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TOAN TU BAN DAU VA KHAI TRIEN TAYLOR-GONTCHAROV
Hoang Vin Thi!, Nguyén Tién Pa2
TOM TAT

Trong bai bdo ndy ching t6i trinh bay mét s6 tinh chdt quan trong cia todn tir kha
nghich phdi va tmg dung ciia cong thirc khai trién Taylor-Gontcharov vao viéc khéi phuc
ham s6 khi biét cac dir liéu ban dau thong qua cac dao ham cd}a k, no dwoc xem nhw mot sy
mé réng ciia cong thirc khai trién Taylor.

Tir khoa: Todn tir kha nghich phdi, khai trién Taylor-Goncharov, Iy thuyét todn tir.

1. DPAT VAN BE

Ly thuyét toan tir 1a mot trong nhitng linh vuc quan trong c6 nhiéu anh hudng trong
lich sir phat trién ctia toan hoc hién dai n6i chung va giai tich hién dai no6i riéng. Ly thuyét
toan tir d3 sGm xuat hién va phat trién manh mé trén thé gi6i vao nhitng naim 1920 d&én nam
1970 vé6i su banh trudng cua 1y thuyét cac tich phan ky di va cac bai toan bo Riemannn cua
ham giai tich bién phtrc, mét linh vuc di gin lién voi tén tudi ciia nhiéu nha toan hoc ndi
tiéng trén thé gi¢i nhu Noether, Gakhov, VeKua...

Mot trong nhitng 16p toan tir ¢6 vai trd quan trong va duoc nhic lai kha nhiéu trong
1y thuyét toan tir 1a toan tir kha nghich phai, véi nhitng toan tir nay ta khong thé bo qua
toan tir ban dau ciia nd duoc vi nhu 1a mot chiée xuong séng vo1 nhitng tinh chét dic biét,
v6i nhitng tinh chét nay ngudi ta di dwa ra dang tong quat ctia cong thirc khai trién Taylor
- Gontcharov. V&i muc dich dua téi cho ngudi doc c6 mot cach nhin cu thé va twong minh
vé tinh chét cua toan tir ban du ciing nhu thiy dugc mdi quan hé hitu co giira cong thirc
khai trién Taylor trén phuong dién va nén tang 1a giai tich c¢6 dién véi cong thic khai trién
Taylor - Gontcharov dudi goc nhin va quan diém cuia “pham tri” toan ti, vi vay trong bai
béao nay, chung t6i s€ trinh bay mot s6 nghién ctru cia minh vé “Toan tir ban dau va cong
thirc khai trién Taylor - Gontcharov”.

2. NOI DUNG NGHIEN CUU

2.1. Toan tir kha nghich

Cho T 1a mét dai s6 c6 don vi ( vi du truong s6 thuc hodc phtrc, tap hop cac ma tran
cung cap , vanh céc da thir).
Pit L,(X)={4: X — X} trongd6 A 14 toan tir tuyén tinh va domd = X , X la m¢t

khong gian vécto tuy y.

IS¢ Gido duc va Pao tao, tinh Thanh Héa
2 Giang vién khoa Khoa hoc Ty nhién, Truong Pai hoc Hong Diic
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Dinh nghia 1. AT duoc goi la kha nghich néu ton tai todn tr B sao cho
AB=BA=1.Néu T ladaisé cic matrin vuong cd'p n thi A€l duoc goila kha nghich
khi va chi khi | 4| # 0.

Dinh nghia 2. Todn tir A dwoc goi la kha nghich phdi néu ton tai toan tir B sao cho
AB=1 va BA#1.

Vidy 1. Gia stt T 1a tap hop cac ham thuc kha vi cip 1. Khi d6 toan tir dao ham va
toan tir nguyén ham lan luot xac dinh boi

Dx(t) = x'(t); Rx(t) = jx(s)ds

Ta c6 DRx(t)= D(Rx(t)) = Ux(s)dsJ = x(t) v6imoi xeT hay DR=1.

t
Mait khac, RDx(l) = R(Dx(l)) = .[ x'(sﬁs = x(t)— x(lo ) # x(t) néu x(to ) # 0 nghia la
fo
RD # I, vay D latoan tir kha nghich phai, lac nay R dugc goi la toan tur nghich dao phai
cua D.

Tap hop tat ca cac toan tir kha nghich phai duoc ki hiéu 1a R(X ), tap hop tat ca cac
nghich dao phai cia D € R(X ) la R ,,. Tuong tu ta c6 toan tor 4 dugc goi la kha nghich
trai néu ton tai toan tir B saocho BA=1 va AB#1.

