TAP CHi KHOA HQC TRUONG PAI HQC HONG PUC - SO 35.2017

BAT BIEN CUA GIOI HAN THUAN QUA PHEP LAY THUONG
Pham Thj Bich Ha!, Lé Xu4n Diing?
TOM TAT

Bai bdo chitng minh gi6i han thudn dwoc bao toan qua phép ldy thiwong déi véi hé
thudn t(fng quat. Pay la sw mo rong mot 50 két qua xet trén mot s6 hé thudn ddc biét cia
J. J. Rotman.

Tw khéa: Gioi han thudn, A-modun trai.

1. GIOI THIEU

Cho R 12 mot vanh va {M,}_, 1a ho cdc R-mddun trai (goi tat 1a R-modun) trén tap
sap thtr tu bo phan /. Gidi han thuan cua {M,},., ludn ton tai (xem trong [3], [5], [6]). Ngay
sau khi ra doi cac khai niém nay c6 nhitng tmg dung quan trong trong nhiéu linh vuc khéc
nhau cua Pai s6 va Hinh hoc dai sb, chfing han d6i voi Pai sb giao hoan trong [4, Section 1]
dua ra cach tinh modun d6i dong dia phuong thong qua tinh giéi han thuan. Dé phat huy
hi€u qua ung dung cua khai niém gidi han thuan trong cac linh vuc khac, cac nha toan hoc
quan tdm nghién ctru dén ciu triic va tinh bat bién cua gidi han thuan qua mot s6 phép toan
(xem trong [1], [2], [3], [4])-

Muc dich chinh cta bai bio nay 13 mé rong cac két qua cua phép lay gidi han thuan
qua phép 1ay thuong cua J. J. Rotman [5, Section 5.2].

Ngoai phﬁn gi61 thiéu, bai bao chia thanh hai myc. Muc 2 xay dung mdt h¢ thuan méi
tir hai hé thuan ban dau (Ménh dé 2.4). Muc 3 trinh bay két qua chinh ctia bai bao vé tinh
bat bién clia gidi han thuén qua phép lay thuong (Pinh 1y 3.4) va khi xét hai hé thuan dic
biét ta nhan duoc cac két qua cua J. J. Rotman [5, Section 5.2] (Hé qua 3.5, Hé qua 3.6).

2. HE THUAN

Trong bai viét ludn gia thiét R 1a vanh va M 1a R-modun trai (goi tit 13 R-modun).
Gia st 1 1a mot tap sap tha tu bo phan, khong mét tinh tong quat ta ki hiéu quan hé do6 1a
"< Mot tap sép thir tu bo phén 7 dugc goi 1a mot tap dinh hudng néu v6i moi i, j €l luon
ton tai ke Isaocho i<kva j<k.

Dinh nghia 2.1. Gia sit {G,} _, 1a mdt ho cac R-mddun va / 1a mot thp tya sdp thir tw

bd phan. {Gl. }id goi 1a mot hé thuan cac R-mddun g véi tap chi s6 I néuvéimoi i, jel

sao cho i < j Iudn ton tai mot dong cau l//; :G, = G, thoa man hai dicu kién sau:

1.2 Gidng vién khoa Khoa hoc Ty nhién, Truwong Pai hoc Hong Pirc
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w! .G, — G, 1a dong chu dong nhét véi moi i e /.

Néu k e Isaocho i < j<k thi W, =] 1//; , nghia 12 biéu d6 sau giao hoan:

G—Y
' Vi
v v
GJ W;i

H¢ thuan dugc dinh nghia nhu trén ki hi¢u la G = {Gi , ;//’]} .

G,

Vi du 2.2. Cho day cac mdédun con cua R-modun M nhu sau:
MO ng g...gMn [eagXE

Khi @6, ta c6 ho {M ,.,l//j. (i< j)}N la h¢ thuan trén tdp dinh huong N, trong do
l//; :M; — M ;la phép nhung tir M, vao M .

