O(f;h)=0,°00°0,,(f),6dayo,(f,x)= f(x/h).
Tur dinh nghia ta co

O(f,x:m) = NS ks M (W' x =), v6i A(f ksh) = D () f (h(k = ).

JeP(u)

Toan tir O (.;h) ¢ cac tinh chat twong tu nhu toan tir O, ciing dugc goi 1a mot toan tir
gia ndi suy trong C(R). Nhung Q (.;h) khong dugc dinh nghia cho f trén II, va do d6
khong khéi phuc duoc ham s6 f véi cac diém lay miu trong [T .

Mot cach tiép can dé xay dung toan tir gia noi suy cho mot ham sé trén [ 1a mé rong
n6 bang cac da thirc ndi suy Lagrange.

Cho mét sd nguyén khong am k, dat x; = j27*,jeZ . Gia st fla mot ham sb trén

[1. Goi U,(f)va V,(f) lan luot 14 cac da thirc noi suy Lagrange tai 2r diém bén trai

Xy>X,...X,,_; va diém 2r diém bén phéi x,, , ., x .»X,, trén doan []. Ham s6 f

2k 2p43°°"
duoc dinh nghia 13 ham s m& rong cua f trén R .
U,(f,x), x<0,
fix)=1f(x)  0<x<l,
V.(f,x), x>1.
Néu £ lién tuc trén [] thi 7 lién tuc trén R . Gia sir Q 1la mdt toan tir gia ndi suy
(2.1 -2.2) trong C(R),
Khi d6 chiing ta xy dung toan tir Ok xéac dinh boi:
0,(f,x):=0(f,,x;27"),x ell.
Cho mét ham f trén [[. Khi d6 Q,(f,x)= Z a, (fIM, (x),Vxell, ¢ day

seJ (k)
Jky={seZ,-r<s<2'+r}vaa, (f)= A(?k,s;r" )= 2% (@F (5= ).
lil<u
Dé tién loi ta quy wéc Q_,(f) =0 cho tit cd £ trén []. Pit ¢, =0, —Q,_,. Chung
tacod O, = qu,.
K<k

Bb dé 1. Voi moi f € C(IN), taco | f - Q,(f)|, <Ca,, (f.27").
Va |f-0.()|, = 0.k > .
Tir B6 dé 1 v6i mdi ham lién tuc £ ta c¢6 biéu dién

S = Z q,(f)

keZ,
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Su hoi tu theo chuan cia L (1), 6 day ¢, (f) = Z ¢ (OIM,

seJ (k)

o () =a, (f)—a\, () k>0,
d, (N=2""" 3 Cla,,(f).k>0,a,,(f)=0,

(m.))eC, (k.5)

va C(k,s)={(m,j):2m+ j—r=s,meJ(k-1),0< j<2r}, k>0,C,(0,s):={0}.
Nhuvay /=D, D ¢ ()M, (2.4)

keZ+ seJ (k)

Néu O< p<oo,ged (k) thcla g= > a.M,,

seJ (k)
thi [lgf, =27 |{a}] . (2.5)
]
o day H{as} ok :2{ Z a, pj , V6i p =00 ta co chudn max tuong tng.
’ seJd (k)

Cho f 1a ham s6 xac dinh trén [, khi d6 theo (2.5) ta c6 cac chuan sau 13 twong duong
1

8=[ 2 flal, e |-

keZ,

> {2k/p {e.( f)}Hp,k /Q(zk)}eje.

keZ,

B,(f) 3:(
Pinh Iy 1. Cho 0< p,0 <00 va U la ham sé théa man thém cdc diéu kién ton tai
cdc hang s6 1, p >0 va Cy, C> sao cho
Q)" <CQt )t t<t;t,t ell (2.6)
Q)" >2CQ1) L7t <ttt ell 2.7)
Khi d6 ta c6 cac két qua sau

. 1 o2 ~ ~
(i) Neu p>—vap<2r thimotham f erf,g o thé biéu dién thanh chuoi (2.4) thoa man:
P
B,(f) <[], (2.8)
; . 1 c 2 N
(i) Neu p <min (2r,2r =1+ —) mot ham g trén ] cb thé biéu dién
P

g= z gk = Z Z G M va thoa man:

keZ, keZ+s eJ (k)
1

B,(g) :=(Z{|ng||p / 9(2")}6)" <o
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3 Q ~
thi /'€ B, hon nita

”g”B;{g < B,(g)
. 1 . 1
(iii) Neu u > ; va p <min (2r,2r—1 +;) thi mgt ham [ trén 11 thudc Bﬁg khiva

chi khi f c6 thé biéu dién dwdi dang (2.4) théa man diéu kién (2.8). Hon nita khi do ta c¢é
||f||320 twong ung voi B,(f).
DPinh ly nay da duoc chirng minh trong [1].

3. DPANH GIA CHAN TREN

Chung ta sir dung mot s6 ky hiéu: 4,(f) < B,(f) néud (f)<C.B,(f) voi C la
hang s6 khong phu thuge 7 hodc /e W;A (f)~=B,(f) néu 4,(f) < B,(f) va
B, (/)< 4,(f).