Dinh nghia 3. AT duoc goi 1a kha nghich suy rong néu ton tai toan tir B sao cho
A= ABA.

Vi du 2. Toan tir chiéu P> = P 1a kha nghich suy rong.

Nhan xét: i, O la toan tw kha nghich suy rong (O la toan tw khong).

— ii, Moi todn tir kha nghich, kha nghich trdi, kha nghich phdi déu la kha nghich suy
rong nhiung diéu nguweoe lai thi khong ding.

Bé @é 1. Gia sir A,Bla cdc todn tir, khi @6 néu I + AB khd nghich (twong iing kha
nghich trai, kha nghich phai, kha nghich suy rong) thi I + BA ciing kha nghich (twong ing
cling kha nghich trdi, kha nghich phdai, kha nghich suy rong).

2.2. Toan tir ban dau va cong thirc khai trién Taylor-Gontcharov

2.2.1. Toan tir ban dau

Xét bai toan: Cho D 1a toan tir dao ham (Dx)(t) =x (t) Tim tat ca cac toan tir R sao
cho DR=1

beé giai quyét dugc bai toan nay ta s€ chimg minh bo dé sau:

B6 d& 1.1. Gid sit R, € R, khi d6 véi moi R e R, c6 dang R =R, +(I —R,D)A
véi AeLy(X).
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Chitng minh.

Chon 4 = R — R, ta duoc

R,+(I-R,D)A=R,+(I-~R,DR~R,)=R,+R~R, +R,DR, — R,DR = R
do DR=DR, =1.

(<) v6i R=R, +(I—R,D)A4 ta c6 =DR, + DIA— DR,DA = DR, = I viy ta co
diéu phai chimg minh.

Bay gio chung ta tr¢ vé voi vi dy trén, trude hét ta thay rang néu xem R, 1a toan tur

t
nguyén ham Rox(z‘) = I x(s)ds thi ngay 1ap tiic ta c6 DR, = I , nhu vay ap dung bo dé trén
lo

ta c6 thé tim duoc tat ca cac nghich dao phai ctia D .

Dinh nghia 4. Toan tir F = I — R,D diroc goi la todn tir ban dau ciia D € R(X) ung
voi R e R, cho trudc.

Mot dinh nghia trong duong co thé dugc phat biéu nhu sau: Toan tir F € L, (X ) duoc
goi 14 toan tir ban dau cua D e R(X ) mg voi nghich do phai R ciia D néu F? = F;
FX =KerD va FR=0

Mgénh dé 1. Néu todn tir A € L(X) la kha nghich thi moi todn tir ban dau ciia né la
tam thuwong

Churng minh.

Gid sir B € L(X) la nghich dio hai phia ciia A khidé F=1-BA=1-1=0.

Mgnh aé 2. Ta dat R, ={R,}_, va F, ={F,

i

}I.E[ twong ung la ho cac nghich dao

iel
phdi va ho cdc todn tir ban dau ciia D khi d6:
i, FF, =F,
i, F;R, =R, —R,

voimoii,jel.

Chitng minh.
Taco F,=1-RD ; F,=1-R,D .
Khi do

FF, :(I—RiD)(I—RjD):[—R_/.D—RI.D+R[.DRJ.D:[—R_/.D—RI.D+RI.D=1—RI.D:FJ.
ii, F,R, =(I-R,D)R, =R, ~R,DR, =R,~R, (dpcm)
H¢ qua 1. Véimoi i, j € [ thitoan tor R, — F; R, khong phu thudc vao cach chon

toantor R, e R, .
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Chitng minh.
Thit vy theo ménh dé trénthi F R, — F,R, =(R, —R,)~(R, —R,)= R, —R,.Nhan

xét réng biéu thuc F.R, —FR, khong phu thudc vao chi s6 k ma chi phu thudc vao i, j

va chung duogc ki hiéula 7 i/ 20i 14 toan tir tich phan xéac dinh. V&i méi x € X thi / l:f x duoc

goi la tich phan xac dinh cta x.

Ménh dé 3. Véimoi xe X, i,j el tadéucd DI/x=0

Chitng minh.

