TAP CHi KHOA HQC TRUONG PAI HQC HONG PUC - SO 35.2017

MOT SO TiINH CHAT MO RONG CUA CAN IPEAN
L& Quang Huy', Hoang Thi Minh Nhan?
TOM TAT

Bai bdo mé réng mét so tinh cht ciia cdc phép todn: tong, tich va giao qua phép ldy can.

Tw khéa: Vanh, idéan, can cua idéan.

1. DAT VAN BE

Trong bai bao nay, ta ludn gia thiét (R, +, .) 13 vanh giao hoan, ¢ don vi va I 1a mot
idéan cua R.

B6 dé va dinh nghia 1.1. Cho / 12 mot idéan ctia vanh R. Ki hiéu: VI =

{x€R|3In€N:x" €1}.Khi 46+ I 1a mot idéan cua R va idéan nay goi 1a cdn cua
idéan 1.

Chitng minh.

i)Tac60 € VI nénv1 # 0.

ii) LAy a,b € VT, ton tai ny,n, sao choa™ € [ vab"™ € I. Chonn=n, +n, — 1,
taco (a—b)m**l € [ suyraa-b€eI.

iii) Véi moia € VI vax € R. Do a €+ 1 nén ton tai n sao cho a™ € I. Suy ra
(ax)™ = a™x™ € (via™ € I),nghialaax € 1.

Vay VI 1a mot idéan cia vanh R.

Idéan V1 1a mot idéan duoc xay dung tir idéan /, khai niém va mot sb tinh chit cua
n6 dugce trinh bay trong [1], [2], [3] va [4]. Can cta idéan c6 nhiéu Gmg dung trong dai s6
giao hoan, do d6 van dé tu nhién dugc nhiéu ngudi quan tdm 13 mbi quan hé gitta 7 vav' 1
ra sao va phép lay cin c6 thé bao toan qua nhimg phép toan nao? Trong [2] va [4] da giGi
thiéu va dua mot s6 tinh chat cua idéan cin vé cac van dé nay, tuy nhién chua hé thong va
chua day du. Trong bai bao ndy chung toi s& trinh bay mot cach chi tiét khai niém va tinh
chat vé mbi quan hé giita 7 va /1 va md rong phép lay can qua phép tinh tong, tich va giao
ctia mdt ho cac idéan cho trudc.

2. QUAN HE GIUA I VAT

B6 dé 2.1. Cho J 1a idéan cua R sao cho J C 7. Khi d6 ngﬁ.
Chitng minh.
Véimoia €J,taldayn = 1,khid6a” €J C1.Suyraa €V I.Dovayl €+ 1.

! Gidng vién khoa Khoa hoc Ty nhién, Truong Pai hoc Hong Piic .
2 Sinh vién Dai hoc Su pham Toan K174, khoa Khoa hoc Tu nhién, Truong Pai hoc Hong Piic
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Hé qua 2.2. 1 C/I.

Khi nao dang thirc VI = I ding? Sau day, ching toi chi ra mot s6 idéan dac biét dé
dang thic VI = I dang.

Ménh @& 2.3. VT =T,

Churng minh.

Ap dung Hé qua 2.2 ta co VI S m, do d6 ta chi can chimg minh ﬁg VI Véi
moi x € \/ﬁthi ton tai n, sao cho x™ € v/T. Suy ra ton tai n, sao cho (x™)™ € I. Do
d6 x™™2 € I Tir d6 ta nhan duoc x € VT, hay VVI € VT .Vay VvT = vT.

Ping thic ciing ding néu / 13 idéan nguyén 0.

B6 dé 2.4. Néu P 1a idéan nguyén t6 thi VP = P.

Churng minh.

Theo Hé qua 2.2. ta cO P € /P , do d6 ta chi can ching minh VP € P. V&i moi
x€VP.Néun=1.Tacox =x'€P.Suy ra VP CP.Néun>2. Gia st x € P. Ta
c6 x™ = x.x™ 1 € P. Vi P la idéan nguyén t6 nén x™~* € P. Cur tiép tuc qua trinh nhu vay
ta s& nhan duoc x € P. Piéu nay mau thuin véi gia st x € P. Vay x € P. Suyra+/P C P. Tur
d6 ta nhan dugc VP = P.

Xét trén vanh sd nguyén Z, ta biét ring voi mbi s nguyén té p, idéan pZ la idéan
nguyén td, do vay ta c6 két qua sau:

H¢ qua 2.5. \/qZ = qZ.

Két qua cua Hé qua 2.4 van con ding khi thay ¢ béng liiy thtra cta ¢g. Cu thé ta co
ménh dé sau:

M¢nh @& 2.6. Cho ¢ 13 s nguyén t6. Khi 6 véi moi sb tu nhién a.> 1 tacé \/ q*Z = qZ.