Bay gio ta xem xét tat ca cac cach chia doan [T = [0,1] thanh cic doan nho, ky hiéu
mdi cach chia nhu vay 1a 7 va |7z| 1a s6 cac doan trong 7.E 1a ho tat ca cac cach chia 7
cua doan [0,1] ma |7z| <m.Q(r) 1a tap hop tat ca cac ham f trén [] sao cho trén mdi doan
cua 7 thi f la mot thirc ¢6 bac khong qua 2»—1.0, 1a hop cuacac Q(7) véi 7€ E, .

0

B6 dé 2. Cho %, k* la cdc sé nguyén khong am véi k<k' va {nk}k=%+1 la day cdc s6

Jk=k+1,..k" Blatdp tdt ci cac ham f c6 dang

Ko
f= aM;  + Z D My

seJ (k) k=k+1 j=1

nguyén khong am voi n, < |J(k)

- K _
véi s, € J(k) thi B Q,., oddy m=2"+2r Y n.(k—k).
k=k+1
B6 dé nay di duoc chimg minh trong [2].
Cho y:Z, — R .. Dinh nghia B}g‘f’g la khong gian tit ca cac ham f trén [] voi
1

BY) = ( Z {ZW(k) ”% (f)”p}(g}67

ke,

chuan sau htru han || f

B6 dé3.Cho 0< p,q,0<0,p>q vd v:Z, >R, khidévé’imoifeBi"fg, chung ta co:

sup72iwm ,néud < min(q,1),

k>k

|0, <l

. 1
8

{27 ")7  néud > min(g, 1),

k>k
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v
I I

o diy 6 =
min(g,1 4
B6 dé duogc ching minh tong quat trong [1].

Pinh 1y 2. Cho 0< p,q,0 <0, Q(t) la ham s6 théa man cdc diéu kién ¢ dinh Iy 1.

: 1
Ky hiéu U}, {feBpg, Flyo, < } Néu,u>;,p<2r thi

A )q < Q(%) 3.1)

Hon nita con c6 thé xdy dung dwoc tdp con B trong Z ,(M) cé dim (B) <n vamot

phuwong phap khéi phuc S” tir (1.1) théa man

sup |/ - (), < Q(—) (3.2)
Uy
Chitng minh. Ta co ||f||BQ <C. ||f||BQ , nén c6 thé xem Bffﬁ CB[?,OO. Vay chi can

ching minh (3.2) cho U = Uff,w.

Ta st dung mot két qua da c6 1a ton tai C = C(r,d) théa min dim (Q,)<Cm.

Truong hop p>¢q. bat ® = log{ } theo chiing minh ¢ Pinh 1y 1 (xem [1]) thi

Q2™
O(k)+C > pk,Yk e Z . Dt W(k)=D(k)+C khi do v :Z, >R_. Vi k bat ky, ap
dung B6 d& 2 ta c6

sup2 ", néud < min(q,1),
k>k
| =0:N), <A1, L ,
Q{21 )7 neud > min(q,1),

k>k

1
1/min(q,1)—%'

oday 0" =

Mat khac

1

(Sl

)
{zﬁeﬁl_mwxumﬁw

k=0
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sup2™ ¥ =sup Q(27") < C.Q(27F)

k>k k>k

g -{gioer

:(Z{Q(z")z“"‘)”}g*jg* <02

k>k

(vi theo tinh chét (2.6) ta co Q(27) < C .27 P 02Fy).
1

Nhu vay ta di chimg minh duoc bat dang thic sup H f=0.(f )H < Q(Z%).
feUu q

S0 cac gié tri Iy mAu trong Q. (f) 1a 2% +1. Theo Bd d& 2 (xem [2]) thi 0.(Ne0,
véi m=2". Tacé dim ,(0,)<Cm v6iCla hang sb. Xéac dinh k thoa man:

C'n<max{2°+1,C2* <n.
Theo tinh chat (i) va (ii) caa Q(¢) suy ra Q(2_%) ~ Q(l)
n
Tir d6 ta xay dung duge S”(f) = O.(f) véi B=0, théa man

sup| £ =57(1)] <)
feu q n

Truong hop p>q. Voi f €U taco £ =3 g, () =0, (N+ Y 4,(/)

k=k+1

& day k bitky va g, (/)= . ¢, ()M,

seJ (k)

_k
Tir 2.8), suy ra g, ()], =2 7 [{ . ( f)}Hp’k <Q(2™"),Vk>0.

r
k=k+1

Dt m, =|J (k)| =2 +2r-1,k,k" cac s6 nguyén khong am véi k <k"va {n,}
1a day cac sb nguyén khong 4m thoa méin n, <m,.
Chting ta xay dung phuong phap khoi phuc
e
G()=0:(N+ D Gla. (), (3.3)

k=k+1

1a thanh phan tuyén tinh khong thich nghi ciia G( f), thanh phéan phi tuyén thich nghi
dugc xdy dung 13 tong cua cac thudt toan tham lam Gi voi mdi k=k+1,..k" thi