That vy ta c6 DI/x=D(F,R, —F,R, Jt=D(R, =R, Jr = x—x=0

Hai tinh chit hién nhién:

a) Iij = —];

by If+1] =1/

Ménh dé 4. Véimoi i,j el tadéucé I!D=F, —F,

Thatvay I/D=FRD=F,(I-F,)=F,-F,F,=F,-F,

Pinh 1y 1. Gid sir D € R(X) va théa man F* = F . Khi d6 F la todn tir ban dau

ciua D g voi nghich ddo phdai R = R, — FR, ung véi moi R, € R, va R xdac dinh duy

nhat déc lap voi sw lva chon R, € R,

Chiurng minh.
Theo gia thiét thi DF = O va DR, =1 nén DR=D(R, — FR,)= DR, — DFR, =1
Vay R 1a nghich dao phai ciia D, mit khac do F> = F nén ta co

FR=F(R, - FR,)=FR, —F*R, = FR, - FR, = O,

vay F 14 toan tir ban diu cia D Gng v&i R . Tiép theo ta s& chirg minh sy duy nhat

cua R khong phu thudc vao R, € R, . Gid sur ta ciing c6 R, e R, va R, #R, xét

R, = R, — FR, d& thiy R, va F lan lugt ciing 1a nghich ddo phai va toan tir ban dau cua

D ung véi R,, nghia la ta nhan dugc F =1—R,D trén domD .

Do do
R,—R=R,—FR,—(R,—FR,)=(I-F)R,-R,)
=R,D(R, —R,)=R,DR, —R,DR, =R, —-R, = O,
hay R = R, day la diéu phai chimg minh.
M¢nh dé 5. Gid sir D € R(X) va R,,R, € R, giao hodn véi nhau. Khi do R, = R,
M¢nh @8 6. Gid sir D € R(X) va F,F, la cdc toan tir ban dau ciia D giao hodn véi

nhau, khi do F, = F,
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Chitng minh.

That vay, theo gia thiéttacoé F, =1 —R,D va F, =1 —R,D khi d6 ta thu dugc:
EF,=(I-RDYI-R,D)=1-R,D—RD+RDRD=I-R,D-RD+RD=I-R,D=F,

tuong tu ta cling c6 F,F, = F, nhungdo F|F, = F,F, nén F, = F,.

Ménh @& 7. Gia st D e R(X) va F,,F, 1a céc toan tir ban ddu ciia D (mg véi
R,R, eR,,khido F, = F, néuvachinéu R =R,.

Chitng minh.

(<:) Hién nhién theo dinh nghia ta c6 ngay néu R, = R, thi F, = F,

(=) Gia sirring F, = F, khidé do F,.R, =0, (O 1a toén tir khong).

Nén: R, =R,DR, =(I - F,)R, =R, —F,R, =R, - F, R, = R, . (dpcm)

Pinh Iy 2. Gia thiét ring F,,........ F, 1a cac toan tir ban dau cua D € R(X) va gia
sir khong gian cdc hing s6 1a 6n dinh v6i bd cac P, e L(X), j= ,n , nghia 1a

P, kerD c ker D, voi moi j=1,n. Khi do toan tu F = F| +Z]3jF/Dj la todn tir ban

=

ddu ciia D tmg véi nghich ddo phdi R = R, — ZP./F/‘DH-
=1

Chirng minh.

Theo gia thi€t thi DP, = O véimoi j=1,n . Viynén

DF = DF,+ D) PF,D’ =DF,+» DP,F.D’ =0
Jj=1 Jj=1

vay F : DomD — KerD , talai co

F? = (FO + ZPJ.F].D’}F =F,F+Y PF,D'F=FF=(I-RD)F =F-RDF =F

J=1 J=1

Véimoi x € KerD tacod Fx=Fyx+ Zf’ijDjx = F,x = x diéunaynghiala F 1a
j=1
toan tir chiéu trén khong gian cac phan tir hing. Theo ménh dé 5 ta nhan duge F 14 toan tur
ban dau ctia D ung véi nghich déo phai

Jj=1

R=R,-FR, =R, —(FO + ZPijijRo

F=R,—F,R,—Y PFD'R =R —> PFD"".
Jj=1 Jj=1

Pay 1a diéu phai ching minh.
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Pinh Iy 3. Gid sit F,,..., F, 1a cac toan tir ban du ciia D € R(X) twong tmg véi cac

nghich dao phai R,,... R,. Khi d6 F = a,F, voi cic hang sé a, e K, j=Ln( K la

j=1
thuc hodc phtic) khong dong thoi bang 0 13 toan tir ban dau cia D khi va chi khi z a, =1,
Jj=1

ddng thoi F 1 toan tir ban du tmg v6i nghich dao phai R =) a R

Chitng minh.

