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MOT SO TiINH CHAT PAO HAM LIE CUA CAC LIEN THONG
TUYEN TINH TREN DPAI SO

Nguyén Hiru Quang', P§ Thi Tuyét?, Lé Thi Thanh Ha?
TOM TAT

Trong bai viét nay, ching téi trinh bay mét sé6 tinh chat dao ham Lie cua cdc lién
théng tuyén tinh NV va V* trén dai 56 A.

Tir khoa: Pao ham Lie, lién thong tuyén tinh, dai so.

1. DPAT VAN BE

1.1. Céc lién thong tuyén tinh trén dai sb thuong duoc st dung dé khao sat cac dic
trung ctia mot dai sd. Trong nhitng nam gin déy, cac tinh chit co ban ctia cac phép dao ham
trén dai s6 d3 va dang duoc nhiéu nha toan hoc trong va ngoai nudc quan tdm nghién cuu.
Chang han, nim 2010 Sultanov [3] d4 trinh bay céc tinh chit co ban ctia dao ham Lie trén
mot dai sb giao hoan 4 voidon vi e va tir d6 tac gia thiét lap cac hé thirc vé do cong va do
xodn ctia 4. Nam 2012, céc tac gia Nguyén Hitu Quang, Kiéu Phuong Chi, Bui Cao Van
[2] dd x4y dung phép dao ham Lie trén cac dong va tmg dung ctia nd vao viéc tinh thé tich
cua cac da tap Compact. Nam 2014, Arslan va Inceboz [1] da chi ra cac dac trung ctua dao
ham Jordan trén mot dai s6 Banach.

Trong bai viét ndy, chung toi trinh bay mét s tinh chat dao ham Lie ctia cac lién thong

tuyén tinh Y va V* dugc cam sinh bai lién thong tuyén tinh V trén mot dai s 4 giao hoan
v6i don vi e. Tir d6 thiét 1ap mot sd hé thirc vé d6 xodn cua A.

1.2. Gia sit 4 1a mot dai sd giao hoan véi don vi e trén R.

Mot phép dao ham trén 4 1a mot 4nh xa tuyén tinh X : A — A4, thoa mén tinh chét:
X(a.b) = X(a).b+a.X(b);Va,b € A. Ta ky hiéu F ={X/X la dao ham trén 4}. Cac
phép toan trén F dugc xac dinh nhu sau:

D) (X+Y)(a)=X(a)+Y(a);VX,YeF,Vae A

2) (A.X)(a)=A.(X(a));VAeR,Vae A.

3) (a.X)(b) = a.X(b);Vb eA,ae A

Khi d6 F cung véi 1) va 2) 1ap thanh khong gian vecto thyc va F cung voi 1) va 3)
lap thanh A - modun.

! Gidng vién khoa Khoa hoc ty nhién, Truong Dai hoc Vinh

2 Gidng vién khoa Khoa hoc co bdan va Ky thudt co s¢ Thanh Héa, Truong Pai hoc Céng Nghiép
thanh phé Ho Chi Minh

3 Khoa Co ban, Trieong Cao dang Giao théng van tdi 2, thanh phé Pa Néing
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Mot lién thong tuyén tinhtrén 4 laanhxa V:FxF — F, théaman: VX,Y,Ze F
vaaeA: 1.V, Z=V,Z+V Z
. VyZ=aV, ,Zl
. VX(Y+Z):VXY+VXZ.
VX(a.Y):X(a).Y+a.VXY.

NN

1.3. Pinh nghia [3]

Gia st X € F'. Bbao ham Lie cua V theo huéng X duoc ky hiéu L,V va dugc xac
dinh boi: (L,V)(Y,Z)=[X,V,Z]-V,[X,Z]-V |, Z; VY,ZeF, (6 day: [X,Y] Ia
tich Lie cia X va ¥ dugc cho bdi [X,Y]=XoY -YoX).

Vi du: Ta xét khong gian R" véi lién thong Lévi-Sivita D va 4=3(R")={f/ f
la ham tron trén R” }. Khi d6, véi X e F =B(R") ={ Céc trudng vecto tron trén R" }
va X songsongthi L, D=0.

1.4. Ménh dé ([3]; p.385)

a) L,V la anh xa song tuyén tinh thyc: FxF — F.

b) L,y V=a.L,V+BLV:Va,BeRVX,YeF.

¢) Ly \V=LyoL,V~L, oL, V;VX,Y €F.

Bay gid ta chu ¥ t&i hai 4nh xa sau day duoc cam sinh tir lién thong tuyén tinh V trén
4 ([3]. p381):

~

o V: FxF—>F
(X,Y) > VY =V, X +[X,Y].

e VéiacAd V: FxF—>F
(X,Y)5 VoY =aV Y +(e—a) VY .

Ménh dé [3]. V va V* Ia céc lién thong tuyén tinh trén 4.