Chitng minh.

Lay x E\/q“_Zthi ton tain € N sao cho x" €q%Z. Khi @6 ton tai p €Z sao cho
x"=¢".p.Suyrax": p®. Viqlasd nguyén td nén x:ghayx €qZ. Vay Jw_zg qZ.

Liy x € qZ, khi d6 ton tai m € Z sao cho x = qm. Chon n = a ta ¢
X'=(gm)" =q"m" €q"Z.VayqZ C \[q°Z.

Néntaco. q*Z = qZ.

3. SUBAO TOAN CAN CUA IPEAN QUA MOT SO PHEP TOAN

Trong muc nay, chung t6i chi ra idéan cén bao toan qua phép thuong, phép nhan, phép
giao va phép tong cua cac idéan.

B d& 3.1. Gia sir / va J 13 céc idéan cia R. Khi do N1/J =1/J.
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Chitng minh.
Liy x €~/1/J bétky. Khi do6, ton tai n € N'sao cho x" € I/J . Theo gia thiét ta c6

x€§ nén x=a-+J, a€l. Dodé X'=d'+J€I/J. Suyra d' E\/}.Nghia la \/I/JQ/}/J‘

Liy x €~J1/J bitky. Taco x=a+J, a€~/I. Khido, dn tain ENsaocho a" €
.Dodé X'=d'+Jel/J.Suyra xe1/J . Nghiala N1/J DVI/J.Vay 170 =1/J.

B6 d&3.2. Giasa J C1.Khido vJ SI

Churng minh.

Liy x €+/J bét ky. Khi d6, tdn tai n € N sao cho x" € J. Ma theo gia thiét ta c6
JC I nén x"€l. Suyra xe I .Vay ] €I

Tir bd dé trén ta thiy trong truong hop J €1 ludn ton tai idéan NI . Theo Bb
dé 3.1 va két hop véi Hé qua 2.5 ta ¢6 hé qua sau:

Hé qua 3.3. Gia st P 1a i déan nguyén t6 sao cho PCJ . Khi d6 ta co

JI/P=1/JP

Con trong truong hop tong quat ton tai mot toan cau tir V7 /J vao NIINT.
Ménh dé 3.4. Gia st J C I. Khi d6 ton tai mot day khép ngén

0—>\/7/J—>\/T—>\/7/\/7—>0.

Chirng minh.

Theo B d& 3.1, ta co 1/J =1 /J . Xét toan céu ty nhién g:~1/J —~1/J.
Khi d6 ta c¢6 diéu phai ching minh.

Ménh dé 3.5.

a)JI+] = |NT +./].
) VI, + 14t 1, = I AL AT, (0 =),

Chiurng minh.
Theo Hé qua 2.3, tacd 1 €I va] \/]—.Suyra1+] c \/I_+\/]— Theo Bé dé 3.2,

tanhdndwo’cx/l—+\/]—§ \/I—+\/7
Lay x € /\/I_+\/]—,khi d6 ton tai n sao chox"E\/I_+\/]—. Suy ra ton tai x; €

VI,x, € \/]—déchox" =x; + x,. Vi x; €I, nén ton tai n, saochox?1 €l va x, €
\JJ , nén ton tai n, sao cho x;2 € J. Ta can tim t théa min x* € I + J.
Xét khai trién

n1+n2+i

(xl + xz)n1+n2—1 — § Crlll+n2—1 x11x2n1+n2+l—1.
i=0
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Truong hop: i = n,;. Tacd xt € [.= xix,Mtme*i-1 g,
Truong hop: i <n;. Tacoi<n, —l.=>n +n,+i—-1=2n,+n,—(n; —1) —
1 — n2x2n1+nz+i—1 E ]'
= xix,M*m*i=1 € | Do viy ta nhan dugc (x; + x,)™* ™ 1 €] +]. Suyra
(xn)n1+n2—1 — xn(n1+n2—1) el +]_
Chon t = n(n; + n, — 1), ta nhan duoc x € \/I + /. Ta c6 diéu phai chimg minh.

Chitng minh quy nap theo n
Véin = 1, dang thirc tré thanh /\/Z = \/Z (dung theo Ménh dé 2.3); véi n = 2, dang

thire tré thénhql\/z + \/Z = I, + I, (dGng theo Ménh dé 3.5 a).