(:>) Gia st F 1a toan tir ban dau cta D, khi d6 véi moi 0 # x € ker D ta co
x=Fx= Za].ij = Zajx =(Za])x hay Zaj =1;
J=1 j=1 J=1 J=1

(<) Gia st iak =1 khi d6 néu
j=1

FX < KerD v61moi x € KerD thi
Fx=Zaijx =Zajx:(2aj)x=x,

Talaico F’x = F(Fx)= Fx=x .Vay F latoantir chiéutrén KerD ,theo Ménh dé
4 cho ta F 13 toan tir ban dau cua D ung v6i nghich dao phai

R=R,~FR,=R,~> a,F,R, =R, Za (1-Rr,D)R, [1 Za J +YaR =>aRr
J=1 j=1 Jj=1
D6 1a diéu phai chimg minh.
DPinhly4.Giasu D, € R(X) voéimoi j = ln va F, € F), 1a cac toan tu ban dau cia
D, ung v6i R, € ‘RD (j=Ln).

Khidétoante FF =F, +R F,_ D, +...+ R, ...R,FD

n® n-l1

......D, 13 toén tir ban dau ctia
D =D, D,...D, ung v6inghich ddo phai R=R R, _,...R, cia D.

Chitng minh.

Taco DR=D,...D,R,..R, =1 doviy D R(X) va Re R, . Mt khac

F=F +RF_D +..R . .RFDD,..D,

n® n—l1

—I-RD,+R(I-R,D, )D,+....+R,...R,(I-RD,)D,....D,
=I-RD +RD —RR D D +..+R.R,D,..D —R.RD..D,
=I—-RD

Vay 14 toan tir ban dau cua D ung v6i nghich dao phai R .

134



TAP CHi KHOA HQC TRUONG PAI HQC HONG PUC - SO 35.2017

Hé qua 2. Gid sir cdc gia thiét cia Dinh Iy 4 théa man va F la todn tir ban ddu cia
D =D, D,..D, ungvoi ReR,, khido

R, ={(R +FA)...(R+FA): A,A,...A, €L,(X)}

FD :{EI(I_AnDn)+(Rn +F;1An)(R2 +F‘2A2)FI(I_A1D1)D2"‘DH :A17A27'An ELO(X)}

2.2.2. Cong thiec Taylor - Gontcharov

2.2.2.1. Co 50 toan tir

Cho D e R(X);RO €M, va F, 1atoan tir ban dau cia D tng véi R.

Ta co

FO:I—ROD<:>I=FO+ROD (1)

Xét D 1a toan tir dao ham Dx(t) = E va R, la toan tr nguyén ham R x( ) I x(s)ds

Thi tir (1) ta c6 ngay két qua x(r)= x(z, )+ J.x' (sks ,dodo
I[=F,+R,D=F,+R,(F,+R,D)D =F, +R,F,D+R.D’ (*)

t T
khi do x(t) = x(t0)+ x'(z‘0 )(t - t0)+ '[ '[ x (é’ )dé’d 7 cong thuc nay duogc goi la cong
to to
thirc khai trién Taylor cép 1, tiép tuc qua trinh véi k¥ thuat twong ty ta thu dugc cong thic
khai trién Taylor c4p 2 nhu sau:

x(t):x(to)-i-x‘g())(t—t) (t—1,) +j'j]' (¢ Mddr,dx,

folo 1ty

Thuc hién qua trinh nay 7 1an ta thu duoc cong thirc khai trién sau ddy va duoc goi 1a
cong thirc khai trién Taylor cap n cia x(t) tai diém ty:

tnn T,

x(t)=x(t0)+#(t—to)+ﬁ(t—to)z+ ...... ()( t ) +[[[ <" Mtz dr, .,

2!
Nhu vay cong thic trén sau khi thyc hién k¥ thuat tuong tu » lan ta thu dugc cong
thitc: / = F, + R,F,D+ R;F,D* +...+ R F,D" + R}"'D""" trén DomD""'

iy 1o

duoc goi 1a cong thic khai trién Taylor d6i véi D e R(X ); RyeM, va F eF,
ung voi R, .