2. CACKET QUA
Trong sudt muc nay, ta ky hiéu 7, T , T“ twong tng 1a cac do xodn clia A Ung Vi
cac lién thong tuyén tinh V, 6\, V* chung dugc xéac dinh boi:

T(X,Y)=V,Y -V, X -[X,Y]; T(X,Y)=Vi¥ -Vy X -[X,Y];
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T*(X.,Y)=VyY -ViX—[X,Y]|;VX,Y €F.
2.1. Nhén xét
a) Véi 4=3(R") va V=D. Khido T =0.
b) Néu a =%e thi 7 =0.
Chitng minb.
VX.Y € F =B (R"), taco:
T(X,Y)=DxY-DyX -[X,Y]
=D, X +[X.Y]-D,Y-[Y,X]-[X.Y]
=—(DyY-D,X-[X,Y])

Mt khéc, T(X,Y)=VxY -VyX -[X,Y]
=(V, X +[X,Y])=(V, Y +[V,X])-[X.Y]
=—(V, Y-V, X-[X.Y])
=-T(X.Y);(2).
Tu (1) va (2), ta thu duoc 7% =0; véi a :%e.
Tu (2. l,b) , ta nhan thay rang, trén dai s6 A4 ludn ton tai mot lién thong tuyén tinh ma Gmg
voind A cb dd xodn bang 0. Hay noi khéc di, trén A ludn ton tai lién thong tuyén tinh phang.

2.2. Ménh dé

(LV)(Y.2) =] X.V2Y |-Virg¥ =V [ X,Y]:¥X.Y,Z € F.
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Chitng minh.
| XY |-V Ve[ X,Y]= [ x.V,Z +[2.Y]](v, [x.Z]+[[x.2].Y])

—(V[X,Y]Z + [Z,[X,Y]])

=[x.v,Z]+[ X,[2,Y]]-V,[X.Z]+] Y[ X,Z]] ~VienZ+ [z.[v.x]]

= ([X,vyz] -v,[x.7] —V[X’Y]Z) +([x.[z.¥]]+[r.[x.2]]+[ z.[r.x]))

=[X.V,Z]-V, [X,Z]-V |, yZ =(LV)(Y.Z).
Ménh dé nay xéac 1ap mbi quan hé giita dao ham Lie ciia cac lién thong tuyén tinh V
va lién thong tuyén tinh cam sinh % . Mot hé thirc khac vé quan hé gitra dao ham Lie cua V

v V ciing duoe Sultanov thiét 13p ([3].p.388), 46 1a: (L,V)(Y,Z)=(L,V)(Z,7).

2.3. Nhén xét

VX,Y,Z,Y,Z € F va Vae A, ta co:

1) (LX )(Y+Y.2)=(L,V)(v.2 (L)ﬁ)(Y',Z)
2) (LXV)(a.Y,Z):a.(LXA)(Y,Z)
3) (LX§)(Y,Z+Z'):(LX§)(Y,Z)+(LX§)(Y,Z')

4 (L V)(Y.a2)=a(LV)(Y.2).

Chirng minh.
Ta dé dang kiém tra dugc tinh chét 1) va 3). O déy, ta kiém tra tinh chét 2) va 4).

2) (L, V)(aY,2) = X,VarZ |-VivanZ —Vur [X,Z]
= [X, aﬁyz] ~Vix@rarr)Z -aVy[ X, Z]
= X(a)VsZ+a| X, V12 |- X (a) VrZ-aVinZ -aVy[ X, Z]
~a( X932 |-Viunz-V[x.2])
~a(L,V)(v.2).
4) (L, V)(Y,a2)= | X.Vs(a2) |-V (aZ) -V [ X,aZ]

= x.7(a)Z+aVsZ|-[X,Y](a) Z - aVnZ -V (X (a).Z) +a[X,Z]
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=[X,¥(a)Z]+| X,a¥yZ |- [X.Y](a) Z-aVunZ Vi (X () Z)-Vy (a[ X, Z])
= X(¥(a)) Z+Y(a)[ X, Z]+ X(a) ViZ-+a| X,V Z |- X,Y](a) Z-aVxnZ~Y(X(a))Z

~X(a) VvZ-Y(a) [ X,Z]-aV¥[ X,Z]

al[ X902 ]| -VinZ Vo [ X, 2]+ (X (¥ (a)) Z- ¥ (X (2) .2~ X,Y](a) 2)
= a([X,%yZ] —%pz,y]Z—%y [X,Z])
=a (L, V)(Y.2).

Nhéan xét (2.3) thuc chat khang dinh rang L X% 1a mot anh xa song tuyén tinh tir cac
modun FxF — F.