0,(q,(f)) duoc xac dinh nhu sau:
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Day {ck’s(f)}sej(k) duge sip xép: ‘c,ml (f)‘ > ‘Ck,sz (f)‘ > , khi do
k =%+1,...k* va dit & =l—l, ta co:
P 4q
& 1
my q
.-G Hl, = 35 e | =2 [ Sl ]
J=n+l J=n+1
1
»
< 2 an [Z Crs, j
1
<2%n’ g ()], <27 Q202" (3.4)

Bay gio xét véi k >k
1 1

k - k
= q q — p p
la.(N)],=2" [@Z(;{)\ck,s j <271 [@Z()k)\ck,s j ~2% g, ()], <2 Q@) (33)

Xétanh xa G :U — B dugc xac dinh (3.3), B 1a tap hgp dugc xac dinh trong B dé 2
(xem [2]) thi G(f)eB.
- K _
Ciingtheo B dé 2taco Be Q, voi m=2" +2r z n,(k—k).Do dim (Q,)<Cm
k=k+1
nén dim ,(B) < C.m . Ching ta xac dinh kk', day {nk} v6i n, <m, nhu sau:
a) k xac dinh boi CI.ZE <n< CZ.ZE , V01 cac héng sb C,,C, dugc chon sau cho
phu hop.
b) S6 gia tri ldy mau cua G(f) khong vuot qua
_ K
m =2 +D)+Qu+2r) Y n,
k=k+1

H—0

¢) Cb dinh ¢ théamin 0< ¢ <

Ching ta c6 thé lya chon & va day {n } la k" —[g log(/ln)]+k+l va

k=k+1
- [,m.z-f(k-%)}k k41, k"

Khido C,,C,,A dugc xac dinh sao cho n, <m, k= z+1,...,k*,C.m <n,m <n.
Mit khac voi mdi 7 ¢d dinh théa man 0 < 7 <min(g,1).

T (3.4), (3.5) va (2.3) thi Vf €U tacé:
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=52 < ¥l ()-6, @)

T
q

Y g ()

K
< Z 214§k'n;§r.Qr(2—k)+ Z 21A§k'Qr(2k)

k=k+1 k>k"

K _ - _
< Z 2r4é)k.nlzb‘r.25.(57.(1(—1()‘21.(k—k),u‘Qr (22—1( )

k=k+1

n i 21A5k ‘21(15‘—/{);1.91 (2-k* )

k=k"+1
K _ -
< Z 2r(k—k)(s§—y+§)‘Q‘r (2—1()

k=k+1

+ i 2r(k*—k)(u—5).2rﬁk*‘Qr(z—k*)

k=k"+1
<« O (D427 Q" (2 Ydo 65—+ 5 <0, 15 > 0)
n

< Q’(%) +2% 02,

a+1ys
&

ma k = [6‘71 log(/ln)] +k+1, suy ra 2%~
. - - ZH _ —H 1

va Q" )< 2" Q2 Y rne Q2 ) xn e Q(—)
n

A Sk e (1%)5 % 1 §+5;ﬂ |
nén 2% Q27 )<k n ne Q(—)<n Q) < O
n

n

1

2).

n
<A 1

vivay [£-5/()], < Q6.

Nhu vay (3.2) da dugc ching minh va do d6 (3.1) dugc chimg minh.

Dé danh gia can trén cua s, (U ﬁg,M ) ching ta van sir dung phuong phéap xay dung,

cach xac dinh%,k*a{”k}k*

iy, Dhu trén. Khi d6 van tim dugc cac hang s6 C,C,,C, va 4

thoa min diéu kién: s6 cac B - spline Mj, trong S? & cac truong hop p>q vap<q lan luot
- - K
la (2k+2r—1) va (2k+2r—1)+ n, khong vuot qua n.
k=k+1
Tu d6 ta co6 dinh 1y sau:

Pinh 1y 3. Cho 0< p,q,0 <,Q thoa man diéu kién & Dinh 1y 1, y>l,p< 2r.
P

Khi d6 ta co: s, (Uffg,M) < Q(l)
, . »
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4. KET LUAN

Bang viéc biéu dién mot ham feW L, (I), 0 < g < qua séng nho gia ndi suy

trong khong gian Besov: f = Z Z ()M,

keZ+ sed (k)

chung t6i da xay dung dugc phuong phap khoi phuc thich nghi 14y mau S?, ¢co chc sai

56 1a tot nhat c6 thé, cu thé 1a véi ham s6 Q: R, — R, thoa min cac diéu kién cho trude thi

[1]

(2]
[3]

[4]

(3]
[6]

[7]
(8]

[9]

[10]

[11]

[12]

34

sup | =21, <26).

o
SeUyy

Hon nita, ta co

r (U;'{g)q < Q(%) va s, (U2 M)q < Q(%).

p.0°

G day U2, :{fijfg,

Fls, <1}
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ABSTRACT

In this paper, we will extend results obtained by Dinh Dung on optimal methods of
adaptive sampling recovery of functions by sets of finite capacity to univariate Besov-type
spaces of functions with B-splines.
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