Vi du 2.3. bat I' = {A |A 1a m6dun con cua M }. Theo [3, Vi du 2.5], ta xem I'la
tap chi s6 trén chinh n6 va ho {A, ¢j, ,AcC A ‘}r 14 hé thuan trén tap dinh huéng T

Gia st M, N la cac R-modun sao cho ton tai mot don ciu cac R-mddun fiN—>M.
{Ai,¢;,(i < ])}sm va {Bu @, (u < V)}m 1an luot 1a cac hé thuan cic modun con tuong tng
ctiia M va N trén cac tap dinh hudng 9 va M, trong do6 ¢; va ¢! la cac phép nhing. Gia sir
hai ho 2 = {Ai,¢;,(i < J)}zm va B = {B,(pf (u< V)}mth(")a mén tinh chat sau: véi moi

u e ton tai i € Msao cho f (B,) < A,.Khidé taco thé xay dyung duoc hé thuan méi tir
hai ho 2(,*8 nhu sau:

Ménh d@ 2.4. Gid st ta cé hai médun M , N va hai ho médun con 4,8 théa man céc
diéu kién nhuw trong lap luan trén. Khi do

Dat I={(A4,B,) e (U,B)| f(B,) < A}cing vdi quan hé¢ "<", xdc dinh nhu sau:

(4,,B,)<(4,,B,) néu i< jva u<v vallamét tap dinh hiéng.

Tén tai ho dong ciu 0((;3; A1 f(B,)—> A,/ f(B,), trong @ i< j,u<vsao cho ho

cdc phan tir {(4,,B,), 9((]’:1”:; (i < j,u <)} la mot hé thudn trén tap dinh huong 3.
Chirng minh.
Véi moi cap phan nr (4;,B,),(4;,B,)€T (f(B,) < 4, f(B,) < 4,),do N la tap
dinh hwéng nén ton tai weN sao cho u, v<w . Khi dé ton tai ke sao cho

f(B)YCA,. Vi M la tip dinh huong nén ton tai teM sao cho i, j, k<t nén
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f(B,) < 4,. Do vdy (4,,B,) €T va théa man (4;,B,),(4,,B,)<(4,,B,). Viy Ila tip
dinh huong.

Véi moi cap phan tir (4,B,), (4,,B,)) €3, i< j, u<vluon xdac dinh day dong cdu
cic R-modun A, f(B)——> A,/ f(B,)—"22> 4,/ f(B,),

trong d6 i (a,+ [(B,) = #(a)+ f(B,) vi =, (a, + [(B,)=a, + [(B,).

Par 00 =7, i), 0@+ (B,) = 4.(a)+ /(B,).

(VAY) (VA ()
Gia si (4,,B,)<(4,,B,)<(4,,B,). Tacd

OO (@, + f(B) =0, (¢,(a)+ (B) = ¢/ ($,(a))+ f(B,)
=4/(a)+f(B,) =0 (a,+f(B,)).

Viay {(4,B) €, ¢((;'3 (i < j,u <v)}5la mot hé thugn trén tdp dinh huong 3.

3. PHEP LAY THUONG QUA GIOI HAN THUAN

Muc nay, trinh bdy cdc két qua chinh ciia bai bdo. Trude hét ta nhdc lai khdi niém
cua gioi han thudn va cdu triic cia gioi han thudn khi tap chi 6 la tap dinh huong.

Dinh nghia 3.1. (/3, trang 237]) Gia s G la mét hé thudn cdc R-médun ving voi tdp
chi s6 I . Gidi han thudn cia hé G, ki hiéu ld lim,_,G hoaclimG, la mot R-médun va mot

ho dong cdu cac R-médun a,:G, —1imG, sao cho o, = a/.l//j., trong do i < j, théa man
. i

tinh chat: véi moi R-médun X va ho cac dong cdu g.:G, = X sao cho g, = gjl//;, ton tai

duy nhat mét dong cau g :lim G, = X lam cho biéu do sau giao hodn:
-

g

Ménh dé 3.2. ([3, Proposition 5.23 va Lemma 5.30]) Gidi han thudn ciia mot hé thudn
{Mi, ;,i < ]}1 cac mé dun R-médun trén mét tdp chi sé sap thir tw luén ton tai va dwoc

xdc dinh nhw sau:

limM, =(®M,)/5,
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trong do
S = {Adim)-A(m) i, je Li< jm e M}
va A : M, — ®M. la dong cau nhing thik i.
Hon nita, néu I la mét tdp dinh hwéng, ta c6
MGéi phan tir cia WimM , luén viét dwoc duwéi dang A.(m,)+S..
A(m.)+ S =0khi va chi khi ton tai t € I sao cho i <tva ¢ (m,)=0.
Nhdn xét. Theo Ménh d& 2.4, ta c6 ba ho 2, va J 1a cac hé thuan, két hop véi

ménh dé€ trén ta thay gidi han thuan ctia cac ho nay ton tai va dugc xac dinh nhu sau:

lim, 4 ={e;,(a,)+S,|icM,a €4},

trong do
a4 ->9D, 5,4, a(a)=(.,0,a,0,..) va
={a.¢.(ai)-al.(ai)|i69ﬁ,ai €A,i<j}.
lim B ={B,(b)+S,|lueN,b, B},
trong do
B, B, —>® B, B,0b,)=(.,0,0b,0,..)va
S2 z{ﬁvqor(bu)_ﬂu(bu)“’lem’bu EBu’uSV}'
. A
th(A,,Bu)esm {7(”,)(‘1 +f(B)+S|(4,B,)€J.a, € 4},
trong do