Ménh dé sau day thiét 1ap mdi quan hé giita 6 xoan 7 va lién thong V.
2.4. Ménh dé
Véimdi ae A thi V' =(a—e)T+V.
Chung minh: V6i VY, Z € F, ta nhan dugc:
ViZ=aV,Z+(e—a)VyZ
=aV,Z+(e—a)(V,Y+[Y.Z])
=(a-e)(V,Z-V,Y-[Y,Z])+V,Z
=((a-e)T+V)(Y.2).
=V =(a—e)T+V.
2.5. H¢ qua
Gid st a € A ma (a—e) kha nghich va b 1a phan tir nghich déo cua (a —e). Khi d6
T=b(V'-V).

e

Tur hé qua ( 2.5) , ta nhan thay rang néu 4 1a mot mién nguyén thi V = V2.
Bay gio ta thiét 1ap moi quan hé gitta 46 cong 7' tng vdi lién thong tuyén tinh V va

dao ham Lie cua V“.

2.6. Dinh Iy
LV'=aL,V+(e-a)L,V+X(a)T; XeF,ac A.

Chirng minh.
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LYV'(Y.Z)=| X.V{Z |-V} [X.Z]-V}, . Z

]

= X.av,Z+(e-a) V12 |-V} [X,2]-V}, 2
~a([X.9,2] -V, [X. 2]V, 7 )+ (e=a) [ .92 ]~ [X,2) V12
+X(a)V,Z+X(e-a)VyZ
=a(L,V)(Y,2)+(e=a)(L,V)(Y.2)+ X (a) ¥, Z+ X () V1 Z ~ X () V+ Z

Mat khéc:

X(e)=X(ee)=2X(e) => X (e)=0;VX eF.

Viy:

(LV)(Y.2) =a(L,V)(Y,2)+ X (a)(V,Z =V ¥ =[V.Z])+(e=a). (L, V)(Y.2)

= (L,V°)(1,2)=(aL,V +(e=a).L,V+ X (a) T)(Y,2);¥Y,Z € F

= L,V'=aL,V+(e-a)L,V+X(a)T.

2.7. Dinh nghia

Véi X e F, dao ham Lie theo huéng X cua T, T va T twong tmg dugc k¥ hiéu
boi LT, L, T va L,T* va ching duge xac dinh boi:

a) (L,T)(Y.2)=[ x.T(v.Z)]|-T([X.Y).Z)-T(X.[Y.Z]);VY.Z€eF.

b) (L, T)(v.2)=| X,7(1.2) |-T([X.Y].2)-T (xX.[v,Z]);¥Y,Z € F.

o) (L T*)(Y,2)= [X, T (Y,Z)]—T“ ([x.Y].2)-1°(X.[v.Z]):VY,ZeF.

2.8. Pinh Iy

L T=LV-LV; XeF.

Churng minh.

(LeT)(r.2)=| X.7(v,2) |-T([x.¥].2)-T(X,[V.Z]);vY.Z e F.
=[ X912y -1, 2] |~(VienZ - V2 [ x,¥]-[[x.¥].2])

—(%Y [X,Z]—%[X,Z]Y—[Y,[X,Z]])

_ [X,%yZ} —[X, %ZY} Vi Z +V2 [ X, Y-V [X, 2]+ Vix Y (1)
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(LV)(r.2)=[ X V12 |-Vienz - Vi [ X, 7] 2
v,

(LV)(Y.2)

Z]- [XYZ v, [X.Z]

[X
EL V) 3)

X,V } Viea¥ -V [X,Y]

Tu (1),(2),(3), ta thu duoe (L, T)(¥,2) = (L, V=L,V )(Y.Z); VY, Z e F.

Str dung hé thic cua Sultanov [3;p.382] . T :(Za—e)T va tor dinh nghia

(2.7, c) , ta nhan dugc ménh dé sau day:

[1]

(2]

(3]
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2.9. Ménh dé
LT =(2a—e)LXT+2X(a)T; VX eF;ae A

Chitng minh.
Véi VY.Z eT, taco:

(L,7)(v.2)=[ x.1°(v.2)|-T*([x.7].Z)-T*(Y.[X.Z])

=| X.(2a-¢)1(¥.Z)]-(2a—e).T([X.Y].Z)-2(a-e).T(Y.[X.Z])
=(2a—e)([X,7(v,2)]-T([X,Y].2)-T(Y,[X,Z]))+ X (2a—e) T (V,Z)
=(2a—e).(LyT)(Y,Z)+ X (2a-¢).T(Y,Z)
=((2a—e).L,T+ X (2a—e).T)(Y.Z);VY,ZeF

= L, T*=(2a—e).L,T+X(2a—e).T

=(2a—e)L,T+2.X(a)T.

Tirménh d& (2.9), véi a =§ thi ciing ¢6 L,T* =0 vavéi a=e thi L,T° = L,T.
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SOME LIE DERIVATIONS PROPERTIES OF LINEAR
CONNECTIONS ON ALGEBRAS

Nguyen Huu Quang, Do Thi Tuyet, Le Thi Thanh Ha

ABSTRACT

In this paper, we present the some Lie derivations properties of linear connections V

and V*on algebra A.

Keywords: Lie derivations, linear connections, algebras.
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