Gid sir dang thirc dung véin =k (k >2), ta co

A LAt I, = WL AL+ T

Ta ching minh dang thirc ciing dung v&i n=k+1 (k > 2) , nghia la chirng minh

JL+L+ 41 = \/\/Z+\/Z+"'+‘/Ik+l :

That vay, ta co

N AR (A A N N/ A AN VA A

= \/\/ZJF\/ZﬁL...qL,/I,“1 1+
Vay ta c6 diéu phai ching minh.

Ménh @8 3.6. @) /] = /In] =VI n.f].
o) JI L. I, =J[,nLn..nI, =J,nJ,n.nJI,.

Chitng minh.

a) Liy x€.,/In]J tuy y. Khi d6 ton tai nsaochox™ €InjJ. Suy ra
x" el
{n ].Dodé(xn)zel],hayx2nel].:xeﬁ.Dovay,/ln c.JI.
X" e

Tacol] S Ivalj SJ,nénlf SI1NJ.TheoBddé3.2,tacté/I] €. JINJ.

Véytanhénduqc\/l_z,/ln].

. x €I

Liyx e VI n /] tuyy. =

x €]

sao chox™ € | = x™.x™ € [vax™.x" € ] (Do [, J la cacidéan).=> x™+™2 €] N]J .
DovéyxE,/Iﬂ].TfJ:d(')tanhéndu’Q’c:\/I_ﬂ\/_E,/In].

Do INJ<SLINj<S], nén theo B6 d& 32, ta c6 /In] VI /In] c./].
=./InJ VI n.JJ.Tudétanhanduge /T NJ = I n.[J. Taco diéu phai chimg minh.

. Khi d6 ton tai n; sao cho x™ € I vatontai n,
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b) Chimg minh /I, 1,... I, = \[[LNI,N...A01, (n >2).

I.1,...1I €l
I.1,...I €1,

Ta co .Suyra I,.[,... I CI NIL,N...N1,.
I.1,...1,¢el,

Theo BS dé 3.2 ta nhan dugc \1,.,...I, C\{[,NL,N..NI, . Liyx€ [, NI, N...01, .
Khidé,tontai n € N: x" € [[NI,N...N1I, .Suyra x" €[, x" €1l,, x" €1 .Dodd
(x")" € 11,... I,. Hay x" € I,1,... I,. Ddn dén x € \[I,. I,... I,. Nén ta co
JLNLN..nl, CI.1,... 1,

Vay JI,.L,...1, = \J[,NL,N..01,.
Chitng minh.
JINLn..ni = JI 0L n.nI, (n >2).

Chtng minh quy nap theo n. Véi n=2,taco VI NJ = JIng (dtng theo a).
Gia sir dang thirc dung véin=k (k >2), tacod

JonLn..ni, = JLnJnn.nJi,.

Ta can ching minh dang thic cling dung v6i n=k+1 (k >2), tic 1a chimg minh

JinLn..nini, ., = JnJLn.nJrnJL., ..

That vay, ta co

JinLn.nnni,  =JinLn..nl,ni, = JLnyLn.ndinfi .

Vay ta c6 diéu phai chimg minh.

Xét truong hop (Pl_ )ie - laho thy ¥ cac idéan nguyén t6 ciia R, I'1a tap chi s6. Khi d6

phép 13y cin duoc bao toan qua phép 1iy giao ctia mot ho tiy ¥.
Ménh dé 3.7. Cho (Pi)-

cr 13 ho céc idéan nguyén té cua R. Khi d6
1

JP=n JR.
ier i€l
Churng minh.
Theo B6 dé 2.4, ta c6 P =PV iel nén dé ching minh ménh dé ta can ching

minh /AP, = NPF, . Tt dinh nghia cta idéan can ta co NP, C /NP, . Nén ta chi can
iel iel iel i€l
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ching minh \/HTE; C NP. Liy x € JﬂT‘;, khi d6 ton tai n €N sao cho x" € NP, .
iel iel iel iel
Suyra x" € P Viel.ViPF 1a idéan nguyén t6 nén xGPI.\V/ i€l hay x €nNP.
iel

Vay ménh dé duoc ching minh.

4. KET LUAN

Ngoai phan gidi thiéu, bai bao chia thanh hai muc. Muc 2 gi6i thiéu mbi lién hé giira I
va+/I . Muc 3 chi ra idéan cin bao toan qua phép lay thuong (B6 dé 3.1, Ménh dé 3.4), phép
nhan, phép giao (Ménh dé 3.6 va Ménh d& 3.7) va phép cong ciia cac idéan (Ménh dé 3.5).
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SOME EXTENDED PROPERTIES OF THE RADICAL OF IDEALS

Le Quang Huy, Hoang Thi Minh Nhan

ABSTRACT

In this paper, we extend previous results of sum, multiplication and intersection of
radical of ideals.

Keywords: Ring, ideal, radical of ideal.
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