2.2.2.2. Cong thiec Taylor - Gontcharov

Trudc hét ta c6 nhan xét: Cong thirc (*) chi cho ta thiy sy khai trién cua x(t) tai diém

t, nhung chua cho ta théy duoc sy khai trién cua né tai nhiéu diém khac nhau, cu thé 13 tai
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n+1 diém phan biét ¢, ¢,,...7,. Dé khic phuc han ché do, trong phﬁn con lai cua bai bao,
chung t6i da dé cap dén cong thirc tong quat hon cong thirc khai trién Taylor va dugc goi 1a
cong thirc khai trién Taylor-Gontcharov, cong thirc nay gitip ta ¢6 thé khai trién x(t) (néu
c6 thé) tai nhidu diém khac nhau nhu dé néi & trén.

Trudc hét ta xét bai toan don gian sau ddy:

Bdi todn 1. Xac dinh da thac f (t) bac 2 thoa man cac diéu kién:

f(to): aO;f'(tl)z al;f"(tz): a,
Gia str f (t) co dang f (t): at® + bt + ¢ bang phuong phap giai hé truc tiép ta dé

dang tim duoc f(¢) c6 dang sau:

70= rle) 1 o)+ L2 o, 3 w21

a
=a, +a,(t —t0)+72!(t2 —ott, — 12 + 2,1, )
Tuy nhién viéc giai bai toan trén bang phuong phap giai hé s& gip nhiéu kho khan khi
béc ciia da thie 16n dan (deg f > 3).
Bai todn 2. Xéc dinh da thie f(¢) bac 3 thoa man diéu kién
f(to): o, f'(tl): a; f"(tz): a; fm(t3):a3-

Ta phan tich nhu sau

=ty = Jds = 0,0.1,)= 0,0

L -2 4 20) j{jd:}r=Q2<z,r0,f1>=éz<r>

o\ 4

t 7T, t 1 t A
Q3(l,t0,t1,t2)=J‘J.Idzdrzdrl = Qz(rlatulz)drl :EJ‘(TlZ —-2t,7, _112 +2’1t2ﬁ71 :Q3(l)

fhhh i fo

khi d6 ta co
1O = 1)+ £6)0,0)+ 1 ()0, 1)+ £ ()05 0).

Nhu vdy qua 2 bai toan trén ta ¢ thé dé dang chimg minh cong thirc sau day bang

phuong phap quy nap
)= 1)+ 1000+ £ ()05 ()4 et £0,)0, (10 t,1)

trong d6 O, (t) 14 da thirc bac & c6 cac tinh chat sau:
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A A A (k1) A (k)
a) Qk(to)zo 5 Qk(tl):(); ------- ;04 (tkfl)ZOVé O (tk)zl

t 77 Tk-1

b) 0,()= ][ [dairdr,...dz,

oty by lk-1

dx f

Ap dung truong hop D 14 toan tir dao ham Dx(z‘) = 7 ; ka(t) = J.x(r)dr ta co cong
Iy

thirc khai trién cia x(t) tai n+1 diém phan biét 7,1 ...... ¢,

A A Lo

x(£)=x(6,) +x (£) O, (£)+% (6) O, (£) ot X (£) O, (£) + [ ] - ;fx("“) (r)dzds,...dr,

Cong thirc nay duoc goi 1a cong thire khai trién Taylor - Gontcharov cia x(t) tai n+1
diémphanbiét 7, j=1,n.Bay gio ta s€ xy dung cong thire khai trién Taylor - Gontcharov
cho toan tir D bt ky. Gia sit D € R(X); R,..R,...R, € R, va F, 1a c4c toan tir ban dau
cia D tmgvéi R, ,taco F, =1-R D < [=F, +R.D. Mat khac,

I=F,+RD=F,+R/ID" =F, +R,(F,+RD)D =F,+ RF,\D+ R R D’
Puoc goi 1a cong thirc khai trién Taylor - Gontcharov bac 1, tiép tuc qua trinh ndy n
lan ta dugc cong thic:
I=F+RFD+RRF,D*+....+RR,....R,_FD"+RR,..R D"
Cong thure nay duoc goi la cong thirc Taylor - Gontcharov tng véi toan toe D véi cac

nghich dao phai R, k = I,_n va céc toan tir ban dau F,.eF,.
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INITTIAL OPERATOR AND TAYLOR-GONTCHAROYV EXPAND
Hoang Van Thi, Nguyen Tien Da
ABSTRACT

In this paper, we present some important characteristics of right invertible operators,
and some applications of Taylor-Goncharov expand formula as an extension of the Taylor
expand formula.

Keywords: Right invertible operator, Taylor-Gontcharov expand, initial operator.
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