Viian - — . 7w(@+B,)=(0,...a,+ f(B,),...,0) va

S8, f(B )
S={ynlim@+ BNVl + (B)(4,B)€J,a € 4,(4,B)<(4,,B)}.

Néu 2,8 théa man thém diu kién véi moi (4,B,),(4,,B)€T,
(4,,B,)<(4,,B,) théa méan ¢;.f|B :f|B " ta c6 thé xay dung dugc mot don ciu tir
lim,_, B, vao lim,_,, A nhu trong b6 dé sau:

Bb dd3.3. Cho haiho A = {4, 4.(i < j)}m, B={B,.p! (u< v)}m, tap 3 duoc
xdc dinh nhw néu trong Ménh dé 2.4 va véi moi (A,B,), (4,,B,)€T sao cho
(4,,B,)<(4,,B,) thoa man ¢]’f|B = f|BV @\ Khi dé ton tai mét don cdu tir lim,_, B, vao
lim,_,, 4. Hon nita,

lim,_ B, ={a,(a)+S,|JueN, f(B,)< 4,,a,= f(b,)}.

Chtrng minh:
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Lay B,(b)+S, €lim . B,, ton tai i € M sao cho f(B,) < 4., dé cho gon ta dit
a, = f(b,). Xét tuong tmg
g:lim, B, = lim, 4., g(5,(b,)+S,) =, (a)+ S,

Truéc hét ta can ching minh g1a mot anh xa. Lay B,(b,)+S, = B,(b,)+S,, hay

B,(b,)—B,(b)+S,=0. Ton tai i, j € M sao cho
2(B,(b,)+5,) = a,(a)+5,g(B.(b,)+5,) =a,(a)+5,

trong d6 a, = f(b,),a; = f(b,). Theo Ménh dé 2.4 (i), ton tai (4,,B,) €T vathéa
mén (4,,B,),(4,,B)<(4,,B,).  bit b,=¢'(b)-¢.(b),  din dén
B.(b,)=B,(b,)~B.(b,), dods B,(b,)~B.(b)+S, = B,(b,)+S, =0.Theo Ménh dé 3.2
(ii), ton tai z € M, w< z sao cho ¢ (b,)=0hay ¢'(b,) =’ (b,).

Theo tinh chat cta hai ho 21,98, ton tai k € 9 sao cho f(B.) < 4,. Theo Ménh dé 2.4
(i), ton tai (4,,B,) €T vathéaman (4,,B,),(4,,B.)<(4,,B,). Do vay tir ¢ (b,)=¢’(b,)
taco (b =g (b)suyra f(gf(b)=F(g] (b)) Vi (4,B)<(4,B,) vi (4,B)<(4,,B,)
nén f(@;(5,)=¢,(f(b))=4,(a) va f(9,(b))=¢,(f(b))=¢)(a,). Din dén
¢,(a)=¢,(a,)

bit a, = ¢/ (a,) - ¢,j(aj), din d¢én a,(a,) = a,(a,) - a;(a;), do dé
ozi(ai)—atj(aj)+S1 =a,(a)+S,.

Taco ¢ (a,)=¢,4 (a,)— 4.8/ (a,) = ¢,(a,)— ¢, (a,) = 0. Theo Ménh dé 3.2 (i)
tacod o, (a)-a;(a,)+S5 =0 hay ,(a,)+S, =a,(a;)+S,. Vy glamét anh xa.

Lay B,(b,)+S,,B,(b,)+S, elim, B, . Ton tai i, j € 9 sao cho

g(p,(b,)+S)=a(a)+5,8(B,(b)+S,)=a,a)+S5,
trong d6 a, = f(b,),a; = f(b,). Khi do6 ta c6
g(B,(b,)+8)+g(B,(b)+S,)=aa)+a;(a;)+5,,
Theo Ménh dé 2.4 (i), ton tai (4,,B,)€J vathéaman (4,8,),(4,,B,)<(4,B,).Dit
b, =¢.(b,)+¢,((b,)€B,,

dandeén S,(b,) = B,(b,)+B,(b,), B,(b)+pB,(b)+S,=5,(0,)+S,=0.

Do vy g(B,(b,)+B,(b,)+S,)=g(B,(b,)+S,) =a,(a,)+S,,trong d6 g, = f(b,).

Vivay a, = f(b,)= fo,(b)+ [0,(b) =0 fb)+¢] f(,)=p/(a)+¢/f(a))

Tur d6 ta nhén duge a,(a,)+a;(a;)+S, =a,(a,)+S, =g(B,(b,)+B,(b,)+S5,).
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Gia st g(B,(b,)+S,)=a,(a)+S, =0. Theo Ménh dé 3.2 (ii) ton tai k e M,i <k
sa0 cho ¢ (a)=0. Ta lai c6 @ (a)=¢,(f(b,))=f(p'(h,)). Vi f 1a don ciu nén
@' (b,) =0, theo Ménh d¢ 3.2 (i) ta nhan dwoc f3,(b,)+S, =0. Vay gla don chu. ]

Theo két qua trén, ta c6 thé xem lim,_,, B, 1a mddun con cta lim,_y, 4., do d6 khong

A

lim, . A lim. . A
Mthay cho modun thuong M va —~

hmue‘ﬁBu g(IL-niESWAi) Bu

mat tinh téng quat ta co thé viét

thay cho . Tir d6 ta c6 thé phat biéu két qua chinh cta bai bao nhu sau:

Pinh Iy 3.4. Cho hai ho A = {A,.,¢j'i,(i3j)}m, B={B,.0!(u SV)}m, tip 3
dwoe xdc dinh nhw néu trong Bé dé 2.4 va véi moi (4,B,),(4;,B,)) €T sao cho
4, _ lim, 4,

(4,8,)< (4,,B,) thoa man §; 1, = 1, @\ Khido limy, o 7= HSr

Churng minh.
Xét twong ting
A lim4
“ S8, lim, B,
Ta chi can chung to twong Uing trén la mot anh xa.
That vay, gia st a, + f(B,)=b,+ f(B,) trong d6 a,,b, € 4, suyra a,—b, € f(B,).
Do vay (e,(a, —b,)+S,)+1lim B, =0.
Te d6 ta nhidn dugc («,(a,)+S,)+1lim, B, =(a,(b)+S,)+1lim B, hay
lu (a +f(B)) = /llu (b, + f(B,)). Do do /1 laanhxa

Véimoi (4,,B,)<(4,,B,), tacd biéu d6 giao hoan sau

ﬂ(!,u) (ai + f(Bu )) = (ai (ai) + Sl) + MMEWBM °

A lim, o 4
, lm, 5,
Z(J,V)
A, 1B, y,

That vay
65 (a,+ f(B)= A, (a,+ f(B))=(e;(a,) + ) +1im, B,

(/ v)7(J.v)

= (,(#}(a))+S) +1im, B, = (a,(a,) + S,) +1im, B, = A;,.a; + [ (B,):
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Xét biéu d6 giao hoan

——=ieM“7

lim, B, ~~~"TTTTTT7 > X

—=ueN

Liy a,(a,)+S, €lim,_;, 4. V&i mdi veIN luon ton tai £ € M cho f(B,)c 4,. Vi
91 1a tap dinh huéng nén ludn ton tai k € 9 sao cho i,z < k. Khi d6 (4,,B,) € J nén

) A
Yaw (@ + fB)+Se h_n.l(A,,B‘,)ea EI

v

Vi vay ta xac dinh dugc tuong Gng sau:

. , 4 i
h:lim, g, 4, —> lim, 5, B_lah(ai(ai)+ S)=Vun(@(a)+f(B))+S.

Gia st a,(a,)+S, =a,(a;)+S8, h;y a,(a;)—a,(a,)+S,=0. Khi d6 ton tai (,w)
sao cho h(a;(a;)+S,)=7,.,(# (a,)+ f(B,))+S.

Gid str (k,v),(t,w) < (£,0). Pit a, =¢!(a,)— ¢/ (a;)taco

a, + f(By)= 0.5 ($(a)+ f(B)) = 6.5 (¢ (a)+ f(B,)).

Khi 6 7,, (@, + /(B,) = 7 (#(@) + F(B) =7 (& (a)) + (B,)

Dit a, =¢/(a,)— ¢’ (a;) suy ra a,(a,)=,(a,)—a,(a,). Theo Ménh dé 3.2 (ii) ton
tai p e 9, < psao cho ¢, (a,(a,)) =0hay ¢,(a,)—¢.(a;)=0.

Ton tai g € M, p < g,z € Nsaocho (4,,B,),(4,,B,)<(4,,B,) € J. Khi d6

600 (a, + [ (B) =03 (fi(a) - 4.(a,) + £(B,) = 4y (a) ~ $)(a,) + f(B) =0

Vay /13 mot anh xa. Ngoai ra d& dang thay 4 13 mot toan cau. Khi d6 ta c6
A lim,_, A

hm i~ ——ieM T
—=(4;,B, - :
B0 B = ker(h)

Lap luan tuong tu trén, gia su A(e;(a,)+S,) =0 ta cod 7(k,v)(¢1£ (a)+f(B,))+S=0.
Theo Ménh dé 3.2 (i), ton tai (4,B.) €3, (4,,B)<(4,B)sao cho 6" (¢ (a)+ f(B,) =0
hay ¢/(a,)+ f(B.)) =0, nhu vay ¢/(a,) € f(B.)). Do vay ker(h) =lim, B,
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H¢ qui 3.5. ([5, Corollary 5.381) Cho A I R-médun trdi, {4, $,(i < )| la mjt h¢

thuan cac modun con cua A trén tap dinh huong 1. Khi do ta co:
i) lim,_, 4, :UAv :
iel
i) lim,_, 4/ 4 =4/ 4 .
iel
Chitng minh.
(i) Ap dung Pinh 1y 3.4, cho hai mddun 4 = U A.va B = 0 va cho hai hé thuan céc
iel

mo dun con cua A, B Ia Q[:{Al-,¢;v(l'3j)}l>%:{3i :O,Q;v(iﬁj)}l. Két hop voi

lim,_, 4 = J4 =4 lim,_,B, = JB, =0ta nhan két qua (i) ctia B6 d2.

——iel
iel uel

(i1) Ap dung Dinh 1y 3.4, cho hai médun 4 = U A.va B = 0 va cho hai hé thuin cac

iel
modun con cia A va B 1a A ={B, = 4,.( <))} ;B={4=0,0.G<))} .Kéthop

voi lim,_ B, = UBZ. =4 lim,_,A4 = U A ta nhan dugc két qua cua (ii) ciia bo dé.

—=iel
iel uel

H¢ qua 3.6. ([5, Proposition 5.37]) Cho B la médun con cua A va hai hé thuan cac
médun con cia A va B lan luot 1624 = {Ai,(ﬁ;,(i < ])}zm B = {Bu,(of (u< V)}(n thoa

mén v6i moi B, € B luén ton tai A € A saocho B, = Ava A= UA,-,B:UB,». Trén

ieMm ien
tdp I={(A,B) e AxB | B < A} trang bi mot quan hé thir ty bo phan “<” nhu sau: voi
moi (4;,B,),(4,,B,) €T thi (4,B,)<(4;,B,) khiva chikhi 4, < A, vaB, B, . Khidé
lim , 55 (A,- /B, ) = A/B.

Chirng minh.

Ap dung Pinh 1y 3.4, cho hai médun A, B va cho hai h¢ thuan cac médun con cua A,
Bla A, . Kéthop véi lim, ., 4, = | ] 4, = 4 va lim B, = ] B, = B tanhénkét qua

ieMm ueMN

ctia bo dé.

4. KET LUAN

Ngoai phén gioi thi¢u, bai bao chia thanh hai muc. Muc 2 xay dung mot hé thuan
m&i tir hai hé thuan ban dau (Ménh dé 2.4). Myc 3 trinh bay két qua chinh cua bai bao
vé tinh bit bién cua giéi han thuan qua phép lay thuong (Pinh 1y 3.4) va khi xét hai hé
thuan dic biét ta nhan duoc cac két qua cua J. J. Rotman [5, Section 5.2] (H¢ qua 3.5,
H¢ qua 3.6).
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QUOTIENT MODULES PRESERVES DIRECT LIMITS
Pham Thi Bich Ha, Le Xuan Dung

ABSTRACT

In this paper, we show that quotient of left A -modules preserves direct limits. These

results extend previous results of J. J. Rotman.
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